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===½½½ÂÂÂ 1.1>>>� {un}´��ê�§·�Ú\/ª�PÒ
∞∑
n=1

un = u1 + u2 + · · ·+ un + · · · , (9.1)

¿¡��Ã¡?ê§½{¡�?ê (series)"¡ un�T?ê�Ï�"

�
`² (9.1)¥/ª�¦Ú´Äk(��¿Â§·�e¡�Ñ?êÂñ�V

g"

===½½½ÂÂÂ 1.2>>>�
∞∑
n=1

un´��?ê§·�P

Sn =
n∑
k=1

uk,

¿¡��?ê
∞∑
n=1

un�1 n�Ü©Ú (partial sum)"eÜ©ÚS� {Sn}Âñu S§

K¡?ê
∞∑
n=1

unÂñ (converge)§¿¡ S �T?ê�Ú (sum)§P�

∞∑
n=1

un = S.

1



2 1ÊÙ ê�?ê

d�¡

rn = S − Sn =
∞∑

k=n+1

uk

�T?ê�{Ú (tail)"d	§e {Sn}uÑ§·�Ò¡?ê
∞∑
n=1

unuÑ (diverge)"

dþã½Â�±wÑ§3?ê¥V\½íØk�õ�£�ØUC�k���^

S¤Ø¬UCÙñÑ5"

eÜ©Ú Snªu+∞£�A/§−∞¤§·�K¡T?êuÑu+∞£�A/§
−∞¤§d���Bå��¡T?ê�Ú� +∞£�A/§−∞¤§¿P�

∞∑
n=1

un = +∞ £�A/§
∞∑
n=1

un = −∞¤.

===~~~ 1.3>>>/X
∞∑
n=1

qn�?ê�¡�AÛ?ê (geometric series)§duÜ©Ú

Sn =

n∑
k=1

qk =

q ·
1− qn

1− q
, e q 6= 1,

n, e q = 1.

Ïd?ê
∞∑
n=1

qn� |q| < 1�Âñ§ÙÚ�u
q

1− q
¶� |q| > 1�uÑ"

AO/§� q =
1

2
�?ê

∞∑
n=1

1

2n
Âñ§�ÙÚ� 1"� q = −1�?ê

∞∑
n=1

(−1)n

uÑ"

¾�w§?ê�ñÑ5��þÒ´ê��ñÑ5§q�vk7�õ\ïÄ",


-<J±©��´§?ê�ù«/ª3éõäN¯K¥Pk4��`�5§?ê

nØ�3©ÛÆ¥Ók4­��/ "

e¡0�Âñ?ê��
Ä�5�"

===···KKK 1.4>>>�
∞∑
n=1

un�
∞∑
n=1

vnþÂñ§Ké?¿� α, β ∈ R§
∞∑
n=1

(αun+βvn)

Âñ§�
∞∑
n=1

(αun + βvn) = α

∞∑
n=1

un + β

∞∑
n=1

vn.

y². ± Sn§S
′
nÚ Tn©OL«?ê

∞∑
n=1

un§
∞∑
n=1

vn�
∞∑
n=1

(αun + βvn)�Ü©

Ú§K

Tn =

n∑
k=1

(αuk + βvk) = α

n∑
k=1

uk + β

n∑
k=1

vk = αSn + βS′n.
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�d {Sn}Ú {S′n}�Âñ5� {Tn}Âñ§� lim
n→∞

Tn = α lim
n→∞

Sn + β lim
n→∞

S′n" �

===···KKK 1.5>>>e
∞∑
n=1

unÂñ§K lim
n→∞

un = 0"

y². ± Sn L«T?ê�Ü©Ú§¿P lim
n→∞

Sn = S§u´d un = Sn − Sn−1
�

lim
n→∞

un = lim
n→∞

Sn − lim
n→∞

Sn−1 = S − S = 0.

�

þã·K�_¿Ø¤á§~X?ê
∞∑
n=1

1√
n
�Ï�ªu 0§�ÙÜ©Ú

Sn =
n∑
k=1

1√
k
> n · 1√

n
=
√
n,

ÏdT?êuÑ"

===···KKK 1.6>>>e
∞∑
n=1

unÂñ§KéÙ�?¿\)Ò¤��?ê

(u1 + · · ·+ un1) + (un1+1 + · · ·+ un2) + · · · (9.2)

EÂñ§�ÚØC"�é{`§e {nk}´��üN4O���êS�§¿P

vk =

nk∑
j=nk−1+1

uj , ∀ k > 1,

Ù¥ n0 = 0§K?ê
∞∑
k=1

vk Âñ§�

∞∑
n=1

un =
∞∑
k=1

vk. (9.3)

y². ± SnÚ Tk ©OL«
∞∑
n=1

unÚ
∞∑
k=1

vk �Ü©Ú§K

Tk =

k∑
`=1

v` =

k∑
`=1

n∑̀
j=n`−1+1

uj =

nk∑
j=1

uj = Snk .

Ïd {Tk}´ {Sn}���f�§l
d {Sn}�Âñ5� {Tk}Âñ§�k

lim
n→∞

Sn = lim
k→∞

Tk,
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= (9.3)¤á" �

þã·K�_Ø¤á§~Xé?ê
∞∑
n=1

(−1)n−1UXe�ªV\)Ò

(1− 1) + (1− 1) + · · · ,

KV\)Ò��?êÂñ§��?êuÑ",
§XJÓ��)Ò¥��þÓÒ§

@oþã·K�_´¤á�"

===···KKK 1.7>>>� (9.2)ª�Ó��)Ò¥��þk�Ó�ÎÒ§@o� (9.2)Â

ñ��?ê
∞∑
n=1

un�Âñ§�ùü�?ê�Ú�Ó"

y². EP

vk =

nk∑
j=nk−1+1

uj , ∀ k > 1,

¿^ SnÚ Tk ©OL«
∞∑
n=1

unÚ
∞∑
k=1

vk �Ü©Ú"5¿�3ù«�¹e§é?¿�

k > 1§� n ∈ [nk, nk+1]� SnüN§l
k

Tk 6 Sn 6 Tk+1 ½ Tk+1 6 Sn 6 Tk, ∀ n ∈ [nk, nk+1].

Ïde
∞∑
k=1

vk �Ú� T§Ké?¿� ε > 0§þ�3 kε ∈ Z>0§¦�� k > kε �k

T − ε < Tk < T + ε"2(ÜþªB�§� n > nkε �Òk

T − ε < Sn < T + ε.

l

∞∑
n=1

unÂñ�Ú��u T" �

===½½½nnn 1.8>>>£££CauchyÂÂÂñññOOOKKK¤¤¤ ?ê
∞∑
n=1

un Âñ�¿�^�´µé?¿�

ε > 0§þ�3 nε ∈ Z>0§¦�é?¿�m > n > nεþk

|Sm − Sn| =
∣∣∣∣ m∑
k=n+1

uk

∣∣∣∣ < ε,

Ù¥ SnL«T?ê�Ü©Ú"

y². ùÙ¢Ò´ê�� CauchyÂñOK" �
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===~~~ 1.9>>>·�5ïÄ?ê
∞∑
n=1

1

ns
(s ∈ R)�ñÑ5"©±eü«�¹?Øµ

(1) s 6 1"d�§dué?¿� n ∈ Z>0k∣∣∣∣ 2n∑
k=n+1

1

ks

∣∣∣∣ > n · 1

2n
=

1

2
,

�
?êuÑ"

(2) s > 1"é?¿���ê m > n > 2§7�3 u, v ∈ Z>0 ¦� 2u < n 6 2u+1 ±

9m 6 2v"u´∣∣∣∣ m∑
k=n+1

1

ks

∣∣∣∣ 6 2v∑
k=2u+1

1

ks
=

v−1∑
j=u

2j+1∑
k=2j+1

1

ks

6
v−1∑
j=u

2j · 1

(2j)s
=

v−1∑
j=u

1

(2s−1)j
=

1

(2s−1)u
− 1

(2s−1)v

1− 1

2s−1

<
2s−1

2s−1 − 1
· 1

(2u)s−1
6

4s−1

2s−1 − 1
· 1

ns−1
.

�d CauchyÂñOK�d�?êÂñ"

� s > 1�§·�r?ê
∞∑
n=1

1

ns
�ÚP�� ζ(s)§¿¡�� Riemann ζ ¼ê

(Riemann zeta function)"

SSS KKK 9.1

1. XJ?ê
∞∑
n=1

un�
∞∑
n=1

vnþuÑ§@o
∞∑
n=1

(un + vn)´ÄuÑº

2. XJ?ê
∞∑
n=1

un �
∞∑
n=1

vn ¥��Âñ
,��uÑ§@o
∞∑
n=1

(un + vn)�ñ

Ñ5XÛº

3. XJ
∞∑
n=1

u2n−1Ú
∞∑
n=1

u2nþÂñ§@o
∞∑
n=1

un´ÄÂñº

4. d
∞∑
n=1

(u2n−1 + u2n)ÂñUÄíÑ
∞∑
n=1

unÂñ"

5. �?ê
∞∑
n=1

un÷v lim
n→∞

un = 0�
∞∑
n=1

(u2n−1 + u2n)Âñ§y²
∞∑
n=1

unÂñº
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6. �äe�?ê�ñÑ5µ

(1)
∞∑
n=1

1
n√

log n
¶ (2)

∞∑
n=1

1

n(n+ 1)
¶

(3)

∞∑
n=1

n3

3n − 1
¶ (4)

∞∑
n=1

sinn¶

(5) 1 +
1

2
− 1

3
+

1

4
+

1

5
− 1

6
+ · · ·"

7. y²e�?êÂñ¿O�?ê�Úµ

(1)

∞∑
n=1

(
1

2n
+

(−1)n

3n

)
¶ (2)

∞∑
n=1

(√
n+ 2− 2

√
n+ 1 +

√
n
)
¶

(3)
∞∑
n=1

(−1)n−1

n
¶ (4)

∞∑
n=2

1

n2 − 1
¶

(5)
∞∑
n=1

1

(2n− 1)2n(2n+ 1)
¶ (6)

∞∑
n=1

arctan
1

n2
"

8. � u1 = 2§un+1 = u2n − un + 1 (∀ n > 1)§y²?ê
∞∑
n=1

1

un
Âñ¿¦ÙÚ"

9. r?ê
∞∑
n=1

1

n
¥©1¹kêi 9���Üí�§y²¤�#?êÂñ§�ÙÚ

Ø�L 80"

10. � A´��ê8���Ã�f8"é?¿�¢ê x > 1§± f(x)L«8Ü

A ∩ [1, x]¥����ê"XJ�3�~ê c > 0§¦� lim
x→+∞

f(x)

x
= c§y²

?ê
∑
a∈A

1

a
uÑ§ùp

∑
a∈A
L«ò A¥��l���ü��?1¦Ú"

11. y²é?¿� x > 1k
∞∑
n=0

1

x+ 2n
=

log x

x log 2
+O

(1

x

)
.

12. r�Nknêü¤��§P� r1, r2, · · · , rn, · · ·§¿-

f(x) =
∑
n

rn<x

1

2n
, ∀ x ∈ R.

y² f(x)´3Ãn:ëY!3kn:mä�î�üN4O¼ê 1©"

1©�±y²§üN¼ê�õk�ê�mä:§Ïd�K�Ñ
��4à�~f"
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§ 9.2

������???êêê

3þ!¥·��Ñ
�½?êñÑ5� CauchyÂñOK§�Ó��ÏLw�


ù��½{K3¢SA^¥´¹Ø�B�§Ïd·�I�é�
~���¹�Ñ

�{´��½�{"3�!¥·�5ïÄ�«�{ü��/§=Ï��±�½ÎÒ

�?ê"

===½½½ÂÂÂ 2.1>>>e un > 0 (∀ n > 1)§K¡
∞∑
n=1

un´��?ê"

� a´����ê§·�Äk�Äd«m [a,+∞)þ��KëY¼ê f(x)¤�

Ñ�?ê
∞∑
n=a

f(n)"

===½½½nnn 2.2>>>£££Cauchy ÈÈÈ©©©���OOO{{{¤¤¤ � a´����ê§f(x)´ [a,+∞)þ

�üN4~��KëY¼ê§K?ê
∞∑
n=a

f(n)�ê� {An}n>aÓñÑ§Ù¥

An =

∫ n

a
f(x) dx, ∀ n ∈ Z>a.

y². d f(x)�üN59�K5�§é?¿� k ∈ Z>ak

f(k) 6
∫ k

k−1
f(x) dx 6 f(k − 1). (9.4)

u´é k¦ÚB�

n∑
k=a+1

f(k) 6
∫ n

a
f(x) dx 6

n∑
k=a+1

f(k − 1) =

n−1∑
k=a

f(k),

eP Sn =
n∑
k=a

f(k)§@oþª�=

Sn − f(a) 6 An 6 Sn−1, ∀ n ∈ Z>a. (9.5)

5¿� {Sn} � {An} þ´üN4O�§�e {Sn} Âñ§KÙ7kþ.§l
d
(9.5)¥1��Ø�ª� {An}�kþ.§2|^üNk.Âñ�nB� {An}Âñ"
Ón�d {An}�Âñ5�� {Sn}Âñ" �
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===~~~ 2.3>>>·�k£�þ!����~f"é?ê
∞∑
n=1

1

ns

ó§du

∫ n

1

dx

xs
=


log n, e s = 1,

n1−s − 1

1− s
, e s 6= 1,

�T?ê� s 6 1�uÑ§� s > 1�Âñ"

===~~~ 2.4>>>25�	?ê
∞∑
n=2

1

n(log n)α
§du

∫ n

2

dx

x(log x)α
=


log logn− log log 2, e α = 1,

(log n)1−α − (log 2)1−α

1− α
, e α 6= 1,

�T?ê� α 6 1�uÑ§� α > 1�Âñ"

l (9.4)�±wÑ§½n 2.2Ù¢´3r¤I��½�?ê�±

∫ n

n−1
f(x) dx�

Ï��?ê?1'�§
y²�'�3uê��üNk.Âñ�n§dù��n·

�����?êÂñ��=�ÙÜ©Úk.§3dÄ:þ·��±ïáXe���

�'��O{ (comparison test)"

===···KKK 2.5>>>£££'''������OOO{{{¤¤¤ �
∞∑
n=1

unÚ
∞∑
n=1

vn´ü���?ê§��3�~

ê c¦�g,�m©k un 6 cvn"@o§

(1) e
∞∑
n=1

vnÂñ§K
∞∑
n=1

unÂñ¶

(2) e
∞∑
n=1

unuÑ§K
∞∑
n=1

vnuÑ"

y². Ï�í�k�õ�Ø¬UC?ê�ñÑ5§�Ø��é?¿���ê n

þk un 6 cvn"y± SnÚ Tn©OL«
∞∑
n=1

unÚ
∞∑
n=1

vn�Ü©Ú§u´k

0 6 Sn 6 cTn, ∀ n ∈ Z>0.

e
∞∑
n=1

vnÂñ§K {Tn}kþ.§l
 {Sn}�kþ.§?

∞∑
n=1

unÂñ§ù�Òy

²
 (1)"(2)�d (1)��" �

'��O{�eã4�/ª3�
¢SA^¥���B"
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===···KKK 2.6>>>£££'''������OOO{{{���444���///ªªª¤¤¤ �
∞∑
n=1

un Ú
∞∑
n=1

vn ´ü���?ê§

e

lim
n→∞

un
vn
∈ (0,+∞),

Kùü�?êÓ�Âñ½Ó�uÑ"

y². P lim
n→∞

un
vn

= `§K�3 n0 ∈ Z>0§¦�� n > n0�k∣∣∣∣unvn − `
∣∣∣∣ < `

2
,

�=
`

2
vn < un <

3`

2
vn, ∀ n > n0.

u´d·K 2.5�(Ø¤á" �

eã·K�´'��O{���C/"

===···KKK 2.7>>>�
∞∑
n=1

un Ú
∞∑
n=1

vn ´ü���?ê§��3��ê n0 ¦�é?

¿� n > n0k
un+1

un
6
vn+1

vn
.

@o§

(1) e
∞∑
n=1

vnÂñ§K
∞∑
n=1

unÂñ¶

(2) e
∞∑
n=1

unuÑ§K
∞∑
n=1

vnuÑ"

y². Ø�� n0 = 1§u´é?¿� k > 1k

uk+1

uk
6
vk+1

vk
.

yéCþ k¦¦È§K���

n−1∏
k=1

uk+1

uk
6

n−1∏
k=1

vk+1

vk
,

�=
un
u1
6
vn
v1
§u´d·K 2.5�(Ø¤á" �

k
þãA��O{§·�Ò�±rI�½�?ê��
®�?ê�'�§l


��ÙñÑ5"·�Äk5wòI�½�?ê�AÛ?ê£ë�~ 1.3¤�'�

��/§ùÒ�Ñ
e¡� Cauchy�O{Ú d’Alembert�O{"
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===½½½nnn 2.8>>>£££Cauchy���OOO{{{¤¤¤ �
∞∑
n=1

un´��?ê"eg,�åk

n√
un 6 q < 1,

Ù¥ q´���~ê§KT?êÂñ¶eg,�åk n√un > 1§KT?êuÑ"

y². 5¿� n√un 6 q� n√un > 1©O�du

un 6 q
n 9 un > 1,

�d·K 2.5�(Ø¤á" �

T�O{�k��BuA^�4�/ª"

===½½½nnn 2.9>>>£££Cauchy���OOO{{{���444���///ªªª¤¤¤ �
∞∑
n=1

un´��?ê§¿P

r = lim
n→∞

n√
un .

@o§T?ê� r < 1�Âñ§� r > 1�uÑ"

y². e r < 1§K�3 ε0 > 0¦� r + ε0 < 1"Ïdd1nÙ½n 6.4��3

��ê n0§¦�� n > n0�k

n√
un < r + ε0 < 1,

u´d½n 2.8��?ê
∞∑
n=1

unÂñ"

e r > 1§Kd1nÙ½n 6.4��3 nk (k = 1, 2, · · · )¦�

(unk)
1
nk > 1, ∀ k ∈ Z>0,

�= unk > 1 (∀ k ∈ Z>0)§ù`²?ê
∞∑
n=1

un�Ï�Øªu 0§l
uÑ" �

A^·K 2.75r¤I��½�?ê�AÛ?ê'�§��Xe d’Alembert�

O{"

===½½½nnn 2.10>>>£££d’Alembert���OOO{{{¤¤¤ �
∞∑
n=1

un´��?ê"eg,�åk

un+1

un
6 q < 1,

Ù¥ q´���~ê§KT?êÂñ¶eg,�åk
un+1

un
> 1§KT?êuÑ"

D’Alembert�O{�keãBuA^�4�/ª§Ùy²�½n 2.9�y²a

q§·�r§3�öS"
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===½½½nnn 2.11>>>£££d’Alembert ���OOO{{{���444���///ªªª¤¤¤ �
∞∑
n=1

un ´��?ê§¿

P

r = lim
n→∞

un+1

un
, r = lim

n→∞

un+1

un
.

@o§T?ê� r < 1�Âñ§� r > 1�uÑ"

e¡·�5ww Cauchy�O{� d’Alembert�O{Ø`Ø�"d §3.6SK 7

�

lim
n→∞

un+1

un
6 lim

n→∞

n√
un 6 lim

n→∞
n√
un 6 lim

n→∞

un+1

un
, (9.6)

Ïdéu@
U^ d’Alembert�O{�äñÑ5�?ê§^ Cauchy�O{��½

U�äÙñÑ5§���Ø,"~X§éu±

un =

(
2 + (−1)n

4

)n
�Ï��?ê
ó§Ï�

lim
n→∞

n√
un = lim

n→∞

2 + (−1)n

4
=

3

4
< 1,

�d Cauchy�O{�ÙÂñ¶�´§

un+1

un
=

1

4
· (2 + (−1)n+1)n+1

(2 + (−1)n)n
=


1

4
· 1

32k
, e n = 2k,

1

4
· 32k, e n = 2k − 1,

Ïd

lim
n→∞

un+1

un
= +∞, lim

n→∞

un+1

un
= 0,

l
d d’Alembert�O{Ã{�ä
∞∑
n=1

un�ñÑ5"þã?Ø`² Cauchy�O{

�·^���' d’Alembert�O{�2§�3�
�¹e§d’Alembert�O{¬

��B
"e¡·�5wA�~f"

===~~~ 2.12>>>� a > 0"é?ê
∞∑
n=1

(a
n

)n

ó§du

lim
n→∞

n

√(a
n

)n
= lim

n→∞

a

n
= 0 < 1,

�d Cauchy�O{��?êÂñ"
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===~~~ 2.13>>>é?ê
∞∑
n=1

n!

nn

ó§e�^ Cauchy�O{§IO�4�

lim
n→∞

n√
n!

n
,

ù¿ØN´",��¡§du

lim
n→∞

(n+ 1)!/(n+ 1)n+1

n!/nn
= lim

n→∞

(
1 +

1

n

)−n
=

1

e
< 1, 2©

¤±d d’Alembert�O{�?êÂñ"

XJ?ê
∞∑
n=1

unU^ Cauchy�O{½ d’Alembert�O{(½ÙÂñ§K7�

3 q ∈ (0, 1)¦�é¿©�� nk

n√
un 6 q ½

un+1

un
6 q,

ÃØ´=«�¹§�I� r =
q + 1

2
Òk un = o(rn)§Ïd

∞∑
n=1

un 'AÛ?êÂñ

�¯ 3©§
ù�´ Cauchy�O{Ú d’Alembert�O{�·^��"�é{`§é

u@
'AÛ?êÂñ�ú���?ê§ùü��O{þ´���"¤±�
¼�

�k���O{§��g,��{´Ïé�
'AÛ?êÂñ�ú�?ê§ò§�

��/IO0��I�½�?ê�'�§
·�Äk���Ò´/X
∞∑
n=1

1

ns
(s > 1)

�?ê 4©§ùÒÚÑ
e¡� Raabe�O{"

===½½½nnn 2.14>>>£££Raabe���OOO{{{¤¤¤ �
∞∑
n=1

un´��?ê"eg,�åk

n

(
un
un+1

− 1

)
> q > 1,

Ù¥ q´���~ê§KT?êÂñ¶eg,�åk

n

(
un
un+1

− 1

)
6 1,

2©dd9 (9.6)�^B�� lim
n→∞

n√
n!

n
=

1

e
"

3©éü�Âñ���?ê
∞∑
n=1

un Ú
∞∑
n=1

vn 
ó§e un = o(vn)£� n → ∞�¤§K¡
∞∑
n=1

un '

∞∑
n=1

vn Âñ�¯"

4©d1nÙ~ 2.10�ù�?ê'AÛ?êÂñ�ú"



9.2 ��?ê 13

KT?êuÑ"

y². n

(
un
un+1

− 1

)
> q ¿�X

un+1

un
6
(

1 +
q

n

)−1
§Ïdd Taylorúª�é

¿©�� nk

un+1

un
6 1− q

n
+O

( 1

n2

)
.

,��¡§é?¿� s > 1k

1

(n+ 1)s

1

ns

=
(

1 +
1

n

)−s
= 1− s

n
+O

( 1

n2

)
.

� q > 1�§� s =
q + 1

2
Bk 1 < s < q§l
�éù� s9¿©�� n��

un+1

un
<

1

(n+ 1)s

1

ns

.

Ï�
∞∑
n=1

1

ns
Âñ§�d·K 2.7�

∞∑
n=1

unÂñ"

d	§eg,�åk n

(
un
un+1

− 1

)
6 1§Ké¿©�� nk

un+1

un
>

n

n+ 1
=

1

n+ 1
1

n

,

u´d
∞∑
n=1

1

n
uÑ9·K 2.7�d�

∞∑
n=1

unuÑ" �

e¡´ Raabe�O{���BuA^�4�/ª§·��òÙy²3�öS"

===½½½nnn 2.15>>>£££Raabe���OOO{{{���444���///ªªª¤¤¤ �
∞∑
n=1

un´��?ê§¿P

r = lim
n→∞

n

(
un
un+1

− 1

)
.

K?ê� r > 1�Âñ§� r < 1�uÑ"
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===~~~ 2.16>>>é?ê
∞∑
n=1

(2n− 1)!!

(2n)!!
· 1

2n+ 1

ó§eòÙÏ�P� un§Kk

un+1

un
=

(2n+ 1)2

(2n+ 2)(2n+ 3)
,

(Ü (9.6)�d�

lim
n→∞

n√
un = lim

n→∞

un+1

un
= 1.

Ï
 Cauchy�O{Ú d’Alembert�O{þ��"�5¿�

lim
n→∞

n

(
un
un+1

− 1

)
= lim

n→∞

n(6n+ 5)

(2n+ 1)2
=

3

2
> 1,

�d Raabe�O{�?êÂñ"

===~~~ 2.17>>>·�5�	?ê
∞∑
n=1

∣∣∣∣(αn
)∣∣∣∣§Ù¥

(
α

n

)
=
α(α− 1) · · · (α− n+ 1)

n!

X18Ù~ 2.5¥¤½Â"� α ∈ Z>0 �T?ê�Ï�g,�m©� 0§d�?ê

�,Âñ"y� α /∈ Z>0§¿PÙÏ�� un§Kk

un+1

un
=
|α− n|
n+ 1

.

Ï�� n → ∞�þªªu 1§¤±d Cauchy�O{Ú d’Alembert�O{þÃ{

�äÙñÑ5"�´

lim
n→∞

n

(
un
un+1

− 1

)
= lim

n→∞
n

(
n+ 1

n− α
− 1

)
= lim

n→∞

n(1 + α)

n− α
= 1 + α,

�d Raabe�O{�?ê� α > 0�Âñ§� α < 0�uÑ"

�½n 2.15¥� r�u 1�§d Raabe�O{BÃ{�½?ê�ñÑ5§Ïd

�IÏé�k���O{"Ï�Raabe�O{´r¤I��ä�?ê�
∞∑
n=1

1

ns
�'

�§��
���k���O{§I��Ïé'
∞∑
n=1

1

ns
(s > 1)Âñ��ú�?ê

¿òÙ��/IO05¦^'��O{"ù��?êéõ§�
∞∑
n=1

1

n(log n)α
(α > 1)

´��¹�g,�ÀJ§ùÒÚÑ
Xe� Gauss�O{"
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===½½½nnn 2.18>>>£££Gauss���OOO{{{¤¤¤ �
∞∑
n=1

un´��?ê§�� n→∞�k

un
un+1

= 1 +
1

n
+

β

n log n
+ o
( 1

n log n

)
.

@o§T?ê� β > 1�Âñ§� β < 1�uÑ"

y². é?¿� α ∈ Rk

1

n(log n)α

1

(n+ 1)(log(n+ 1))α

=

(
1 +

1

n

)(
log(n+ 1)

log n

)α

=

(
1 +

1

n

)[
1 +

1

log n
log

(
1 +

1

n

)]α
=

(
1 +

1

n

)[
1 +

1

log n

(
1

n
+O

(
1

n2

))]α
=

(
1 +

1

n

)[
1 +

1

n log n
+O

(
1

n2 log n

)]α
=

(
1 +

1

n

)[
1 +

α

n log n
+O

(
1

n2 log n

)]
= 1 +

1

n
+

α

n log n
+O

(
1

n2 log n

)
.

e β > 1§K�� α =
β + 1

2
�Òk 1 < α < β§l
é¿©�� nk

un
un+1

>

1

n(log n)α

1

(n+ 1)(log(n+ 1))α

,

�=

un+1

un
<

1

(n+ 1)(log(n+ 1))α

1

n(log n)α

.

5¿�d�?ê
∞∑
n=1

1

n(log n)α
Âñ§�d·K 2.7�

∞∑
n=1

unÂñ"
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,��¡§e β < 1§Ké¿©�� nk

un+1

un
>

1

(n+ 1) log(n+ 1)
1

n log n

.

u´d
∞∑
n=1

1

n log n
uÑ9·K 2.7�

∞∑
n=1

unuÑ" �

===~~~ 2.19>>>£££Gauss¤¤¤ �Ä�AÛ?ê (hypergeometric series) 5©

F (α, β, γ, x) = 1 +
∞∑
n=1

α(α+ 1) · · · (α+ n− 1) · β(β + 1) · · · (β + n− 1)

n!γ(γ + 1) · · · (γ + n− 1)
xn,

Ù¥ α, β, γ, xþ´�¢ê"eòÙÏ�P� un§K� n > 1�k

un
un+1

=
(n+ 1)(γ + n)

(α+ n)(β + n)
· 1

x
=

(
1 +

1

n

)(
1 +

γ

n

)
(

1 +
α

n

)(
1 +

β

n

) · 1

x

=
1

x

(
1 +

1 + γ − α− β
n

+O

(
1

n2

))
.

y©±eA«�¹5?Øµ

(1) e x 6= 1§Kd d’Alembert�O{�?ê� 0 < x < 1�Âñ§� x > 1�u

Ñ"

(2) e x = 1� α+ β 6= γ§Kd Raabe�O{�?ê� x = 1� α+ β < γ�Âñ§

� x = 1� α+ β > γ �uÑ"

(3) e x = 1� α+ β = γ§d Gauss�O{�?êuÑ"

e3½n 2.18¥ β = 1§Kd Gauss�O{½Ã{�ä?ê�ñÑ5§Ïdé

g,/¬��^'
∞∑
n=1

1

n(log n)α
(α > 1)Âñ��ú�?ê��/IO05¦^'

��O{"½ö$�k<¬��§´ÄUé��Âñ�/�ú0�?ê5��'�

�/IO0§l
�N[º/)û��?ê�ñÑ5¯K",
¢Ã�´§¤¢Â

ñ�/�ú0�?ê´Ø�3�§'uù�:§�ë�SK 15"

3�!(å�c·�2Þ��~f§§`²3�
�¹eÏLïÄ?êÏ��

ìC5�l
¼�ÙñÑ5´������k���{"

5©¯¢þ§ù�´�«AÏ��AÛ?ê"¤¢�AÛ?ê§´�
un+1

un
�'u n�kn¼ê�?

ê
∞∑
n=1

un§ù´AÛ?ê���g,í2"
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===~~~ 2.20>>>� un =
1

ns

(
1− x log n

n

)n
§Á?Ø?ê

∞∑
n=1

un�ñÑ5"

). ·�k

un =
1

ns
exp

[
n log

(
1− x log n

n

)]
=

1

ns
exp

[
− n

(
x log n

n
+O

(
x2(log n)2

n2

))]

=
1

ns
exp

[
− x log n+O

(
x2(log n)2

n

)]
=

1

ns+x
exp

[
O

(
x2(log n)2

n

)]

=
1

ns+x

[
1 +O

(
x2(log n)2

n

)]
.

Ïd?ê� s+ x > 1�Âñ§� s+ x 6 1�uÑ" �

SSS KKK 9.2

1. y²½n 2.11Ú 2.15"

2. �äe�?ê�ñÑ5µ

(1)
∞∑
n=2

logβ n

nα
¶ (2)

∞∑
n=10

1

n(log n)(log log n)s
¶

(3)
∞∑
n=1

n!

nn−1
¶ (4)

∞∑
n=1

2019n

n!
¶

(5)

∞∑
n=2

nlogn

logn n
¶ (6)

∞∑
n=1

3√
n+ 1− 3√

n− 1

nα
¶

(7)
∞∑
n=1

nn+
1
n(

n+
1

n

)n¶ (8)
∞∑
n=1

(2n)!

22n(n!)2(2n+ 1)
x2n¶

(9)
∞∑
n=1

n!en

nn+p
¶ (10)

∞∑
n=1

a(a+ 1) · · · (a+ n− 1)

n!
· 1

nb
(a, b > 0)"

3. ®���?ê
∞∑
n=1

un�
∞∑
n=1

vnþuÑ§Á?Øe�?ê�ñÑ5µ

(1)
∞∑
n=1

max(un, vn)¶ (2)
∞∑
n=1

min(un, vn)"

4. �
∞∑
n=1

un´��Âñ���?ê§y²?ê
∞∑
n=1

un
1 + un

�Âñ"
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5. ���?ê
∞∑
n=1

unÂñ§y²
∞∑
n=1

u2n�Âñ"ù�·K�_·K¤áíº

6. �?ê
∞∑
n=1

an �
∞∑
n=1

cn þÂñ§�é?¿���ê nk an 6 bn 6 cn§y²

?ê
∞∑
n=1

bn�Âñ"

7. ���?ê
∞∑
n=1

un�Ï�üN4~§�
∞∑
n=1

u2nÂñ§y²
∞∑
n=1

unÂñ"

8. ���?ê
∞∑
n=1

unÂñ� {un}üN4~§y² un = o
( 1

n

)
"

9. Á�E��÷v un 6= o
( 1

n

)
�Âñ���?ê

∞∑
n=1

un"

10. �
∞∑
n=1

un§
∞∑
n=1

vn´ü���?ê§
∞∑
n=1

unÂñ�
∞∑
n=1

vnuÑ§¯´Ä�½k

un = O(vn)º

11. � {un}´üN4~��ê�§y²?ê
∞∑
n=1

un �ê�

{
1

un+1
− 1

un

}
Ø�U

Ó�Âñ"

12. ���?ê
∞∑
n=1

un÷v

lim
n→∞

n log
un
un+1

= r.

y²T� r > 1�
∞∑
n=1

unÂñ§� r < 1�
∞∑
n=1

unuÑ"

13. £Kummer�O{¤� un, vn > 0 (∀ n ∈ Z>0)"@o

(1) e�3�¢ê κ§¦�

vn
vn+1

un − un+1 > κ, ∀ n ∈ Z>0,

K?ê
∞∑
n=1

vnÂñ¶

(2) e?ê
∞∑
n=1

1

un
uÑ§�

vn
vn+1

un − un+1 6 0, ∀ n ∈ Z>0,

K?ê
∞∑
n=1

vnuÑ"
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14. £Lobaqevski��O{¤���?ê
∞∑
n=1

un�Ï�üN4~ªu 0§¿P

pm = max

{
n ∈ Z>0 : un >

1

2m

}
, ∀ m ∈ Z>0.

y²µ?ê
∞∑
n=1

un�
∞∑
m=1

pm
2m
äk�Ó�ñÑ5"

15. �
∞∑
n=1

un´��Âñ���?ê§P rn =
∞∑

k=n+1

uk �§�1 n�{Ú§¿P

vn =
√
rn−1 −

√
rn, ∀ n ∈ Z>0.

y²?ê
∞∑
n=1

vn�´��Âñ���?ê§�k un = o(vn)"

16. �
∞∑
n=1

un´��uÑ���?ê§P Sn =
n∑
k=1

uk �ÙÜ©Ú§¿P

vn =
un
Sn
, ∀ n ∈ Z>0.

y²?ê
∞∑
n=1

vn�´��uÑ���?ê§�k vn = o(un)"

17. � γ − β > 1§y² F (1, β, γ, 1) =
γ − 1

γ − β − 1
§Ù¥ F X~ 2.19¤½Â"

§ 9.3

???¿¿¿���???êêê

3þ!¥·�?Ø
��?ê�ñÑ5¯K§�e5�ü!ò=
ïÄÏ��

��K�@
?ê"3�!¥·�òé/X
∞∑
n=1

anbn �?ê�Ñü��½Âñ��

{§= Abel�O{Ú Dirichlet�O{§
§��Ä:´±é%êÆ[ N. H. Abel

�¶i·¶�¦Úúª"

===½½½nnn 3.1>>>£££Abel¦¦¦ÚÚÚúúúªªª¤¤¤ � (an)n∈ZÚ (bn)n∈Z´Eê8 C�ü���
x§Ké?¿�M ∈ Z±9 N ∈ Z>0§k∑

M<n6M+N

anbn = aM+NBM+N +
∑

M<n6M+N−1
(an − an+1)Bn, (9.7)

Ù¥ Bn =
∑

M<k6n
bk"AO/§e (an)n∈Z´ R���üN���x�

sup
M<n6M+N

|Bn| 6 ρ,
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K ∣∣∣∣ ∑
M<n6M+N

anbn

∣∣∣∣ 6 ρ(|aM+1|+ 2|aM+N |
)
. (9.8)

y². d bn = Bn −Bn−1�∑
M<n6M+N

anbn =
∑

M<n6M+N

an(Bn −Bn−1)

=
∑

M<n6M+N

anBn −
∑

M−1<n6M+N−1
an+1Bn

= aM+NBM+N +
∑

M<n6M+N−1
(an − an+1)Bn,

d= (9.7)"e (an)n∈ZüN� sup
M<n6M+N

|Bn| 6 ρ§Kk∣∣∣∣ ∑
M<n6M+N

anbn

∣∣∣∣ 6 |aM+NBM+N |+
∑

M<n6M+N−1

∣∣(an − an+1)Bn
∣∣

6 ρ

(
|aM+N |+

∑
M<n6M+N−1

∣∣(an − an+1)
∣∣)

= ρ

(
|aM+N |+

∣∣∣∣ ∑
M<n6M+N−1

(an − an+1)

∣∣∣∣)
6 ρ
(
|aM+1|+ 2|aM+N |

)
.

�

===~~~ 3.2>>>3þã½n¥� an = log n§bn = (−1)nB�é?¿� x > 2��∑
n6x

(−1)n log n� log x.

·�5ò (9.7)�©ÜÈ©úª��é'"e� an = f(n)§bn = g(n)§¿ò¦

ÚÒ�È©ÒéAå5§ò� an+1 − an ��© df(x)éA§2òÜ©Ú Bn �È

© G(x) =

∫ x

M
g(t) dtéA§@o·�Ò¬uy (9.7)�©ÜÈ©úª

∫ M+N

M
f(x)g(x) dx = f(M +N)G(M +N)−

∫ M+N

M
G(x) df(x)

�~�q£5¿�� g ëY� g(x) = G′(x)¤"Ïd<�Ï~ò (9.7) Ú (9.8) ¡

�©Ü¦Ú (summation by parts)"
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===½½½nnn 3.3>>>£££Abel ���OOO{{{¤¤¤ XJê� {an}üN�k.§?ê
∞∑
n=1

bn Âñ§

K
∞∑
n=1

anbnÂñ"

y². d {an}k.��3 A > 0¦� |an| 6 A (∀ n > 1)"d	§Ï�
∞∑
n=1

bn

Âñ§�d CauchyÂñOK�§é?¿� ε > 0§�3��ê nε§¦�é?¿�

m > n > nεþk ∣∣∣∣ ∑
n<k6m

bk

∣∣∣∣ < ε.

u´d (9.8)�§é?¿�m > n > nεk∣∣∣∣ ∑
n<k6m

akbk

∣∣∣∣ < ε
(
|an+1|+ 2|am|

)
6 3Aε.

Ïd
∞∑
n=1

anbnÂñ" �

===½½½nnn 3.4>>>£££Dirichlet ���OOO{{{¤¤¤ eê� {an}üNªu 0§�?ê
∞∑
n=1

bn �

Ü©Úk.§K
∞∑
n=1

anbnÂñ"

y². Ï�
∞∑
n=1

bn�Ü©Ú Bnk.§¤±�3 ρ > 0¦� |Bn| 6 ρ (∀ n > 1)"

qd {an}ªu 0�§é?¿� ε > 0§�3 nε ∈ Z>0 ¦�� n > nε �k |an| < ε"

5¿� {an}üN§�d (9.8)�é?¿�m > n > nεþk∣∣∣∣ ∑
n<k6m

akbk

∣∣∣∣ < 2ρ
(
|an+1|+ 2|am|

)
< 6ρε.

Ïdd CauchyÂñOK��
∞∑
n=1

anbnÂñ" �

e¡5w�
~f"

===~~~ 3.5>>>�ê� {an}üNªu 0§x 6= 2kπ (k ∈ Z)"y²?ê

∞∑
n=1

an sinnx �
∞∑
n=1

an cosnx

þÂñ 6©"

6©¯¢þ§1��?êé?¿�¢ê xþÂñ§ù´Ï�� x = 2kπ (k ∈ Z)�ÙÏ�ð�u 0"
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y². du� x 6= 2kπ (k ∈ Z)� eix 6= 1£ùp i´Jêü ¤§�


n∑
k=1

eikx =
eix(1− einx)

1− eix
=
ei
x
2 (1− einx)

e−i
x
2 − ei

x
2

,

Ïd ∣∣∣∣ n∑
k=1

eikx
∣∣∣∣ 6 2∣∣e−ix2 − eix2 ∣∣ =

1∣∣∣∣ sin x2
∣∣∣∣ . (9.9)

þ¡���Ú^�
 Eulerúª eiθ = cos θ + i sin θ§2g¦^Túª��∣∣∣∣ n∑
k=1

sin kx

∣∣∣∣ 6 1∣∣∣∣ sin x2
∣∣∣∣ 9

∣∣∣∣ n∑
k=1

cos kx

∣∣∣∣ 6 1∣∣∣∣ sin x2
∣∣∣∣ ,

ù`²?ê
∞∑
n=1

sinnx �
∞∑
n=1

cosnx �Ü©Úþk."u´d Dirichlet �O{�

∞∑
n=1

an sinnx�
∞∑
n=1

an cosnxþÂñ" �

===~~~ 3.6>>>dþ~�?ê
∞∑
n=1

sinnx

n
Âñ§d	·���ê�

{(
1 +

1

n

)n}
ü

Nk.§�d Abel�O{��?ê
∞∑
n=1

sinnx

n

(
1 +

1

n

)n
Âñ"

���J�´§Dirichlet�O{%¹ Abel�O{"¯¢þ§e½n 3.3�ü�

^�÷v§@od {an}üNk.�ÙÂñ§Ø�òÙ4�P� a¶,	§d
∞∑
n=1

bn

Âñ�ÙÜ©Úk.§l
d Dirichlet�O{�?ê

∞∑
n=1

(an − a)bn

Âñ§5¿� anbn = (an − a)bn + abn§�
?ê
∞∑
n=1

anbnÂñ"

�� Dirichlet�O{���íØ§·��Ñeã� Leibniz�O{"

===···KKK 3.7>>>£££Leibniz ���OOO{{{¤¤¤ XJê� {un} üN4~ªu 0§K?ê
∞∑
n=1

(−1)nunÂñ"

y². ù�d
∞∑
n=1

(−1)n�Ü©Úk.9 Dirichlet�O{íÑ" �
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XJz� unþØ� 0�äk�Ó�ÎÒ§@oÒ¡/X
∞∑
n=1

(−1)n−1un �?ê

���?ê (alternating series)§Ïd Leibniz�O{`²
�aAÏ���?ê�

Âñ5"

d Leibniz�O{�á=��?ê
∞∑
n=1

(−1)n

ns
(s > 0)Âñ"

SSS KKK 9.3

1. �½e�?ê�ñÑ5µ

(1)

∞∑
n=1

(−1)n
log n

n
¶ (2)

∞∑
n=1

(−1)n cosn

n
¶

(3)
∞∑
n=1

(
1 +

1

2
+ · · ·+ 1

n
− log n

)
sin

π

4
n¶ (4)

∞∑
n=1

(−1)n(
n√
n− 1)¶

(5)

∞∑
n=1

sin
(
π
√
n2 + 1

)
¶ (6)

∞∑
n=1

(−1)n√
n

(
1 +

1

n

)n+1

¶

(7)
∞∑
n=2

(−1)n

log2 n

(
1 +

1

2
+ · · ·+ 1

n

)
¶ (8)

∞∑
n=1

sinn sinn2

n
¶

(9)

∞∑
n=2

(−1)n

(n+ (−1)n)p
¶ (10)

∞∑
n=1

(−1)[
√
n ]

np
"

2. XJ?ê
∞∑
n=1

un�
∞∑
n=1

vnþÂñ§@o
∞∑
n=1

unvn´Ä�½Âñº

3. �ê� {un}� {vn}÷v lim
n→∞

un
vn

= 1"e?ê
∞∑
n=1

unÂñ§´ÄU�Ñ?ê

∞∑
n=1

vn�Âñº

4. �?ê
∞∑
n=1

anÂñ§{bn}�î�üN4O��ê�� lim
n→∞

bn = +∞"y²�

n→∞�k
n∑
k=1

akbk = o(bn).

5. ��ê� {un}÷v un = O
( 1

log2 n

)
§y²?ê

∞∑
n=1

(un+1 − un) log nÂñ"
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6. é�óê N y² ∑
n6N

(−1)n log n� logN.

ù¿�X3Ø�Ä�~ê��¹e~ 3.2¥��O´�`�"

7. � x ∈ (0, π]§y²é?¿� N ∈ Z>2k

N∑
n=1

(log n) sinnx� (logN) ·min

(
N2x,

1

x

)
.

8. � t ∈ R§Áé x ∈ (0, 1]?Ø?ê
∞∑
n=1

cos(t log n)

nx
�ñÑ5"

§ 9.4

ýýýéééÂÂÂñññ���^̂̂���ÂÂÂñññ

===½½½ÂÂÂ 4.1>>>e
∞∑
n=1
|un|Âñ§K¡

∞∑
n=1

unýéÂñ (absolutely convergent)"

===···KKK 4.2>>>ýéÂñ?ê7Âñ§���Ø,"

y². e
∞∑
n=1

unýéÂñ§Kd CauchyÂñOK�µé?¿� ε > 0§þ�3

nε ∈ Z>0§¦�é?¿�m > n > nεk∑
n<k6m

|uk| < ε.

u´dn�/Ø�ª� ∣∣∣∣ ∑
n<k6m

uk

∣∣∣∣ < ε.

?
d CauchyÂñOK�
∞∑
n=1

unÂñ"

d	§Âñ�?ê�7ýéÂñ§~X
∞∑
n=1

(−1)n

n
" �

===½½½ÂÂÂ 4.3>>>e?ê
∞∑
n=1

unÂñ�ØýéÂñ§K¡�^�Âñ (conditionally

convergent)"
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===~~~ 4.4>>>y²?ê
∞∑
n=1

sinn

n
^�Âñ"

y². d~ 3.4�T?êÂñ§eyÙØýéÂñ"·�k∣∣∣sinn
n

∣∣∣ > sin2 n

n
=

1− cos 2n

2n
.

du
∞∑
n=1

1

2n
uÑ�

∞∑
n=1

cos 2n

2n
Âñ§�

∞∑
n=1

1− cos 2n

2n
uÑ"2d'��O{�?

ê
∞∑
n=1

∣∣∣sinn
n

∣∣∣uÑ" �

du\{÷v��ÆÚ(ÜÆ§��·�rk�õ�ê�\�§?¿UC¦Ú

��gSØ¬K�¦Ú(J"�?ê��/ÒØÓ
§3?êÂñ��¹e§UC

¦Ú��^S´k�UUC?ê�5��"3ù�:þ§ýéÂñ?ê�^�Âñ

?êw«Ñ
ã���É§·�e¡5Å�?1?Ø"

Äky²��Ún§3ùp·�é¢ê xæ^PÒ

x+ = max(x, 0), x− = −min(x, 0).

u´

x+ =
|x|+ x

2
=

{
x, e x > 0,

0, e x 6 0.

x− =
|x| − x

2
=

{
−x, e x < 0,

0, e x > 0.

===ÚÚÚnnn 4.5>>>(1) e
∞∑
n=1

unýéÂñ§K
∞∑
n=1

u+n �
∞∑
n=1

u−n þÂñ"

(2) e
∞∑
n=1

un^�Âñ§K
∞∑
n=1

u+n �
∞∑
n=1

u−n þuÑu +∞"

y². (1) e
∞∑
n=1

unýéÂñ§Kd

0 6 u+n , u
−
n 6 |un|

9'��O{�
∞∑
n=1

u+n �
∞∑
n=1

u−n þÂñ"

(2) ��
∞∑
n=1

u+n Âñ§Kd
∞∑
n=1

un Âñ9 u−n = u+n − un �
∞∑
n=1

u−n Âñ"2d

|un| = u+n + u−n �
∞∑
n=1

un ýéÂñ§l
�b�gñ§�
∞∑
n=1

u+n uÑ"Ón�y
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∞∑
n=1

u−n uÑ"d	§du u+n � u−n þ�K§¤±ùü�?ê�Ü©ÚS�þüN4

O§l
ùü�?êþuÑu +∞" �

k
þãO�ó�§·�Äk5?ØýéÂñ?ê��/§e¡�(J´d

Dirichletu 1837c�Ñ�"

===½½½nnn 4.6>>>£££Dirichlet¤¤¤�
∞∑
n=1

unýéÂñ§
∞∑
n=1

u′n´ò
∞∑
n=1

un��­ü�

¤��?ê§K
∞∑
n=1

u′n�ýéÂñ§�§�Ú��?ê�Ú�Ó"

y². y²©üÚ?1"

(1) k?Ø
∞∑
n=1

un ´��?ê��/"©O± Sn Ú S′n L«
∞∑
n=1

un Ú
∞∑
n=1

u′n �Ü

©Ú"du
∞∑
n=1

u′n ´ò
∞∑
n=1

un ��­ü�¤�§��3V� σ : Z>0 −→ Z>0 ¦�

u′n = uσ(n)"é?¿���ê k§� n > max
16j6k

σ(j)�k

S′k =
k∑
j=1

uσ(j) 6
n∑
i=1

ui = Sn.

Ïd- n→∞B� S′k 6
∞∑
n=1

un§u´düNk.Âñ�n�
∞∑
n=1

u′nÂñ§�

∞∑
n=1

u′n 6
∞∑
n=1

un.

Ó�§·���r
∞∑
n=1

unw�´ò
∞∑
n=1

u′n��­ü�¤��?ê§¤±Ón��

∞∑
n=1

un 6
∞∑
n=1

u′n.

Ï
ùü�?ê�Ú��"

(2) 25?Ø����/"dÚn 4.5�
∞∑
n=1

u+n �
∞∑
n=1

u−n þÂñ"Ï�
∞∑
n=1

un ý

éÂñ§�d (1)¥�?Ø�
∞∑
n=1
|u′n|Âñ§u´2dÚn 4.5��?ê

∞∑
n=1

u′+n �

∞∑
n=1

u′−n �þÂñ"5¿�­ü¿Ø¬UC��ÎÒ§�

∞∑
n=1

u′+n 7´
∞∑
n=1

u+n �­

ü§�
∞∑
n=1

u′−n 7´
∞∑
n=1

u−n �­ü§l
d (1)�

∞∑
n=1

u′+n =

∞∑
n=1

u+n ,

∞∑
n=1

u′−n =

∞∑
n=1

u−n .
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?
k
∞∑
n=1

u′n =

∞∑
n=1

u′+n −
∞∑
n=1

u′−n =

∞∑
n=1

u+n −
∞∑
n=1

u−n =

∞∑
n=1

un.

�d½n�y" �

dþã½n�§éuýéÂñ?ê
ó§?¿UC¦ÚgSØ¬K�¦Ú(

J§ù�k�õ�ê¦Ú��/�Ó§´���~Ð�5�"�ùé^�Âñ?ê

¿Ø¤á§¯¢þ§Riemann3Ù 1854c�Ø©5Ueber die Darstellbarkeit einer

function durch eine trigonometrische reihe £Ø¼ê�n�?êL«¤6¥�Ñ
X

e(Ø§<�~r§¡� Riemann­ü½n (Riemann rearrangement theorem)"

===½½½nnn 4.7>>>£££Riemann¤¤¤ �?ê
∞∑
n=1

un ^�Âñ§Ké?¿� A £�±´

¢ê§+∞½ −∞¤§þ�ò
∞∑
n=1

un��?1­ü§¦�­ü��?ê�Ú� A"

y². ò {un}¥��Ü�K��g�Ñ¤���ê�§P� {an}¶ò {un}¥
��ÜK��g�Ñ¤���ê�§P� {bn}§dÚn 4.5 (2)�

∞∑
n=1

an =

∞∑
n=1

(−bn) = +∞. (9.10)

(1) k�Ä A ∈ R��/§Ø�� A > 0"Ä��{´µk�g�eZ��K�§

¦�ÙÚfÐ�u A§2�g�eZ�K�§¦�ù
K���c¤���K��

ÚfÐ�u A§�EXdö�§5¿�?ê�Ï�ªu 0§��¦­ü��?êÂ

ñ�Ú� A"äN5`§d (9.10)��3��ê n1¦�∑
k6n1−1

ak 6 A <
∑
k6n1

ak,

�é{`§�=

0 <
∑
k6n1

ak −A 6 an1 .

2d (9.10)��3��êm1¦�∑
j6m1−1

(−bj) 6
∑
k6n1

ak −A <
∑
j6m1

(−bj),

�=

bm1 6

( ∑
k6n1

ak +
∑
j6m1

bj

)
−A < 0.
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�,§��3��ê n2 > n1¦�( ∑
k6n1

ak +
∑
j6m1

bj

)
−A+

∑
n1<k6n2−1

ak 6 0

� ( ∑
k6n1

ak +
∑
j6m1

bj

)
−A+

∑
n1<k6n2

ak > 0

�=

0 <

( ∑
k6n1

ak +
∑
j6m1

bj +
∑

n1<k6n2

ak

)
−A 6 an2 .

±daí��ü�î�4O���ê {n`}Ú {m`}§Ùé?¿� ` > 1k

bm` 6

( ∑
k6n1

ak +
∑
j6m1

bj + · · ·+
∑

n`−1<k6n`

ak +
∑

m`−1<j6m`

bj

)
−A < 0.

±9

0 <

( ∑
k6n1

ak+
∑
j6m1

bj+· · ·+
∑

n`−1<k6n`

ak+
∑

m`−1<j6m`

bj+
∑

n`<k6n`+1

ak

)
−A 6 an`+1

.

Ï� lim
n→∞

an = lim
n→∞

bn = 0§¤±?ê

(a1 + · · ·+ an1) + (b1 + · · ·+ bm1) + (an1+1 + · · ·+ an2) + (bm1+1 + · · ·+ bm2) + · · ·

Âñ�ÙÚ� A"5¿�þªÓ��)Ò¥��þk�Ó�ÎÒ§�d·K 1.7�§

?ê

a1 + · · ·+ an1 + b1 + · · ·+ bm1 + an1+1 + · · ·+ an2 + bm1+1 + · · ·+ bm2 + · · ·

��
∞∑
n=1

un���­ü´Âñ�§�Ú� A"

(2) éu A´+∞½−∞��/§y²� A ∈ R��/aq§3ùp·��{ãÙ
�{"± A = +∞�~§·��±k�gÀÑeZ�K�§¦�ÙÚfÐ�u 1§

3ù
��¡V\��K�¶�X2�gV\eZ�K�¦�oÚ�u 2§,�3

§��¡2V\��K�"±daíÒ�ò�?ê­ü¦�ÙÚ� +∞" �
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SSS KKK 9.4

1. ?Øe�?ê�ýéÂñ5Ú^�Âñ5µ

(1)
∞∑
n=1

(−1)n

n log n
¶ (2)

∞∑
n=1

n2 sinn

2n
¶

(3)

∞∑
n=1

log
(

1 +
sinn

n2

)
¶ (4)

∞∑
n=1

(−1)n
n− 1

n+ 1
· 1

2019√
n
¶

(5)
∞∑
n=1

(−1)n

np+
1
n

¶ (6)
∞∑
n=1

(−1)n(
n√
n− 1)"

2. �
∞∑
n=1

un^�Âñ§
∞∑
n=1

vnýéÂñ§y²
∞∑
n=1

(un + vn)^�Âñ"

3. £Cauchy−SchwarzØ�ª¤�?ê
∞∑
n=1

u2n �
∞∑
n=1

v2n þÂñ§y²
∞∑
n=1

unvn

ýéÂñ§�k ( ∞∑
n=1

|anbn|
)2

6

( ∞∑
n=1

a2n

)( ∞∑
n=1

b2n

)
.

4. �?ê
∞∑
n=1

u2nÂñ§y²
∞∑
n=1

un
n
ýéÂñ"

5. �?ê
∞∑
n=1

un^�Âñ§P

S+
n =

n∑
k=1

u+k 9 S−n =

n∑
k=1

u−k .

y² lim
n→∞

S+
n

S−n
= 1"

6. ïÄ?ê 1− 1

2α
+

1

3β
− 1

4α
+

1

5β
− 1

6α
+ · · · �ñÑ5§¿3Âñ�?ØÙ^

�ÂñÚýéÂñ5"

7. ò?ê
∞∑
n=1

(−1)n−1

nα
��­ü§�Skü p���§�X�Sü q�K�§�

�2�Sü p���Ú q�K�§Xd�Oe�"y²µ

(1) e α > 1§K­ü?ê�Ú��?ê�Ú�Ó¶

(2) e α = 1§K­ü?ê�Ú� log
(

2

√
p

q

)
¶

(3) e 0 < α < 1§K­ü?ê=3 p = q�Âñ"
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8. b�é?¿Ã¡�þ {xn}
ó?ê
∞∑
n=1

xnunþÂñ§K
∞∑
n=1

unýéÂñ"

9. �?ê
∞∑
n=1

un ^�Âñ§ÙÚ� S§q� τ : Z>0 −→ Z>0 ´V�§�­ü?

ê
∞∑
n=1

uτ(n)Âñu S′ 6= S"y²µéu?¿� ρ > 0§þ�3��ê n§¦�

|τ(n)− n| > ρ"

10. e��?ê
∞∑
n=1

1

un
Âñ§y²µ

(1) e unüN4O§K?ê
∞∑
n=1

n

u1 + u2 + · · ·+ un
Âñ¶

(2) é���/y²?ê
∞∑
n=1

n

u1 + u2 + · · ·+ un
Âñ"

§ 9.5

???êêê���¦¦¦{{{

3 §9.1·K 1.4¥·�0�
?ê��5$�§3�!¥·�ò0�?ê�¦

{"

¯¤±�§éu/X

(a1 + · · ·+ an)(b1 + · · ·+ bm)

�ü�k�Ú�¦��/§·��±^©�ÆòÙÐm"�?ê¦{��¹ÒØÓ


§Ï�ùpkÃ¡õ�§¤±Ã{��Ðm§l
·�I��·K 1.4¥�\�

�/��§ò@
¤k�UÑy�� aibj (i > 1, j > 1)U,«�ª?1Ü¿±��

¦È?ê�Ï�"~^�Ü¿�ªkü«§§�©O�Ñ
?ê� Cauchy¦ÈÚ

Dirichlet¦È"

Äk50� Cauchy¦È§�
`²�ÙÙd5§·�k�Ñ/ª�?ê�V

g"

===½½½ÂÂÂ 5.1>>>'u��i1 X �/ª�?ê (formal power series)´�X

∞∑
n=0

anX
n

�/ªL�ª§Ù¥ an (n > 0)þ�¢ê"
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e¡5é/ª�?ê�¦È���éuª�?Ø"eü�/ª�?ê
∞∑
n=0

anX
n

�
∞∑
n=0

bnX
n �¦È�´��/ª�?ê§P�

∞∑
n=0

cnX
n§@o cn A��uõ�

Qº��{ü��{´µr?ê
∞∑
n=0

anX
n �z���

∞∑
n=0

bnX
n �z���¦§¿

ò X �Óg���Ü¿§Xd�5A�k

cnX
n =

∑
k+`=n

akX
k · b`X` =

( ∑
k+`=n

akb`

)
Xn,

l


cn =
∑
k+`=n

akb`. (9.11)

e� X = 1§@odþã?Ø�òd (9.11)ª¤½Â�?ê
∞∑
n=0

cn ��
∞∑
n=0

an �

∞∑
n=0

bn�¦È´��ég,�ÀJ"

===½½½ÂÂÂ 5.2>>>·�¡d (9.11)¤½Â�?ê
∞∑
n=0

cn�
∞∑
n=0

an�
∞∑
n=0

bn�Cauchy

¦È"

Uìþ¡�?Ø§·�g,Ï"
∞∑
n=0

cnÂñ�k

∞∑
n=0

cn =

( ∞∑
n=0

an

)( ∞∑
n=0

bn

)
. (9.12)

�´��5`§
∞∑
n=0

an �
∞∑
n=0

bn Âñ¿ØU�y§�� Cauchy¦È�Âñ5"~

X�

an = bn =
(−1)n√

n
, ∀ n ∈ Z>0,

@od Leibniz�O{�ùü�?êþÂñ§d�é n > 2k

cn =
∑
k+`=n

akb` = (−1)n
n−1∑
k=1

1√
k(n− k)

,

5¿�d�â²þ)AÛ²þØ�ª��

|cn| =
n−1∑
k=1

1√
k(n− k)

>
n−1∑
k=1

2

k + (n− k)
=

2(n− 1)

n
> 1, ∀ n > 2,

Ïd
∞∑
n=2

cnuÑ",
���3�´§·�kXe� Cauchy½n"
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===½½½nnn 5.3>>>£££Cauchy¤¤¤ e
∞∑
n=0

an �
∞∑
n=0

bn þýéÂñ§�§��Ú©O�

A� B§Kò aibj (i, j > 0)U?¿�ªü�¤��?ê�ýéÂñ§�Ú� AB"

y². �
∞∑
n=0

un ´ò aibj (i, j > 0) U,«�ªü��¤��?ê§Ø�P

un = ainbjn§¿ò
∞∑
n=0
|un|�Ü©ÚP� Sn"@o§e-

N = max(i1, · · · , in, j1, · · · , jn),

Kk

Sn =

n∑
k=0

|aikbjk | 6
( N∑
i=0

|ai|
)( N∑

j=0

|bj |
)
6

( ∞∑
i=0

|ai|
)( ∞∑

j=0

|bj |
)
,

ù`²Ü©ÚS� {Sn}kþ.§l

∞∑
n=0
|un|Âñ"

ey?ê
∞∑
n=0

un �Ú� AB"d½n 4.6 ±9·K 1.6 �§éu?¿��r

aibj (i, j > 0)ü��¤��?ê
ó§òÙ�?¿\)Ò�¤��?êþÂñuÓ

��§ÏdeP

vn =

( n∑
i=0

ai

)( n∑
j=0

bj

)
−
( n−1∑
i=0

ai

)( n−1∑
j=0

bj

)

£�=´`§vn ´ i� j ¥��k��� n�@
 aibj �Ú¤§K
∞∑
n=0

vn Âñ�

∞∑
n=0

un =
∞∑
n=0

vn"5¿�?ê
∞∑
n=0

vn�Ü©Ú�

( n∑
i=0

ai

)( n∑
j=0

bj

)
,


ùT´
∞∑
n=0

an�Ü©Ú�
∞∑
n=0

bn�Ü©Ú�È§¤±

∞∑
n=0

vn =

( ∞∑
n=0

an

)( ∞∑
n=0

bn

)
= AB.

�d½n�y" �

¯¢þ§e��é Cauchy¦È§@oþã½n�^�ÿ�~f"
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===½½½nnn 5.4>>>£££Mertens¤¤¤ �
∞∑
n=0

an �
∞∑
n=0

bn þÂñ§�üö¥��k��ý

éÂñ§@oU (9.11)¤½Â� Cauchy¦È
∞∑
n=0

cnÂñ§�k

∞∑
n=0

cn =

( ∞∑
n=0

an

)( ∞∑
n=0

bn

)
.

y². Ø��
∞∑
n=0

an ýéÂñ"©O^ An§Bn Ú Cn L«?ê
∞∑
n=0

an§
∞∑
n=0

bn

�
∞∑
n=0

cn�Ü©Ú§qò
∞∑
n=0
|an|�Ü©ÚP� A∗n"2P

∞∑
n=0

an = A,
∞∑
n=0

bn = B,
∞∑
n=0

|an| = A∗.

@o

Cn =
n∑
k=0

ck =
n∑
k=0

∑
i+j=k

aibj =
n∑
i=0

ai

n−i∑
j=0

bj =
n∑
i=0

aiBn−i

= B
n∑
i=0

ai +
n∑
i=0

ai(Bn−i −B) = AnB +
n∑
i=0

ai(Bn−i −B).

Ïd�Iy² lim
n→∞

n∑
i=0

ai(Bn−i −B) = 0=�"

d {Bn}Âñ�Tê�k.§=�3M > 0¦� |Bn| 6M (∀ n ∈ Z>0)"u´∣∣∣∣ n∑
i=0

ai(Bn−i −B)

∣∣∣∣ =

∣∣∣∣ ∑
06i6n

2

ai(Bn−i −B) +
∑
n
2
<i6n

ai(Bn−i −B)

∣∣∣∣
6
(

max
06i6n

2

|Bn−i −B|
)
·
∑

06i6n
2

|ai|+
∑

n
2
<i6n−1

|ai|(M + |B|)

6 A∗ ·
(

max
06i6n

2

|Bn−i −B|
)

+
(
A∗n −A∗[n

2
]

)
(M + |B|).

Ï�� n→∞�þªmýªu 0§�
 lim
n→∞

n∑
i=0

ai(Bn−i −B) = 0" �

���J�´§
∞∑
n=0

an �
∞∑
n=0

bn þuÑ½ØUíÑ§�� Cauchy ¦ÈuÑ

£ë�SK 4¤"
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��§½Nk<¬¯µXJ
∞∑
n=0

cn ´
∞∑
n=0

an Ú
∞∑
n=0

bn � Cauchy¦È§�ùn

�?êþÂñ§@o (9.12)´Ä¤áQºAbeléd�Ñ
�½��E§·�òÙ

y²�3 §10.4"

�e50� Dirichlet¦È"� Cauchy¦Èaq§·�Ek���éuª�?

Ø§�3d�c§·�I�
) Dirichlet?ê�Vg"

===½½½ÂÂÂ 5.5>>>� s ∈ R"/X
∞∑
n=1

an
ns
�?ê�¡� Dirichlet ?ê (Dirichlet

series)"

��Ø�ïÄ Dirichlet?ê�ñÑ5 7©§·�y3�Ä�¯K´µXJü�

Dirichlet?ê
∞∑
n=1

an
ns
�

∞∑
n=1

bn
ns
�¦È�´�� Dirichlet?ê§P�

∞∑
n=1

cn
ns
§@o

cn A�´õ�Qº� Cauchy¦È��/aq§·��¬�ÄÜ¿Óa�§Ïd�

�g,�ÀJ´ò@
¦�
ak
ks
· b`
`s
�©1�Ó��Ü¿3�å§�é{`§

cn
ns

=
∑
k`=n

ak
ks
· b`
`s

=

( ∑
k`=n

akb`

)
1

ns
,

�=

cn =
∑
k`=n

akb`.
8© (9.13)

e� s = 0§@odþã?Ø�§rd (9.13)ª¤(½�?ê
∞∑
n=1

cn ��
∞∑
n=1

an �

∞∑
n=1

bn�È�´��Ün�ÀJ"

===½½½ÂÂÂ 5.6>>>�
∞∑
n=1

an �
∞∑
n=1

bn ´ü�?ê§·�rd (9.13)ª¤(½�?ê

∞∑
n=1

cn¡�
∞∑
n=1

an�
∞∑
n=1

bn� Dirichlet¦È"

ü�?êþÂñ½ØU�y§�� Dirichlet¦ÈÂñ§ù����~f5
u

êØ"� q ∈ Z>1§XJ¼ê χ : Z −→ C÷v

(1) χ± q�±Ï¶

(2) χ(n) 6= 0��=� (n, q) = 1 9©¶

7©Dirichlet?ê�ñÑ5¬3 §10.4SK 11 ∼ 15¥?Ø"

8©·�Ï~òXd½Â� {cn}¡� {an}� {bn}� DirichletòÈ"

9©ùp� (n, q)L« n� q���úÏê"
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(3) é?¿��êm§nþk χ(mn) = χ(m)χ(n)§

K¡§´�� DirichletA� (Dirichlet character)"�±y² |χ(n)| 6 1§¿�e�

3� qp�� n¦� χ(n) 6= 1§@o∑
n6q

χ(n) = 0. 10©

(Ü±Ï5B�é?¿��¢ê xþk
∣∣∣ ∑
n6x

χ(n)
∣∣∣ 6 q

2
"dd9 Dirichlet�O{�

?ê
∞∑
n=2

χ(n)

log n

Âñ"Ïde^ cnL«þã?ê�g�� Dirichlet¦È�Ï�§Kk

|cn| =
∣∣∣∣ ∑
k`=n

χ(k)

log k
· χ(`)

log `

∣∣∣∣ > |χ(n)|
(log n)2

∑
k`=n

1 =
|χ(n)|τ(n)

(log n)2
,

Ù¥ τ(n) =
∑
k`=n

1�¡�Øê¼ê (divisor function)"�±y²§é?¿� A > 0§

þ�3Ã¡õ� n¦� |χ(n)|τ(n) > (log n)A ¤á11©§Ïd?ê
∞∑
n=1

cn �Ï�Øª

u 0§l
uÑ"

SSS KKK 9.5

1. Á¦
∞∑
n=1

an�
∞∑
n=1

bn� Cauchy¦È§¿ïÄÙñÑ5µ

(1) an = bn = qn§Ù¥ |q| < 1¶

(2) an = xn§bn = (−x)n§Ù¥ |x| < 1¶

(3) an =
1

n!
§bn =

(−1)n

n!
¶

(4) an =
1

nα
§bn =

1

nβ
§Ù¥ α, β > 0¶

2. P E(x) =
∞∑
n=0

xn

n!
§y²ù�?êé?¿� x ∈ RÂñ�k

E(x+ y) = E(x)E(y), ∀ x, y ∈ R.

10©ë� [35] §6.5½n 3"

11©ë� [35] §9.3½n 1"
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3. P S(x) =
∞∑
n=0

(−1)nx2n+1

(2n+ 1)!
§C(x) =

∞∑
n=0

(−1)nx2n

(2n)!
"y²µ

(1) ùü�?êé?¿� x ∈ RþýéÂñ¶
(2) 2S(x)C(x) = S(2x)¶

(3) 2C2(x)− 1 = C(2x)"

4. b� a0 = b0 = 1§� n > 1�

an = −
(

3

2

)n
, bn =

(
3

2

)n−1(
2n +

1

2n+1

)
.

y²
∞∑
n=0

an�
∞∑
n=0

bnþuÑ§�´§�� Cauchy¦ÈýéÂñ"

5. é�½�¢ê ν P σν(n) =
∑
d|n
dν 12©§y²

∞∑
n=1

σν(n)

ns
= ζ(s)ζ(s− ν), ∀ s > max(1, ν + 1).

AO/§� ν = 0��
∞∑
n=1

τ(n)

ns
= ζ(s)2 (∀ s > 1)"

§ 9.6

ÃÃÃ¡¡¡¦¦¦ÈÈÈ

===½½½ÂÂÂ 6.1>>>� {un}´��ê�"aqu?ê§·�ò/ª�PÒ

∞∏
n=1

un = u1 · u2 · · ·un · · ·

¡�Ã¡¦È"

�
`²þ¡½Â¥/ª�¦È´Äk(��¿Â§·��ÑÃ¡¦ÈÂñ�

Vg"

===½½½ÂÂÂ 6.2>>>é?¿���ê n§¡

Pn =
n∏
k=1

uk

12©ùp
∑
d|n
L«é n��Ü�Ïf¦Ú"
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�Ã¡¦È
∞∏
n=1

un �Ü©¦È"eê� {Pn}Âñu,�Ø�u 0�¢ê P§K¡

Ã¡¦È
∞∏
n=1

unÂñ§¿¡ P �TÃ¡¦È�È§P�

∞∏
n=1

un = P.

ÄKÒ¡
∞∏
n=1

unuÑ"

===555 6.3>>>7L5¿�´§�Ü©¦ÈS� {Pn}Âñu 0�§·�EòÃ¡¦

ÈÀ�uÑ"AO/§eê� {un}¥k,���u 0§KÃ¡¦È
∞∏
n=1

unuÑ"

d½Â 6.2�§3Ã¡¦È¥V\½í�k�õ�Éu 0��£�ØUC�k

���^S¤Ø¬UCÃ¡¦È�ñÑ5"

===~~~ 6.4>>>éÃ¡¦È
∞∏
n=2

(
1− 1

n

)

ó§du

Pn =

n∏
k=2

(
1− 1

k

)
=

n∏
k=2

k − 1

k
=

1

n
,

� lim
n→∞

Pn = 0§l
TÃ¡¦ÈuÑ"

===~~~ 6.5>>>éÃ¡¦È
∞∏
n=2

(
1− 1

n2

)

ó§du

Pn =
n∏
k=2

(
1− 1

k2

)
=

n∏
k=2

(k − 1)(k + 1)

k2
=

n∏
k=2

k − 1

k
·
n∏
k=2

k + 1

k

=
1

n
· n+ 1

2
=
n+ 1

2n
,

� lim
n→∞

Pn =
1

2
§l
TÃ¡¦ÈÂñ§�

∞∏
n=2

(
1− 1

n2

)
=

1

2
.

===~~~ 6.6>>>� θ ∈ (0, π)§éÃ¡¦È
∞∏
n=1

cos
θ

2n

ó§

Pn =

n∏
k=1

cos
θ

2k
=

sin θ

2n sin θ
2n

,
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Ïd lim
n→∞

Pn =
sin θ

θ
§l
TÃ¡¦ÈÂñ§�

∞∏
n=1

cos
θ

2n
=

sin θ

θ
.

Ã¡¦ÈkXeaqu?ê�5�§·�òÙy²3�öS"

===···KKK 6.7>>>�Ã¡¦È
∞∏
n=1

unÂñ§@o

(1) lim
n→∞

un = 1"

(2) eP

πn =

∞∏
k=n+1

uk,

K lim
n→∞

πn = 1"

duþã·K¥� (1)§·�  ��ïÄ��þ�u 0�Ã¡¦È§Ïd3

e¡�?Ø¥·�ob�Ã¡¦È�Ï��u 0"

Ï�ÏL�éê�ò¦Èz�¦Ú§¤±·�ég,/rÃ¡¦È
∞∏
n=1

un�?

ê
∞∑
n=1

log unéXå5
13©"

===···KKK 6.8>>>Ã¡¦È
∞∏
n=1

unÂñ��=�?ê
∞∑
n=1

log unÂñ"

y². P

Pn =
n∏
k=1

uk, Sn =
n∑
k=1

log uk,

K Pn = eSn"�d�ê¼ê�ëY5�§e lim
n→∞

Sn = S§Kk lim
n→∞

Pn = eS"Ó

�déê¼ê�ëY5�§XJ lim
n→∞

Pn = P > 0§K lim
n→∞

Sn = logP"l
·K

�y" �

===···KKK 6.9>>>
∞∏
n=1

unuÑu 0��=�
∞∑
n=1

log unuÑu −∞"

y². ÷^þã·Ky²L§¥�PÒ§·�k Sn = logPn"w, Pn ªu 0

��=� Snªu −∞" �

Ï�d·K 6.7 (1)�Ã¡¦È
∞∏
n=1

un Âñ�7�^�´ lim
n→∞

un = 1§�
3

e¡�?Ø¥P un = 1 + an"

Äk5ïÄ an�±�½ÎÒ��/"

13©dd�±wÑ§r@
Ü©¦Èªu 0�Ã¡¦È½Â�uÑ�´���B�Ün��{"
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===···KKK 6.10>>>b�g,�m©k an > 0£½g,�m©k an < 0¤§@oÃ¡

¦È
∞∏
n=1

(1 + an)�?ê
∞∑
n=1

anÓñÑ"

y². e {an}Øªu 0§K
∞∏
n=1

(1 + an)�
∞∑
n=1

an þuÑ"e� lim
n→∞

an = 0"

d�k

lim
n→∞

log(1 + an)

an
= 1,

Ïd|^��?ê�'��O{��
∞∑
n=1

log(1 +an)�
∞∑
n=1

anÓñÑ§2d·K 6.8

�
∞∏
n=1

(1 + an)�
∞∑
n=1

anÓñÑ" �

===íííØØØ 6.11>>>b�é?¿���ê nþk an ∈ (−1, 0]§�?ê
∞∑
n=1

an uÑ§

K
∞∏
n=1

(1 + an)uÑu 0"

y². Uì'��O{§d
∞∑
n=1

an uÑ�íÑ?ê
∞∑
n=1

log(1 + an) uÑ"5

¿� log(1 + an) 6 0§�
∞∑
n=1

log(1 + an)7uÑu −∞§2d·K 6.9�Ã¡¦È

∞∏
n=1

(1 + an)uÑu 0" �

===~~~ 6.12>>>du
∞∑
n=1

1

ns
� s > 1�Âñ§� s 6 1�uÑ§�Ã¡¦È

∞∏
n=1

(
1 +

1

ns

)
�3 s > 1�Âñ§3 s 6 1�uÑ"

�e5?Ø an���K��/"

===···KKK 6.13>>>e
∞∑
n=1

a2nÂñ§KÃ¡¦È
∞∏
n=1

(1 + an)�?ê
∞∑
n=1

anÓñÑ"

y². d
∞∑
n=1

a2nÂñ� lim
n→∞

an = 0§Ïd

lim
n→∞

an − log(1 + an)

a2n
=

1

2
. (9.14)

u´|^��?ê�'��O{��
∞∑
n=1

[
an− log(1 + an)

]
Âñ§�

∞∑
n=1

log(1 + an)

�
∞∑
n=1

anÓñÑ§2(Ü·K 6.8�(Ø¤á" �
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===~~~ 6.14>>>·�5ïÄÃ¡¦È
∞∏
n=1

(
1 +

sinn

ns

)
3 s > 0��ñÑ5"

(1) � s >
1

2
�

∞∑
n=1

sinn

ns
�

∞∑
n=1

sin2 n

n2s

þÂñ§�d·K 6.13�d�Ã¡¦ÈÂñ"

(2) � 0 < s 6
1

2
�§��Bå�P an =

sinn

ns
§K lim

n→∞
an = 0§u´ (9.14)

¤á"?
d
∞∑
n=1

a2n uÑ�?ê
∞∑
n=1

[
an − log(1 + an)

]
uÑ"5¿�

∞∑
n=1

an Âñ§

�
∞∑
n=1

log(1 + an)uÑu −∞§¤±� 0 < s 6
1

2
�Ã¡¦È

∞∏
n=1

(
1 +

sinn

ns

)
uÑ

u 0"

Ã¡¦È�kýéÂñ�Vg"

===½½½ÂÂÂ 6.15>>>e
∞∏
n=1

(1 + |an|)Âñ§K¡Ã¡¦È
∞∏
n=1

(1 + an)ýéÂñ"

~X�
1

2
< s 6 1�Ã¡¦È

∞∏
n=1

(
1 +

(−1)n

ns

)
Âñ§�ØýéÂñ"

SSS KKK 9.6

1. y²·K 6.7"

2. �äe�Ã¡¦È�ñÑ5µ

(1)
∞∏
n=1

2n− 1

n2 + 1
¶ (2)

∞∏
n=1

a
(−1)n

n (a > 0)¶

(3)

∞∏
n=1

(
1 +

xn

2n

)
¶ (4)

∞∏
n=1

n2√
n¶

(5)
∞∏
n=1

n
√

1 +
1

n
¶ (6)

∞∏
n=1

e−
1
n ·
√

1 +
2

n
"

3. b�é?¿���ê nk un ∈ (0, 1)§y²Ã¡¦È
∞∏
n=1

sinun
un

�?ê
∞∑
n=1

u2n

ÓñÑ"

4. y²
∞∏
n=1

1

e

(
1 +

1

n

)n
= 0§¿dd�Ñ lim

n→∞

(n
e

)n
· 1

n!
= 0"
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5. £Wallisúª¤|^1lÙ~ 5.12y²

∞∏
n=1

(
1− 1

(2n+ 1)2

)
=
π

4
�

∞∏
n=1

(
1− 1

4n2

)
=

2

π
.

6. b�
∞∑
n=1

bn ýéÂñ§��ê� {an}÷v
an
an+1

= 1 +
1

n
+ O(|bn|)"y²?

ê
∞∑
n=1

anuÑ"

7. �

an =


− 1√

k
, e n = 2k − 1,

1√
k

+
1

k
+

1

k
√
k
, e n = 2k.

y²
∞∑
n=1

an�
∞∑
n=1

a2nþuÑ§�
∞∏
n=1

(1 + an)Âñ"

§ 9.7

AAA^̂̂

���Ù�(å§·�ÏLü�~f5Ñ�Ð«�e?ê�Ã¡¦È�A^"

===~~~ 7.1>>>N´wÑ§é?¿� x ∈ (−1, 1)§Ã¡¦È
∞∏
k=1

(
1 + x2

k−1)
�?ê

∞∑
n=1

xn−1þÂñ"5¿�

(1− x)

N∏
k=1

(
1 + x2

k−1)
= 1− x2N ,

Ïd
N∏
k=1

(
1 + x2

k−1)
=

1− x2N

1− x
=

2N∑
n=1

xn−1,

- N →∞B�
∞∏
k=1

(
1 + x2

k−1)
=

∞∑
n=1

xn−1 .

þ¡ü�ªf��â¿Â´µz�g,êþ�^�?���L«"
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===~~~ 7.2>>>3ù�~f¥§4·�5ww Euler´XÛy²/�3Ã¡õ��

ê0�"ÄkI�ïáXeð�ª£¡� Eulerð�ª¤:

∞∑
n=1

1

ns
=
∏
p

(
1− 1

ps

)−1
, ∀ s > 1, (9.15)

Ù¥
∏
p
L«¦ÈÏL¤k�ê"P Pn =

∏
p6n

(
1− 1

ps

)−1
§K

Pn =
∏
p6n

(
1 +

1

ps
+

1

p2s
+ · · ·

)
,

Ù¥§d s > 1�éz��½� p
ó§?ê

1 +
1

ps
+

1

p2s
+ · · ·

ýéÂñ§q5¿�z��u 1��êþ�^����ª�¤�ê�¦È£3ØO

¦ÈgS�cJe¤14©§�


n∑
k=1

1

ks
6 Pn 6

∞∑
k=1

1

ks
,

Ïd (9.15)¤á"y3�±5y²·��·K
§���kk�õ��ê§@o

(9.15)mý´k�õ��¦§Ïd- s→ 1+B�

lim
s→1+

∞∑
n=1

1

ns
=
∏
p

(
1− 1

p

)−1
< +∞. (9.16)

,
� s > 1�§é?¿���ê N k

∑
n62N

1

ns
= 1 +

N−1∑
j=0

∑
2j<n62j+1

1

ns
> 1 +

N−1∑
j=0

2j · 1

2s(j+1)

>
1

2s

N−1∑
j=0

1(
2s−1

)j =
1

2s
·

1−
(
21−s

)N
1− 21−s

,

- N →∞B�
∞∑
n=1

1

ns
>

1

2s − 2
,

14©ù�(Ø�¡��âÄ�½n (fundamental theorem of arithmetic)"
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Ïd

lim
s→1+

∞∑
n=1

1

ns
= +∞,

ù� (9.16)ªgñ"ù�Òy²
�3Ã¡õ��ê"

���J�´§Euler�þãy²´êÆ{¤þ1�g$^©Ûóä�?n�

â¯K"

SSS KKK 9.7

1. �½Â3��ê8þ�¼ê µ(n)÷v15©

µ(n) =


1, e n = 1,

(−1)k, e n = p1p2 · · · pk � p1, p2, · · · , pk �üüØÓ��ê;

0, Ù§.

y²µé?¿� s > 1§k

∏
p

(
1− 1

ps

)
=
∞∑
n=1

µ(n)

ns
.

2. � µ(n)XþK¤½Â§y²� s > 1�k( ∞∑
n=1

1

ns

)( ∞∑
n=1

µ(n)

ns

)
= 1.

3. � z ∈ R>2§^ P (z)L«�u z��Ü�ê�¦È"y²µ� s > 1�k

∞∑
n=1

(n,P (z))=1

1

ns
= ζ(s)

∏
p<z

(
1− 1

ps

)
.

15©µ(n)�¡�Möbius¼ê (Möbius function)"
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¼¼¼êêê������¼¼¼êêê���???êêê

é�?ê�±A^oK$�§

¿?1Å��©�È©§ù�¯¢

�y²±9ÏLù«y²
¼��

é�?ê^?�@£§��r?


��©Û�{z"

—— D. Hilbert

·�31nÙÚ1ÊÙ¥©OÆS
ê�Úê�?ê�nØ§3@pÏ�þ´

~ê"3�Ù¥·�ò?Ø�����/§=Ï�þ´¼ê��/"

§ 10.1

ÚÚÚóóó

===½½½ÂÂÂ 1.1>>>� A ⊆ R"eé?¿���ê n§fn(x)þ´½Â3 Aþ�¼ê§

K¡ {fn(x)}´��½Â3 Aþ�¼ê� (sequence of functions)"d�§·�¡ A

�f8

E =
{
x ∈ A : {fn(x)}Âñ

}
�¼ê� {fn(x)}�Âñ8 (convergence set)"� E 6= ∅�§3 E þ�ÏL

x 7−→ lim
n→∞

fn(x)

½Â¼ê f§·�¡ f(x)�¼ê� {fn(x)}�4�¼ê (limiting function)§�¡

{fn(x)}Å:Âñ (pointwise convergent)£½{¡Âñ¤u f(x)"Uì½Â§

f(x) = lim
n→∞

fn(x), ∀ x ∈ E.

44
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===~~~ 1.2>>>�Ä½Â3 Rþ�¼ê�
{(

1 +
x

n

)n}
§N´é?¿� x ∈ Ry²

lim
n→∞

(
1 +

x

n

)n
= ex,

ÏdT¼ê��Âñ8� R§�4�¼ê� ex"

aq��Ñ¼ê�?ê��'½Â"

===½½½ÂÂÂ 1.3>>>� A ⊆ R§�é?¿���ê n§un(x)þ´½Â3 Aþ�¼ê"

·�3 AþÚ\/ª�PÒ

∞∑
n=1

un(x) = u1(x) + u2(x) + · · ·+ un(x) + · · · ,

¿¡����½Â3 Aþ�¼ê�?ê (series of functions)"d�§¡

Sn(x) =
n∑
k=1

uk(x)

�T¼ê�?ê�1 n�Ü©Ú§¡ {Sn(x)}�Âñ8E�
∞∑
n=1

un(x)�Âñ8"e

E 6= ∅� S(x)´ {Sn(x)}�4�¼ê§@o·�Ò`
∞∑
n=1

un(x)3 EþÅ:Âñu

S(x)§¿ò S(x)¡�
∞∑
n=1

un(x)�Ú¼ê§P�

∞∑
n=1

un(x) = S(x), ∀ x ∈ E.

¯¤±�§k�õ�ëY£�A/§��!�È¤¼ê�ÚE´ëY£�A/§

��!�È¤�§¿�3��½�È��/§Ú¼ê��ê£�A/§È©¤´z

��¼ê��ê£�A/§È©¤�Ú§�é{`§3¦Ú�êk���/§�©

ÒÚÈ©Òþ��¦ÚÒ��"<��'%�¯K´µù�5�´Äé?ê£=¦

Ú�êÃ���/¤�¤áº�u½Â 1.3§·��òù�¯K=
é¼ê�5?

Ø"äN
ó§�½Â3«m I þ�¼ê� {fn(x)}3T«mþÅ:Âñu f(x)§

@o�z� fn(x)þëY£�A/§��!�È¤�§f(x)´Ä�3 I þëY£�

A/§��!�È¤Qºd	§ez� fn(x)9 f(x)þ3 I þ��§@o´Äk

lim
n→∞

f ′n(x) = f ′(x) (10.1)
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¤áQºÓ�§�z� fn(x)9 f(x)þ3 I þ�È�§�ª

lim
n→∞

∫
I
fn(x) dx =

∫
I
f(x) dx (10.2)

´Ä¤áº�é{`§�©ÒÚÈ©ÒUÄ�4�Ò��º

e¡·�òÞ~`²þã¯Kþ�7k�½��Y"

===~~~ 1.4>>>�Ä½Â3«m [0, 1]þ�¼ê� {xn}§N´wÑ§3 [0, 1]þÅ:

Âñu

f(x) =

{
0, e x ∈ [0, 1),

1, e x = 1.

é?¿� n§¼ê xn3 [0, 1]þ��£�,�3 [0, 1]þëY¤§�4�¼ê3 [0, 1]

þØëY§�,�3T«mþØ��"

===~~~ 1.5>>>3«m [0, 1]þ�Ä fn(x) = lim
k→∞

cos2k(n!πx)§Kk

fn(x) =

{
1, e n!x ∈ Z,
0, e n!x /∈ Z.

Ïdé?¿�½� n§fn(x) =3«m [0, 1] þ�k�õ�:?��Ø�u 0§l


 fn(x)3 [0, 1]þ�È"�N´y² {fn(x)}Å:Âñu Dirichlet¼ê D(x)§


D(x)3 [0, 1]þØ�È"

===~~~ 1.6>>>� fn(x) =
sinnx

n
§K {fn(x)}3 RþÅ:Âñu f(x) = 0§�d

f ′n(x) = cosnx� (10.1)3 RþØ¤á"

===~~~ 1.7>>>� fn(x) = 2n2xe−n
2x2§K {fn(x)} 3«m [0, 1] þÅ:Âñu

f(x) = 0§�´

lim
n→∞

∫ 1

0
fn(x) dx = lim

n→∞
(1− e−n2

) = 1 6=
∫ 1

0
f(x) dx,

ù`² (10.2)�7¤á"

±þo�~f`²§�
�y·��cJÑ�¯Kk�½��Y§7Lé¼ê

�½¼ê�?êV\�õ���^�§ù
��^�¥�'­����Ò´/��

Âñ50§·�ò3�e5�ü!¥éÙ�[��?Ø"

3{¤þ§A. L. Cauchy3Ù 1821c�Í�5Cours d’Analyse6¥J�Ï�

�ëY¼ê�Âñ?ê�Ú¼ê�ëY§¦��Ñ
ù�(J�/y²0"�´ N.
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H. Abel3 1826c�Ñ
���~§¦y²
�ª£ë�1�lÙ~ 2.10¤

∞∑
n=1

sinnx

n
=
π − x

2
, ∀ x ∈ (0, 2π),

5¿� sinnx± 2π�±Ï§¤±þª�>�?ê3 Rþ�Ú¼êØ´ Rþ�ëY
¼ê§
/X 2kπ (k ∈ Z)�:þ´Ùmä:"¯¢þ§Cauchy�´é��Âñ�

¼ê�?êy²
T(Ø§�¦�<¿�5¿�ù�:"��Âñ�@Ñy3 1842

cK. Weierstrass'u�?ê���Ø©¥§��§P. L. von SeidelÚG. G. Stokes

�u 1848c3�g�©Ù¥�9�
ù�Vg"

SSS KKK 10.1

1. ¦¼ê�?ê
∞∑
n=1

log

(
1 +

(−1)n

nx

)
�Âñ8"

2. P fn(x) = lim
k→∞

cos2k(n!πx)§y² {fn(x)}3 RþÅ:Âñu Dirichlet¼ê

D(x) =

{
1, e x ∈ Q,
0, e x /∈ Q.

3. � {fn(x)}3 EþÅ:Âñu f(x)§�é?¿� n ∈ Z>0
ó§fn(x)þ3 E

þk.§¯ f(x)´Ä3 E þk.º

4. � {fn(x)}3k�4«m [a, b]þÅ:Âñu f(x)§�é?¿� n ∈ Z>0
ó§

fn(x)þ´ [a, b]þ�ëY¼ê§¯ f(x)´Ä3 [a, b]þk.º

5. � {fn(x)}3 E þÅ:Âñu f(x)"eé?¿�M > 0§þ�3 n ∈ Z>1 9
x ∈ E ¦� |fn(x)| > M§¯ f(x)´Ä3 E þÃ.º

6. £de la Vallée Poussin¤y²� s > 1�k

∞∑
n=1

1

ns
=

1

s− 1
+

∞∑
n=1

[
1

ns
+

1

s− 1

(
1

(n+ 1)s−1
− 1

ns−1

)]
.

¿y²þªm>�?ê3 0 < s < 1��Âñ§ù¿�X·��±r ζ(s)òÿ

� (0, 1) ∪ (1,+∞)þ�¼ê"
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§ 10.2

������ÂÂÂñññ

Äk?Ø¼ê���/"

===½½½ÂÂÂ 2.1>>>� {fn(x)}38Ü E þÅ:Âñu f(x)"eé?¿� ε > 0§�

3�õ�6u ε���ê N§¦�� n > N �k

|fn(x)− f(x)| < ε, ∀ x ∈ E,

K¡ {fn(x)}3 E þ��Âñ (uniformly convergent)u f(x)"

dþã½Â�§¤¢ {fn(x)}3 EþØ��Âñu f(x)´�µ�3 ε0 > 0§¦

�é?¿���ê N§þ�3 n > N 9 x ∈ E ÷v

|fn(x)− f(x)| > ε0.

===~~~ 2.2>>>� fn(x) =
x

1 + n2x2
§K {fn(x)}3 RþÅ:Âñu 0"é?¿�

ε > 0"� N =
[ 1

2ε

]
+ 1§K� n > N �§d 1 + n2x2 > 2n|x|�

|fn(x)− 0| = |x|
1 + n2x2

6
1

2n
<

1

2N
< ε.

Ïd {fn(x)}3 Rþ��Âñu 0"

===~~~ 2.3>>>y3£�þ!~ 1.4§3@p·�ïÄ
¼ê� {xn}§§3 [0, 1]þ

Å:Âñu

f(x) =

{
0, e x ∈ [0, 1),

1, e x = 1.

dué?¿� n ∈ Z>2k∣∣∣∣(1− 1

n

)n
− f

(
1− 1

n

)∣∣∣∣ =
(

1− 1

n

)n
>
(

1− 1

2

)2
=

1

4
, 1©

� {xn}3 [0, 1]þØ��Âñ"

d½Â����Ñeã·K"

1©ù´Ï�ê�
{(

1− 1

n

)n}
üN4O§ë�1nÙ~ 3.5�y²"
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===···KKK 2.4>>>� {fn(x)}3 E þÅ:Âñu f(x)"P

‖fn − f‖ = sup
x∈E
|fn(x)− f(x)|,

K {fn(x)}3 E þ��Âñ��=� lim
n→∞

‖fn − f‖ = 0"

===~~~ 2.5>>>éu3 Rþ½Â�¼ê fn(x) =
nx

1 + n2x2

ó§é?¿� x ∈ R k

lim
n→∞

fn(x) = 0"du

‖fn − 0‖ = sup
x∈R
|fn(x)| >

∣∣∣∣fn( 1

n

)∣∣∣∣ =
1

2
,

�d·K 2.4� {fn(x)}3 RþØ��Âñ"

===~~~ 2.6>>>�e5·�£�þ!~ 1.7¥�¼ê fn(x) = 2n2xe−n
2x2§d§¤(

½�¼ê�3 (0, 1)þÅ:Âñu 0"Ï�

‖fn − 0‖ = sup
x∈(0,1)

|fn(x)| >
∣∣∣∣fn( 1

n

)∣∣∣∣ = 2ne−1,

� {fn(x)}3 (0, 1)þØ��Âñ"�´§é (0, 1)�?�4f«m [a, b]
ó§

sup
x∈[a,b]

|fn(x)− f(x)| 6 2n2e−n
2a2 ,

�
 lim
n→∞

sup
x∈[a,b]

|fn(x)| = 0§ù`² {fn(x)}3 (0, 1)�?�4f«mþ��Âñ"

ddÚÑXe½Â"

===½½½ÂÂÂ 2.7>>>e {fn(x)} 3«m I �?�4f«mþ��Âñ§K¡§3 I

þS4��Âñ"

N´wÑ��Âñ%¹S4��Âñ§���Ø,£ë�~ 2.6¤",
dS4

��Âñ�íÑÅ:Âñ"

e¡·�é¼ê�?ê�Ñ�A�½Â"

===½½½ÂÂÂ 2.8>>>e¼ê�?ê
∞∑
n=1

un(x)�Ü©ÚS� {Sn(x)}38Ü E þ��

Âñu S(x)§K¡
∞∑
n=1

un(x)3 E þ��Âñu S(x)"

===½½½ÂÂÂ 2.9>>>e
∞∑
n=1

un(x)�Ü©ÚS� {Sn(x)}3«m I þS4��Âñ§K

¡
∞∑
n=1

un(x)3 I þS4��Âñ"
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===~~~ 2.10>>>?ê
∞∑
n=1

xn−13m«m (−1, 1)þÅ:Âñu S(x) =
1

1− x
§T?

ê�Ü©Ú�

Sn(x) =
n∑
k=1

xk−1 =
1− xn

1− x
.

du

sup
x∈(−1,1)

|Sn(x)− S(x)| = sup
x∈(−1,1)

|x|n

1− x
= +∞,

�
∞∑
n=1

xn−13 (−1, 1)þØ��Âñ"�´é?¿� [a, b] ⊆ (−1, 1)§d

sup
x∈[a,b]

|Sn(x)− S(x)| = sup
x∈[a,b]

|x|n

1− x
6

1

1− b
max(|a|n, |b|n)

� lim
n→∞

sup
x∈[a,b]

|Sn(x)− S(x)| = 0§Ïd
∞∑
n=1

xn−13 (−1, 1)þS4��Âñ"

�¼ê�½¼ê�?ê�/ª'�E,�§l½ÂÑu��½Ù��Âñ5Ï

~´4Ø�B�§e¡·�50��
�½�{"

===½½½nnn 2.11>>>£££Cauchy ÂÂÂñññOOOKKK¤¤¤ � {fn(x)}´��½Â3 E þ�¼ê�§

@o§3 E þ��Âñ�¿�^�´µé?¿� ε > 0§�3��ê N§¦�é?

¿�m, n > N k

|fn(x)− fm(x)| < ε, ∀ x ∈ E. (10.3)

y². 7�5µe {fn(x)}3 E þ��Âñu f(x)§Ké?¿� ε > 0§�3

��ê N§¦�� n > N �k

|fn(x)− f(x)| < ε

2
, ∀ x ∈ E.

Ïdé?¿�m, n > N 9 x ∈ E k

|fn(x)− fm(x)| 6 |fn(x)− f(x)|+ |fm(x)− f(x)| < ε

2
+
ε

2
= ε.

¿©5µd�dê�� CauchyÂñOK� {fn(x)}3 E þÅ:Âñ§PÙ4

�¼ê� f(x)§@o3 (10.3)¥-m→∞�§é?¿� n > N 9 x ∈ E k

|fn(x)− f(x)| 6 ε.

Ïd {fn(x)}3 E þ��Âñu f(x)" �

dù�½n�á=���½¼ê�?ê��Âñ5� CauchyOK"



10.2 ��Âñ 51

===½½½nnn 2.12>>>£££CauchyÂÂÂñññOOOKKK¤¤¤ �
∞∑
n=1

un(x)´��½Â3 E þ�¼ê�

?ê§@o§3 E þ��Âñ�¿�^�´µé?¿� ε > 0§�3��ê N§¦

�é?¿�m > n > N k∣∣∣∣ m∑
k=n+1

uk(x)

∣∣∣∣ < ε, ∀ x ∈ E.

e¡·�r?Ø�­:=�¼ê�?ê"Äk�Ñ��Âñ���7�^�§

·�r§�y²3�öS"

===···KKK 2.13>>>XJ¼ê�?ê
∞∑
n=1

un(x)3 E þ��Âñ§@o {un(x)}3 E

þ��Âñu 0"

�e50�A^¹�2��Weierstrass�O{"

===½½½nnn 2.14>>>£££Weierstrass ���OOO{{{¤¤¤ b��3��ê N§¦�� n > N �

é?¿� x ∈ E þk

|un(x)| 6 an. (10.4)

XJê�?ê
∞∑
n=1

anÂñ§@o
∞∑
n=1

un(x)3 E þ��Âñ"

y². Ï�
∞∑
n=1

an Âñ§�é?¿� ε > 0§�3��êM§¦��m > n >

M �k
m∑

k=n+1

ak =

∣∣∣∣ m∑
k=n+1

ak

∣∣∣∣ < ε.

u´d (10.4)�§�m > n > max(M, N)�§é?¿� x ∈ E k∣∣∣∣ m∑
k=n+1

uk(x)

∣∣∣∣ 6 m∑
k=n+1

|uk(x)| 6
m∑

k=n+1

ak < ε,

2d½n 2.12B�
∞∑
n=1

un(x)3 E þ��Âñ" �

3þ¡�½n¥§du¼ê�?ê
∞∑
n=1

un(x)�Ï��ê�?ê
∞∑
n=1

an �Ï�

¤��§�
~ò
∞∑
n=1

an¡�
∞∑
n=1

un(x)�`³?ê (majorant series)"
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===~~~ 2.15>>>e
∞∑
n=1

an ýéÂñ§@o
∞∑
n=1

an sinnx�
∞∑
n=1

an cosnxþ3 Rþ

��Âñ"

[%�Öö�½¿£�
Weierstrass �O{¤I��^��r
"¯¢þ§

d Weierstrass �O{�^��±wÑ
∞∑
n=1
|un(x)| ��Âñ",
(¢�3?ê

∞∑
n=1

un(x)§Ù��Âñ§�
∞∑
n=1
|un(x)|Ø��Âñ§$�uk�U

∞∑
n=1
|un(x)| ØÂ

ñ£=
∞∑
n=1

un(x)ØýéÂñ¤§'uù�:�ë��!"��?Ø"Ïd§·�k

7�é�
AÏ�/�Ñ�\[���O{"

===½½½nnn 2.16>>>£££Abel���OOO{{{¤¤¤ b�

(1)
∞∑
n=1

bn(x)3 E þ��Âñ¶

(2) é?¿�½� x ∈ E§{an(x)}üN"¿� {an(x)}3 E þ��k. (uniformly

bounded)§�=�3~êM > 0¦�

|an(x)| 6M, ∀ n ∈ Z>09 x ∈ E.

@o
∞∑
n=1

an(x)bn(x)3 E þ��Âñ"

y². d
∞∑
n=1

bn(x)���Âñ5�§é?¿� ε > 0§�3��ê N§¦�é

u?¿�m > n > N 9 x ∈ E k∣∣∣∣ m∑
k=n+1

bk(x)

∣∣∣∣ < ε

3M
.

u´d©Ü¦Ú£ë�1ÊÙ½n 3.1¤��∣∣∣∣ m∑
k=n+1

ak(x)bk(x)

∣∣∣∣ 6 ε

3M
·
(
|an+1(x)|+ 2|am(x)|

)
6

ε

3M
· 3M = ε,

2d CauchyÂñOK�·K¤á" �

===½½½nnn 2.17>>>£££Dirichlet���OOO{{{¤¤¤ b�

(1)
∞∑
n=1

bn(x)�Ü©ÚS� {Bn(x)}3 E þ��k.§=�3~êM > 0¦�

|Bn(x)| 6M, ∀ n ∈ Z>09 x ∈ E;

(2) é?¿�½� x ∈ E§{an(x)}üN"¿� {an(x)}3 E þ��Âñu 0"
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@o
∞∑
n=1

an(x)bn(x)3 E þ��Âñ"

y². d {an(x)}3 Eþ��Âñu 0�§é?¿� ε > 0§�3��êN§¦

�é?¿� n > N 9 x ∈ E k

|an(x)| < ε

6M
.

y�m > n > N§Ï�é?¿� x ∈ E k∣∣∣∣ m∑
k=n+1

bk(x)

∣∣∣∣ = |Bm(x)−Bn(x)| 6 2M,

¤±é?¿� x ∈ E§d©Ü¦Ú��∣∣∣∣ m∑
k=n+1

ak(x)bk(x)

∣∣∣∣ 6 2M
(
|an+1(x)|+ 2|am(x)|

)
< 2M

( ε

6M
+ 2 · ε

6M

)
= ε,

2d CauchyÂñOKB�·K¤á" �

===~~~ 2.18>>>e {an}üNªu 0§K
∞∑
n=1

an sinnx�
∞∑
n=1

an cosnxþ3 (0, 2π)

þS4��Âñ§�§��73 (0, 2π)þ��Âñ"

y². �
`²S4��Âñ5§·��Iy²ùü�¼ê�?êþ3/X

[δ, 2π − δ] (0 < δ < π)�«mþ��Âñ=�"5¿�é?¿� x ∈ [δ, 2π − δ]k∣∣∣∣ n∑
k=1

eikx
∣∣∣∣ =

∣∣∣∣eix(1− einx)

1− eix

∣∣∣∣ 6 2

|1− eix|
=

2∣∣eix2 − e−ix2 ∣∣
=

1∣∣∣ sin x
2

∣∣∣ 6 1∣∣∣ sin δ
2

∣∣∣ ,
�¢ÜÚJÜ�©O��∣∣∣∣ n∑

k=1

sinnx

∣∣∣∣ 6 1∣∣∣ sin δ
2

∣∣∣ 9

∣∣∣∣ n∑
k=1

cosnx

∣∣∣∣ 6 1∣∣∣ sin δ
2

∣∣∣ ,
u´d Dirichlet�O{�·K¤á"

d	§ùü�¼ê�?êþ�73 (0, 2π)þ��Âñ"~X

∞∑
n=1

sinnx

n
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ÒØ3 (0, 2π)þ��Âñ§ù´Ï�é?¿� n ∈ Z>1k

sup
x∈(0,2π)

∣∣∣∣ 2n∑
k=n+1

sin kx

k

∣∣∣∣ > ∣∣∣∣ 2n∑
k=n+1

sin k · 1
2n

k

∣∣∣∣ > 1

2
sin

1

2
.

�

�����J�´§¼ê�?ê�ýéÂñ5���Âñ5p�ØU%¹§ù

´ü�pØ�Z�Vg"~X§
∞∑
n=1

xn−1 3 (−1, 1)þýéÂñ§�d~ 2.10�§

3ù�«mþØ��Âñ"qX§d~ 2.18�
∞∑
n=1

sinnx

n
3 [1, 2]þ��Âñ§�

§3T«mþØýéÂñ"d	§
∞∑
n=1

un(x)3,8Üþ�ýéÂñ5Ú��Âñ5

ØU�y
∞∑
n=1
|un(x)|3T8Üþ��Âñ§ë�SK 9"

SSS KKK 10.2

1. y²·K 2.4"

2. y²·K 2.13"

3. ïÄeã¼ê� {fn(x)}3�½8Üþ���Âñ59S4��Âñ5µ

(1) fn(x) =
1

x+ n
§x ∈ (0,+∞)¶ (2) fn(x) =

sinnx

n
§x ∈ R¶

(3) fn(x) =

(
1 +

x

n

)n
§x ∈ R¶ (4) fn(x) =

xn

1 + xn
§x ∈ [0, 1)¶

(5) fn(x) =

√
x2 +

1

n2
§x ∈ R¶ (6) fn(x) =

x

n
log

x

n
§x ∈ (0, 1]¶

(7) fn(x) =
(sinx

x

)n
§x ∈ (0, 1)¶

(8) fn(x) =
log(1 + enx)

n
§x ∈ (0,+∞)¶

(9) fn(x) = n(
n√
x− 1)§x ∈ [1,+∞)"

4. ïÄeã¼ê�?ê3�½8Üþ���Âñ59S4��Âñ5µ

(1)

∞∑
n=1

n2x

1 + n4x2
§x ∈ (0, 1)¶ (2)

∞∑
n=1

1

(x+ n)(x+ n+ 1)
§x ∈ (0,+∞)¶

(3)
∞∑
n=1

sinnx

x2 + n2
§x ∈ R¶ (4)

∞∑
n=1

2n sin
1

3nx
§x ∈ (0,+∞)¶
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(5)

∞∑
n=1

x2e−nx§x ∈ (0,+∞)¶ (6)

∞∑
n=1

1

nx
§x ∈ (1,+∞)¶

(7)
∞∑
n=1

sinx sinnx√
x+ n

§x ∈ [0,+∞)¶

(8)
∞∑
n=1

(−1)n√
n+ x

(
1 +

1

n+ x

)n
§x ∈ (0,+∞)"

5. � f ´½Â38Ü E þ���¼ê§P fn(x) =
[nf(x)]

n
§Ù¥ [t]L«Ø�

L t����ê"y²¼ê� {fn(x)}3 E þ��Âñ"

6. � {fn(x)}� {gn(x)}þ3 E þ��Âñ§y²é?¿� α, β ∈ R§¼ê�
{αfn(x) + βgn(x)}�3 E þ��Âñ"

7. � {fn(x)}3 E þ��Âñ§�z� fn(x)3 E þþk.§y² {fn(x)}3
E þ��k."

8. � {fn(x)}� {gn(x)}þ3 E þ��Âñ§

(1) Þ~`² {fn(x)gn(x)}�73 E þ��Âñ¶

(2) XJéz��½� n§fn(x)� gn(x)þ3 E þk.§@o {fn(x)gn(x)}
3 E þ��Âñ"

9. P un(x) = (−1)n(1 − x)xn§y²
∞∑
n=1

un(x)3 [0, 1]þýéÂñ���Âñ§

�
∞∑
n=1
|un(x)|3 [0, 1]þØ��Âñ"

10. �
∞∑
n=1

un(x)3 [a, b)þ��Âñ§�
∞∑
n=1

un(b)Âñ§y²
∞∑
n=1

un(x)3 [a, b]

þ��Âñ"

11. � f 3 RþëY"é?¿���ê n§P

fn(x) =
1

n

n−1∑
i=0

f
(
x+

i

n

)
.

y² {fn(x)}3?�k.4«mþ��Âñ"

12. �?ê
∞∑
n=1

1

|an|
Âñ"y²¼ê�?ê

∞∑
n=1

1

x− an

3Ø�¹ an (n = 1, 2, · · · )�?�k.4«mþýéÂñ���Âñ"
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13. � {an}´üN4~��Kê�§y²
∞∑
n=1

an sinnx3 Rþ��Âñ�¿�^

�´ lim
n→∞

nan = 0"

§ 10.3

444���¼¼¼êêê���555���

�!�8�´3�½cJe£� §10.1¥¤JÑ�¯K"

===···KKK 3.1>>>�¼ê� {fn(x)}38Ü E þ��Âñu f(x)"q� x0 ∈ E ´
E ���à:§¿�é?¿�½���ê n§4� lim

x→x0
x∈E

fn(x) 2©þ�3§@o

lim
n→∞

lim
x→x0
x∈E

fn(x) = lim
x→x0
x∈E

f(x) = lim
x→x0
x∈E

lim
n→∞

fn(x). (10.5)

y². é?¿� nP lim
x→x0
x∈E

fn(x) = an§·�5y² {an}Âñ"Ï� {fn(x)}3

E þ��Âñ§¤±é?¿� η > 0§�3M ∈ Z>0§¦�é?¿� m > n > M

9 x ∈ E k

|fm(x)− fn(x)| < η.

3þª¥- x→ x0 �� |am − an| 6 η§?
d CauchyÂñOK� {an}Âñ"X
JP lim

n→∞
an = a§@o (10.5)�>Ò�u a§Ïd�Iy²

lim
x→x0
x∈E

f(x) = a.

Äk§d {fn(x)}���Âñ5�§é?¿� ε > 0§�3 N1 ∈ Z>0§¦�é

?¿� n > N19 x ∈ E k

|fn(x)− f(x)| < ε

3
.

Ùg§d lim
n→∞

an = a��3 N2 ∈ Z>0§¦�� n > N2�k

|an − a| <
ε

3
.

2©·�^ lim
x→x0
x∈E

L« x3 E ¥���ªu x0§ë�1��Ù½Â 2.1"
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y� N > max(N1, N2)§Ï� lim
x→x0
x∈E

fN (x) = aN§¤±�3 δ > 0§¦�

|fN (x)− aN | <
ε

3
, ∀ x ∈ E ∩

(
(x0 − δ, x0 + δ) \ {x0}

)
.

u´é?¿� x ∈ E ∩
(

(x0 − δ, x0 + δ) \ {x0}
)
k

|f(x)− a| 6 |f(x)− fN (x)|+ |fN (x)− aN |+ |aN − a|

<
ε

3
+
ε

3
+
ε

3
= ε.

�d·K�y" �

��þã·K���AÏ�/§·�á=��Xeäk2�A^�(Ø"

===···KKK 3.2>>>� {fn(x)}3«m I þ��Âñu f(x)§�é?¿���ê n§

fn(x)þ3 I þëY§@o f(x)�3 I þëY"

rþ¡ü�·K¥� fn(x)�¤¼ê�?ê�Ü©ÚÒ���e¡ü�(Ø"

===···KKK 3.3>>>�
∞∑
n=1

un(x)38Ü E þ��Âñ"q� x0 ∈ E ´ E ���à

:§¿�é?¿�½���ê n§4� lim
x→x0
x∈E

un(x)þ�3§@o

∞∑
n=1

(
lim
x→x0
x∈E

un(x)

)
= lim

x→x0
x∈E

( ∞∑
n=1

un(x)

)
.

===···KKK 3.4>>>�
∞∑
n=1

un(x)3«m I þ��Âñu S(x)§�é?¿���ê n§

un(x)þ3 I þëY§@o S(x)�3 I þëY"

¯¢þ§þã·K�_·K3�½^�e�´¤á�§ùÒ´¤¢� Dini½

n§§��^u��½�
AÏ�¼ê�?ê���Âñ5"

===½½½nnn 3.5>>>£££Dini¤¤¤ b�é?¿���ê n
ó§un(x)þ3k.4«m I

þëY��K§q�
∞∑
n=1

un(x)�Ú¼ê S(x)�3 I þëY§@o
∞∑
n=1

un(x)3 I þ

��Âñu S(x)"

y². ��
∞∑
n=1

un(x)3 I þØ��Âñ§K�3 ε0 > 0§¦�éu?¿���

ê N§þ�3 n > N 9 x ∈ I ¦�

|Sn(x)− S(x)| > ε0,
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Ù¥ Sn(x)L«
∞∑
n=1

un(x)�Ü©Ú"�é{`§�3 Z>0���f� {nk}9�¹

u I S�ê� {xnk}¦�

|Snk(xnk)− S(xnk)| > ε0, ∀ k > 1. (10.6)

Uì Bolzano−Weierstrass½n§·�Ø�b� {xnk}Âñu a§
d I ´4«m�

a ∈ I"
y?���êm§K7�3 K ∈ Z>0§¦�� k > K �k nk > m§5¿�é

?¿� n
ó un(x)þ�K§�� k > K �k

S(xnk)− Sm(xnk) > S(xnk)− Snk(xnk) > 0,

(Ü (10.6)ªB�

S(xnk)− Sm(xnk) > ε0, ∀ k > K.

y- k →∞§d S 9 Sm�ëY5�

S(a)− Sm(a) > ε0.

5¿�m�?¿5§�3þª¥-m→∞�� 0 > ε0§gñ" �

·�25�ÄÈ©ÒÚ�©ÒÓ4�Ò���¯K"

===···KKK 3.6>>>� {fn(x)}3 [a, b]þ��Âñu f(x)§�é?¿���ê n
ó

fn(x)þ3 [a, b]þëY§K

lim
n→∞

∫ b

a
fn(x) dx =

∫ b

a
f(x) dx. (10.7)

d	§Cþ�È©

∫ x

a
fn(t) dt�3 [a, b]þ��Âñu

∫ x

a
f(t) dt"

y². d·K 3.2� f(x)3 [a, b]þëY§l
3 [a, b]þ�È"Ï� {fn(x)}
��Âñ§�é?¿� ε > 0§�3��ê N§¦�é?¿� n > N 9 x ∈ [a, b]k

|fn(x)− f(x)| < ε.

u´� n > N �k∣∣∣∣ ∫ b

a
fn(x) dx−

∫ b

a
f(x) dx

∣∣∣∣ 6 ∫ b

a
|fn(x)− f(x)|dx < ε(b− a),

Ïd (10.7)¤á"

d	§òþª¥�È©þ��� x§@o� x ∈ [a, b]�TªE¤á§ù`²∫ x

a
fn(t) dt3 [a, b]þ��Âñu

∫ x

a
f(t) dt" �
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===555 3.7>>>þã·K�^��±�fz§äNë�SK 69Ù�5"

===···KKK 3.8>>>b�é?¿���ê n§fn(x) þ3 [a, b] þëY��"q�

{fn(x)}3 [a, b]þÅ:Âñu f(x)§� {f ′n(x)}3 [a, b]þ��Âñu g(x)"@o

f ′(x) = g(x)§�=
d

dx

(
lim
n→∞

fn(x)
)

= lim
n→∞

d

dx
fn(x).

d	§{fn(x)}3 [a, b]þ���Âñ"

y². d·K 3.6�§é?¿� x ∈ [a, b]k∫ x

a
g(t) dt = lim

n→∞

∫ x

a
f ′n(t) dt = lim

n→∞

(
fn(x)− fn(a)

)
= f(x)− f(a),

�=´`§

f(x) = f(a) +

∫ x

a
g(t) dt.

5¿�d·K 3.2�� g(x)3 [a, b]þëY§�
þª¥�Cþ�È©´ g(x)��

¼ê§Ïddþª� f(x)���k f ′(x) = g(x)"d	§þª9·K 3.6�%¹


{fn(x)}3 [a, b]þ��Âñu f(x)" �

òþ¡ü�·K¥� {fn(x)}�¤¼ê�?ê�Ü©ÚS�§K���Xeü
�(Ø"

===···KKK 3.9>>>�
∞∑
n=1

un(x)3 [a, b]þ��Âñu S(x)§�é?¿���ê n


ó un(x)þ3 [a, b]þëY§K

∞∑
n=1

∫ b

a
un(x) dx =

∫ b

a
S(x) dx =

∫ b

a

( ∞∑
n=1

un(x)

)
dx,

�=´`§�±Å�È©"

===···KKK 3.10>>>b�é?¿���ê n§un(x) þ3 [a, b] þëY��"q�
∞∑
n=1

un(x)3 [a, b]þÅ:Âñu S(x)§�
∞∑
n=1

u′n(x)3 [a, b]þ��Âñu g(x)"@

o S′(x) = g(x)§�=

d

dx

( ∞∑
n=1

un(x)

)
=
∞∑
n=1

d

dx
un(x).

�=´`§�±Å�¦�"d	§
∞∑
n=1

un(x)�3 [a, b]þ��Âñu S(x)"
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===~~~ 3.11>>>�Ä½Â3 (1,+∞)þ� Riemann ζ ¼ê

ζ(s) =
∞∑
n=1

1

ns
.

N´d Weierstrass �O{�Ñ
∞∑
n=1

1

ns
3 (1,+∞) þS4��Âñ§Ïdd·K

3.4 � ζ(s) 3 (1,+∞) �?�4f«mþëY§?
3 (1,+∞) þëY"d	§( 1

ns

)′
= − log n

ns
§�Ó�dWeierstrass�O{��

∞∑
n=1

log n

ns
3 (1,+∞)þS4�

�Âñ§¤±d·K 3.8�íÑ3 (1,+∞)�?�4f«mþk

ζ ′(s) = −
∞∑
n=1

log n

ns
,

?
��þªé?¿� s ∈ (1,+∞)¤á"aq�é?¿���ê k��

ζ(k)(s) =
∞∑
n=1

(− log n)k

ns
, ∀ s ∈ (1,+∞).

SSS KKK 10.3

1. O�4�µ

(1) lim
x→0

∞∑
n=1

cosnx

(2 + x)n
¶ (2) lim

x→1

∞∑
n=1

1

(x+ n)(x+ n+ 1)
¶

(3) lim
n→∞

∫ 1

0

√
x log n

enx2
dx¶ (4) lim

n→∞

∫ π
2

0

(
1 +

x

n

)n
sinx dx"

2. y²
∞∑
n=0

x2

(1 + x2)n
3�¹�:�?�k�4«mþØ��Âñ"

3. y²¼ê�?ê
∞∑
n=0

e−πn
2x 3 (0,+∞)þÂñ§eòÙÚ¼êP� f(x)§y

² f(x)3 (0,+∞)þ?¿���"

4. y²"� Bessel¼ê

J0(x) =

∞∑
n=0

(−1)n

[(2n)!!]2
x2n

3 Rþ÷v�©�§ xJ ′′0 (x) + J ′0(x) + xJ0(x) = 0"

5. ÁÞ~`²µd3«m I þ??ØëY�¼ê¤�¤�¼ê��±��Âñ

u,�3 I þëY�¼ê"
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6. �¼ê� {fn(x)}3«m I þ��Âñu f(x)§¿�z� fn(x)þ3 I þ��

ëY§y² f(x)�3 I þ��ëY"

7. � {fn(x)}3 [a, b]þ��Âñu f(x)§�é?¿���ê n
ó fn(x)þ3

[a, b]þ�È"y² f(x)3 [a, b]þ�È§�k

lim
n→∞

∫ b

a
fn(x) dx =

∫ b

a
f(x) dx. 3©

8. r (0, 1)S��Nknêü¤��§P� r1, r2, · · · , rn, · · ·§¿-

f(x) =
∞∑
n=1

|x− rn|
2n

, ∀ x ∈ (0, 1).

y² f(x)3 (0, 1)þëY§¿�3Ãn:?��!3kn:?Ø��"

§ 10.4

���???êêê

�?ê (power series)´/X

∞∑
n=0

an(x− x0)n

�¼ê�?ê§ÙÜ©Ú´'u x− x0�õ�ª"� an = 0 (∀ n > N)�þã?ê

Òòz¤
��õ�ª§Ïd�?ê�±�w�´õ�ª�í2"

�?ê�,�´�«AÏ�¼ê�?ê§�´Ù{'²
�/ª±9�~ûÐ

�5�¦�§¤�
4Ù­���a¼ê�?ê§§3�È©Æ�/¤ÚuÐL§

¥å�
Ø�O���^"

�CþO� x− x0 7−→ x�òþã�?êz�

∞∑
n=0

anx
n

�/ª§Ïd·��¡�?ØÌ��7ù«AÏa.��?êÐm"

ÄkI�)û�´�?ê�ñÑ5¯K"

3©ù�·K�^���?�Úfz§¯¢þ C. Arzelau 1885cy²
Xe(Øµ� {fn(x)}3
[a, b]þ��k.�Å:Âñu f(x)§ez� fn(x)±9 f(x)þ3 [a, b]þ�È§@o

lim
n→∞

∫ b

a

fn(x) dx =

∫ b

a

f(x) dx.



62 1�Ù ¼ê��¼ê�?ê

===½½½nnn 4.1>>>£££Abel111���½½½nnn¤¤¤ e
∞∑
n=0

anx
n 3 x = ξ (ξ 6= 0)?Âñ§KÙ3

(−|ξ|, |ξ|)þýéÂñ¶e
∞∑
n=0

anx
n3 x = η?uÑ§KÙ3 |x| > |η|þuÑ"

y². d
∞∑
n=0

anξ
n Âñ� lim

n→∞
anξ

n = 0§Ïd anξ
n = O(1)§u´� |x| < |ξ|

�k

|anxn| = |anξ|n ·
∣∣∣∣xξ
∣∣∣∣n = O

(∣∣∣∣xξ
∣∣∣∣n).

5¿�d�
∞∑
n=0

∣∣∣∣xξ
∣∣∣∣nÂñ§¤± ∞∑

n=0
anx

nýéÂñ"

,��¡§e�3 x0¦� |x0| > |η|�
∞∑
n=0

anx
n
0 Âñ§Kdþ�ãfy²�(

Ø�
∞∑
n=0

anη
nýéÂñ§ù�b�gñ" �

y3·�b��3 ξ 6= 0¦�
∞∑
n=0

anξ
nÂñ§@o

∞∑
n=0

anx
n3 Rþ�Âñ8 E

ÒØ¬��¹ 0"XJP

R = supE,

K�?ê
∞∑
n=0

anx
n 3 (−R,R)þýéÂñ§� |x| > R�uÑ"¯¢þ§��¡§

� |x| < R�§dþ(.�½Â��3 y ∈ E ¦� |x| < y < R§Ï� y ∈ E§¤±
∞∑
n=0

any
n Âñ§2d½n 4.1��

∞∑
n=0

anx
n ýéÂñ¶,��¡§� R 6= +∞�

|x| > R�§
|x|+R

2
/∈ E§l


∞∑
n=0

an

( |x|+R

2

)n
uÑ§2d½n 4.1B�

∞∑
n=0

anx
n

uÑ"

ÏLCþO� x 7−→ x − x0 B�
∞∑
n=0

an(x − x0)n 3 (x0 − R, x0 + R) þýé

Âñ§3 |x − x0| > RþuÑ"Ïd§
∞∑
n=0

an(x − x0)n �Âñ87´��«m£ù

�«m��Uòz�ü��8 {x0}¤§·�¡��Âñ«m (convergence interval)§

¿¡ R�
∞∑
n=0

an(x− x0)n�Âñ�» (radius of convergence)"

===~~~ 4.2>>>�Ä�?ê
∞∑
n=1

xn

n
§du§3 x = −1?Âñ§�
3 (−1, 1)þý

éÂñ¶qdu§3 x = 1?uÑ§l
3 |x| > 1þuÑ"¤±T�?ê�Âñ«

m� [−1, 1)§Âñ�»� 1"

w,§��(½
�?ê
∞∑
n=0

an(x − x0)
n �Âñ�» R§·�Ò��§3

(x0 −R, x0 +R)þýéÂñ§� |x− x0| > R�uÑ§Ïd�I?�Ú�	T?ê
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3 x = x0 − R9 x = x0 + R?�ñÑ5ÒU(½ÑÂñ«m§¤±y3�½��

¯K´XÛ�B/�O��?ê�Âñ�»"

===½½½nnn 4.3>>>£££Cauchy−Hadamard¤¤¤ �?ê
∞∑
n=0

an(x− x0)n�Âñ�»�

R =
1

lim
n→∞

n√|an| ,
Ù¥§� lim

n→∞
n√|an| = 0�� R = +∞§� lim

n→∞
n√|an| = +∞�� R = 0"

y². P ` = lim
n→∞

n√|an|§K
lim
n→∞

n√|an(x− x0)n| = |x− x0| · `.

Uì Cauchy�O{£ë�1ÊÙ½n 2.9¤§
∞∑
n=0
|an(x − x0)n|3þª < 1�Âñ§

3þª> 1�uÑ"du� ` = 0�ù�þ4�o�u 0§
� ` = +∞�Tþ4�
�u 1��=� x = x0§¤±§�©OéAu R = +∞Ú R = 0"� ` ∈ (0,+∞)

�·�k

{x : |x− x0| · ` < 1} = (x0 −R, x0 +R) = {x : |x− x0| < R},

�
 R =
1

`
" �

===~~~ 4.4>>>d lim
n→∞

n√
n2 = 1�§�?ê

∞∑
n=1

n2xn �Âñ�»� 1§qÏ�ù�

�?ê3 x = 1Ú x = −1�þuÑ§¤±ÙÂñ«m� (−1, 1)"

===~~~ 4.5>>>¦�?ê
∞∑
n=1

(2 + (−1)n)n

n2
xn�Âñ�»ÚÂñ«m"

). |^ Cauchy−Hadamardúª�¦�Âñ�»

R =

(
lim
n→∞

2 + (−1)n
n√
n2

)−1
=

1

3
.

� x = ±1

3
� ∣∣∣∣(2 + (−1)n)n

n2
xn
∣∣∣∣ 6 1

n2
,

�
T?ê3 x = ±1

3
?ýéÂñ§l
ÙÂñ«m�

[
− 1

3
,
1

3

]
" �
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===555 4.6>>>�4� lim
n→∞

∣∣∣∣an+1

an

∣∣∣∣�3�§d (9.6)ª�Ù�� lim
n→∞

n√|an|�Ó§
Ïd3ù«�¹eÂñ�»

R = lim
n→∞

∣∣∣∣ anan+1

∣∣∣∣.
===~~~ 4.7>>>� α ∈ R \ Z>0"é�?ê

∞∑
n=0

(
α

n

)
xn
ó§du

lim
n→∞

∣∣∣∣
(
α
n

)(
α
n+1

)∣∣∣∣ = lim
n→∞

∣∣∣∣ n+ 1

α− n

∣∣∣∣ = 1,

�ÙÂñ�»� 1§�3 (−1, 1)þýéÂñ"

e¡5?Ø�?ê���Âñ5"

===½½½nnn 4.8>>>£££Abel111���½½½nnn¤¤¤ �
∞∑
n=0

an(x− x0)n�Âñ�»� R§@o

(1) T?ê3 (x0 −R, x0 +R)þS4��Âñ"

(2) eù�?ê3 x = x0 +R?Âñ§K§3 (x0−R, x0 +R]þS4��Âñ"A

O/§
∞∑
n=0

anR
n = lim

x→R−

( ∞∑
n=0

anx
n

)
.

(3) eù�?ê3 x = x0−R?Âñ§K§3 [x0−R, x0 +R)þS4��Âñ"A

O/§
∞∑
n=0

an(−R)n = lim
x→−R+

( ∞∑
n=0

anx
n

)
.

y². |^CþO� x− x0 7−→ x�ò?Ø�u x0 = 0��/"

(1) é?¿� [a, b] ⊆ (−R,R)§P c = max(|a|, |b|)§K
∞∑
n=0

anc
n ýéÂñ"Ï

�é?¿� x ∈ [a, b] k |anxn| 6 |ancn|§�d Weierstrass �O{�
∞∑
n=0

anx
n 3

[a, b]þ��Âñ"

(2) |^ (1)�(Ø§·��Iy
∞∑
n=0

anx
n3 [0, R]þ��Âñ=�"5¿�

anx
n =

xn

Rn
· anRn,

Ù¥
{ xn
Rn

}
3 [0, R]þ��k.§�é?¿� x ∈ [0, R]§

{ xn
Rn

}
üN§�d Abel

�O{�
∞∑
n=0

anx
n3 [0, R]þ��Âñ"
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d	§dS4��Âñ59·K 3.4�
∞∑
n=0

anx
n 3 (−R,R]þëY§AO/§

3 x0 +R?�ëY5¿�X

∞∑
n=0

anR
n = lim

x→R−

( ∞∑
n=0

anx
n

)
.

aq�y² (3)" �

===555 4.9>>>��5`§Abel1�½n�_·KØ¤á§�=´d4�

lim
x→R−

( ∞∑
n=0

anx
n

)

��35Ã{íÑT4���u
∞∑
n=0

anR
n§¯¢þ·�$�ØU�yù�?ê�Â

ñ5"�´XJ� an 2V\�
^�§@o´�±y² Abel1�½n�_·K¤

á�§äNë�SK 5§6Ú 7"

ò½n 4.8�þ!�·K 3.49·K 3.9(Ü�§
∞∑
n=0

an(x−x0)n3 (x0−R, x0+

R)þëY¿�é?¿� [a, b] ⊆ (x0 −R, x0 +R)k

∫ b

a

( ∞∑
n=0

an(x− x0)n
)

dx =
∞∑
n=0

an

∫ b

a
(x− x0)n dx.

d	§

d

dx

[
an(x− x0)n

]
= nan(x− x0)n−1,


 lim
n→∞

n√
n|an| = lim

n→∞
n√|an|§Ïd ∞∑

n=0
nan(x − x0)n−1 �

∞∑
n=0

an(x − x0)n k�Ó

�Âñ�»§?
�
∞∑
n=0

nan(x− x0)n−1�3 (x0 −R, x0 +R)þS4��Âñ§u

´�é
∞∑
n=0

an(x − x0)n Å�¦�"aq�?�Ú��§e S(x) =
∞∑
n=0

an(x − x0)n§

K S(x)3 (x0 −R, x0 +R)þ?¿���§�

S(k)(x) =

∞∑
n=k

n!

(n− k)!
an(x− x0)n−k, ∀ x ∈ (x0 −R, x0 +R). (10.8)
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===~~~ 4.10>>>é?¿� x ∈ (−1, 1)k

1

1 + x
=
∞∑
n=0

(−1)nxn,

é?¿� x ∈ (−1, 1)§ÏLÅ�È©��

log(1 + x) =

∫ x

0

1

1 + t
dt =

∞∑
n=1

(−1)n−1

n
xn.

5¿�þªm>?ê3 x = 1?Âñ§�d½n 4.8 (2)�

∞∑
n=1

(−1)n−1

n
= log 2.

===~~~ 4.11>>>O�
∞∑
n=1

n

2n
"

). �Ä�?ê
∞∑
n=0

xn§ÙÂñ�»� 1§�3 (−1, 1)þk

∞∑
n=0

xn =
1

1− x
.

Å�¦���
∞∑
n=1

nxn−1 =
1

(1− x)2
, ∀ x ∈ (−1, 1),

ü>Ó¦ xB�
∞∑
n=1

nxn =
x

(1− x)2
, ∀ x ∈ (−1, 1).

2ò x =
1

2
�\=�

∞∑
n=1

n

2n
= 2" �

3�!(åc§·�A^½n 4.85y²Xe'u Cauchy¦È�(Ø"

===½½½nnn 4.12>>>£££Abel¤¤¤ �
∞∑
n=0

cn ´
∞∑
n=0

an Ú
∞∑
n=0

bn � Cauchy¦È§�ùn

�?êþÂñ§Kk
∞∑
n=0

cn =

( ∞∑
n=0

an

)( ∞∑
n=0

bn

)
. (10.9)

y². é x ∈ (−1, 1]P

f(x) =
∞∑
n=0

anx
n, g(x) =

∞∑
n=0

bnx
n, h(x) =

∞∑
n=0

cnx
n,
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ù�½Â�Ün5�d?ê
∞∑
n=0

an§
∞∑
n=0

bn9
∞∑
n=0

cn�Âñ5��"Uì Cauchy¦

È�½Â§

h(x) = f(x)g(x).

d½n 4.8§f(x)§g(x)±9 h(x)þ3 x = 1?�ëY§Ïd3þª¥- x → 1−

=� (10.9)" �

SSS KKK 10.4

1. ¦e�¼ê�?ê�Âñ«mµ

(1)

∞∑
n=1

3n + (−2)n

n
xn¶ (2)

∞∑
n=1

(
1 +

1

n

)n2

xn¶

(3)
∞∑
n=1

(
1 +

1

2
+ · · ·+ 1

n

)
xn¶ (4)

∞∑
n=1

2− cosn

n
xn¶

(5)
∞∑
n=1

xn
2

2n
¶ (6)

∞∑
n=1

1

2n+ 1

(1− x
1 + x

)n
"

2. 3e�?ê�Âñ«mS¦§��Úµ

(1)
∞∑
n=0

x2n+1

2n+ 1
¶ (2)

∞∑
n=1

xn

n(n+ 1)
¶

(3)

∞∑
n=0

(−1)nn2xn¶ (4)

∞∑
n=1

n(n+ 2)xn"

3. ¦�?ê 1 +
∞∑
n=1

(2n− 1)!!

(2n)!!
xn�Âñ«m±9§�Ú"

4. Á¦�?ê
∞∑
n=0

(
α

n

)
xn�Âñ«m"

5. - f(x) =


log(1 + x)

x
, x > 0,

1, x = 0.
y²

∫ 1

0
f(x) dx =

ζ(2)

2
"

6. ��?ê
∞∑
n=0

anx
n3 (−1, 1)þÂñ§y²é?¿� x ∈ (−1, 1)k

∞∑
n=0

anx
n =

a0
1− x

+
x

1− x

∞∑
n=0

(an+1 − an)xn.
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7. y²� x→ 1−�k
∞∑
n=0

(log n)xn ∼ 1

1− x
log

1

1− x
.

8. Þ~`²4� lim
x→R−

( ∞∑
n=0

anx
n
)
��35Ã{�y?ê

∞∑
n=0

anR
nÂñ"

9. ��?ê
∞∑
n=0

anx
n3 (−1, 1)þÂñ§� an > 0 (∀ n > 1)"q�

lim
x→1−

∞∑
n=0

anx
n = S,

y²
∞∑
n=0

anÂñu S"

10. £Tauber½n¤��?ê
∞∑
n=0

anx
n3 (−1, 1)þÂñu f(x)§� lim

n→∞
nan = 0"

XJ lim
x→1−

( ∞∑
n=0

anx
n
)

= S§y²
∞∑
n=0

anÂñu S"

l1 11K�1 15K´�|K§?Ø Dirichlet?ê�ñÑ5"

11. y²�3��� σa£�±´¢ê§+∞½−∞¤§¦�?ê
∞∑
n=1

∣∣∣an
ns

∣∣∣� s > σa

�Âñ§� s < σa�uÑ"·�¡ σa�Dirichlet?ê
∞∑
n=1

an
ns
�ýéÂñîI

(abscissa of absolute convergence)"

12. y²�3��� σc£�±´¢ê§+∞½−∞¤§¦�?ê
∞∑
n=1

an
ns
� s > σc�

Âñ§� s < σc�uÑ"σc�¡�Dirichlet?ê
∞∑
n=1

an
ns
�ÂñîI (abscissa

of convergence)"

13. � σa, σc ∈ R§y² 0 6 σa − σc 6 1§¿Þ~`²ù�Ø�ªØU�U?"

14. b�?ê
∞∑
n=1

anuÑ§¿P Sn =
n∑
k=1

ak"y²

σc = lim
n→∞

log |Sn|
log n

.

15. b�?ê
∞∑
n=1

anÂñ§¿P rn =
∞∑

k=n+1

ak"y²

σc = lim
n→∞

log |rn|
log n

.
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§ 10.5

¼¼¼êêê������???êêêÐÐÐmmm

õ�ª´·�@£���{ü��aÐ�¼ê§��Ùí2§�?êØ=/ª

{ü§
�äkûÐ�5�§Ïd·�g,F"r���¼ê��?êéXå5§

ù�ÒUÏLïÄ�?ê��T¼ê��A5�"

===½½½ÂÂÂ 5.1>>>�¼ê f(x) 3: x0 �,�� U Sk½Â"XJ�3�?ê
∞∑
n=0

an(x− x0)n3 U þÂñu f(x)§K¡ f(x)3 x0?)Û (analytic)"

� E ⊆ R§XJ f(x)´½Â3 E þ���¼ê§� f(x)3 E þz�:?þ

)Û§K¡ f(x)´ E þ�)Û¼ê (analytic function)"

·�Äk5ww�o��¼êU�¤�?ê§±9ù���?êATäk�o

��/ª"b�3 (x0 − δ, x0 + δ)þk

f(x) =
∞∑
n=0

an(x− x0)n, (10.10)

@odþ!�?Ø� f(x)3 (x0 − δ, x0 + δ)þ?¿���§�ÏLÅ�È©��

£ë� (10.8)ª¤

f (k)(x) =
∞∑
n=k

n!

(n− k)!
an(x− x0)n−k, ∀ x ∈ (x0 − δ, x0 + δ).

3þª¥� x = x0=�

ak =
1

k!
f (k)(x0).

Ïd§e f(x)U3 x0�,��SÐm¤�?ê§@o§73 x0�,��S?¿�

��§�Ù¤éA��?ê7,´

∞∑
n=0

f (n)(x0)

n!
(x− x0)n.

·�rù�?ê¡� f(x) 3 x0 ?� Taylor ?ê (Taylor series) ½ Taylor Ðª

(Taylor expansion)§� x0 = 0��¡Ù� f(x)�Maclaurin?ê (Maclaurin series)

½MaclaurinÐª (Maclaurin expansion)"dþ¡�?Ø½�wÑ§e f 3 x0?�

Taylor?ê�3§K7��"·�rù
(Øo(Xe"
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===···KKK 5.2>>>XJ¼ê f(x)3 x0 ?)Û§KÙ73 x0 �,��S?¿��

�§�§����êþ3 x0?)Û"d	§f(x)3 x0?k��� TaylorÐª"

5¿�þãí�´3 (10.10)¤á�^�e?1�§Ïdy3·�I��ïÄ

����¯KµXJ f(x)3 x0 �,��S?¿���§@o f(x)´Ä3 x0 ?)

Ûº�é{`§´Ä3T��Sk

f(x) =

∞∑
n=0

f (n)(x0)

n!
(x− x0)n (10.11)

¤áQºù�¯K��Y´Ä½�§��²;�~f´

f(x) =

e
− 1
x2 , e x 6= 0,

0, e x = 0.

d §5.3 SK 7 �§3 R þ?¿���� f (n)(0) = 0 (∀ n ∈ Z>0)§Ï
 f(x) �

Maclaurin?ê� 0§u´ (10.11)Ø¤á"¤±·�I��?Ø3�o�¹e f(x)

â3 x0?)Û"

(10.11)ªmý�?ê�/G4·�é�� Taylorúª§Ïd��ég,��

{´|^ Taylorúª��óä5?1?Ø"

y� f(x)3 (x0 − δ, x0 + δ)þ?¿���§@o (10.11)¤á��=�

lim
N→∞

(
f(x)−

N∑
n=0

f (n)(x0)

n!
(x− x0)n

)
= 0.

eP

f(x) =

N∑
n=0

f (n)(x0)

n!
(x− x0)n + rN (x),

K (10.11)¤á�¿�^�´é?¿� x ∈ (x0 − δ, x0 + δ)þk lim
N→∞

rN (x) = 0"¤

±·�I�é{� rN (x)k¤
)"£Áå3 §6.2¥·��Ñ
 Lagrange{�

rN (x) =
f (N+1)(ξ)

(N + 1)!
(x− x0)N+1

Ú Cauchy{�

rN (x) =
f (N+1)(η)

N !
(x− η)N (x− x0),

Ù¥ ξÚ η u xÚ x0�m¶3 §8.5¥·��Ñ
È©{�

rN (x) =
1

N !

∫ x

x0

f (N+1)(t)(x− t)N dt.

e¡·�5é�
AÏ¼êïÄ÷v lim
N→∞

rN (x) = 0� x���"
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===~~~ 5.3>>>ex�MaclaurinÐª"

d18Ù~ 2.14�§�3 u 0� x�m� ξ¦�

ex =
N∑
n=0

xn

n!
+

eξ

(N + 1)!
xN+1.

��¡§�?ê
∞∑
n=0

xn

n!
�Âñ«m� R¶,��¡§

|rN (x)| =
∣∣∣∣ eξ

(N + 1)!
xN+1

∣∣∣∣ 6 max(1, ex) · |x|
N+1

(N + 1)!
,

,
 lim
n→∞

|x|N+1

(N + 1)!
= 0£ë�1nÙ~ 3.3¤§� lim

N→∞
rN (x) = 0"¤±k

ex =

∞∑
n=0

xn

n!
, ∀ x ∈ R.

===~~~ 5.4>>>sinxÚ cosx�MaclaurinÐª"

Ï�

(sinx)(n) = sin
(
x+

nπ

2

)
, (cosx)(n) = cos

(
x+

nπ

2

)
,

�d� Lagrange{�� Taylorúª�§�3 u 0� x�m� ξ9 η¦�

sinx =

N∑
n=0

(−1)n

(2n+ 1)!
x2n+1 +

x2N+3

(2N + 3)!
sin
(
ξ +

2N + 3

2
π
)

9

cosx =

N∑
n=0

(−1)n

(2n)!
x2n +

x2N+2

(2N + 2)!
cos
(
η +

2N + 2

2
π
)
.

u´aqu~ 5.3��

sinx =

∞∑
n=0

(−1)n

(2n+ 1)!
x2n+1 9 cosx =

∞∑
n=0

(−1)n

(2n)!
x2n, ∀ x ∈ R.

===~~~ 5.5>>>log(1 + x)�MaclaurinÐª"

3þ!~ 4.10¥·�®²w�


log(1 + x) =
∞∑
n=1

(−1)n−1

n
xn, ∀ x ∈ (−1, 1].



72 1�Ù ¼ê��¼ê�?ê

===~~~ 5.6>>>arctanx�MaclaurinÐª"

é
1

1 + x2
=
∞∑
n=0

(−1)nx2n (−1 < x < 1)Å�È©��

arctanx =

∫ x

0

1

1 + t2
dt =

∞∑
n=0

∫ x

0
(−1)nt2n dt =

∞∑
n=0

(−1)n

2n+ 1
x2n+1.

5¿�þªm>?ê3 x = ±1?Âñ§�d½n 4.8�

arctanx =
∞∑
n=0

(−1)n

2n+ 1
x2n+1, ∀ x ∈ [−1, 1].

AO/§� x = 1�� Leibnizúª

π

4
= 1− 1

3
+

1

5
− 1

7
+ · · ·+ (−1)n

2n+ 1
+ · · · .

===~~~ 5.7>>>(1 + x)α (α ∈ R \ Z>0)�MaclaurinÐª"

d�È©{�� Taylorúª�

(1 + x)α =

N∑
n=0

(
α

n

)
xn +

α(α− 1) · · · (α−N)

N !

∫ x

0
(1 + t)α−N−1(x− t)N dt.

��¡§dþ!~ 4.7��?ê
∞∑
n=0

(
α

n

)
xn 3 (−1, 1)þýéÂñ",��¡§é

u x ∈ (−1, 1)§N´�y� t u 0� x�m�k

∣∣∣∣x− t1 + t

∣∣∣∣ 6 |x|§Ïd
|rN (x)| =

∣∣∣∣α(α− 1) · · · (α−N)

N !

∫ x

0
(1 + t)α−1

(x− t
1 + t

)N
dt

∣∣∣∣
6

∣∣∣∣α(α− 1) · · · (α−N)

N !
xN
∫ x

0
(1 + t)α−1 dt

∣∣∣∣
=

∣∣∣∣(α− 1

N

)
xN ·

[
(1 + x)α − 1

]∣∣∣∣.
yP

yn =

∣∣∣∣(α− 1

n

)
xn
∣∣∣∣,

K
yn+1

yn
=

∣∣∣∣α− 1− n
n+ 1

· x
∣∣∣∣,
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Ïd lim
n→∞

yn+1

yn
= |x| ∈ [0, 1)§ù`²ê� {yn}g,�m©üN4~§l
Âñ"

e� lim
n→∞

yn = h§Kdþª� h = |x|h§l
 h = 0"u´ lim
N→∞

rN (x) = 0"ù�

·�Ò��


(1 + x)α =
∞∑
n=0

(
α

n

)
xn, ∀ x ∈ (−1, 1).

SSS KKK 10.5

1. � f(x)3 (−R,R)þk�?êÐª f(x) =
∞∑
n=0

anx
n§y²µ

(1) e f ´Û¼ê§Ké?¿��K�ê nk a2n = 0¶

(2) e f ´ó¼ê§Ké?¿��K�ê nk a2n+1 = 0"

2. � a´��¢ê§y² f(x) =
1

x− a
3 R \ {a}þ)Û"

3. y²é?¿� x ∈ Rk£·�%@
sin t

t
3 t = 0?��� 1¤∫ x

0

sin t

t
dt =

∞∑
n=0

(−1)n

(2n+ 1)!(2n+ 1)
x2n+1.

4. ¦ f(x) = arcsinx�MaclaurinÐª§¿é��ê n¦ f (n)(0)"

5. ¦ f(x) = log(x+
√

1 + x2)�MaclaurinÐª"

6. ¦¦�
1

2
(ex + e−x) 6 eλx

2
é?¿�¢ê xþ¤á� λ��"

·��ò

sinx =

∞∑
n=0

(−1)n

(2n+ 1)!
x2n+1 9 cosx =

∞∑
n=0

(−1)n

(2n)!
x2n (10.12)

���u¼êÚ{u¼ê�î�½Â§¿ddÑu��@
·�¤Ù�����'

�(Ø"l1 7K�1 17K´�|K§4·�5ÅÚ�¤±þó�"

7. y²Uþã�ª½Â� sinx � cosx ´3 R þ?¿����¼ê§�÷v
(sinx)′ = cosx§(cosx)′ = − sinx"

8. y²�3 x0 > 0§¦� cosx3 [0, x0]þ��ð�u 0"

9. y² cosx3 (0,+∞)þk":§� cosxk���":§·�ò cosx���

�":P�
π

2
" 4©

4©ù´ π��«½Â�ª"
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10. é?¿� x ∈ Ry² cos2 x+ sin2 x = 1§?
�Ñ sin
π

2
= 1"

11. y² cosxÚ sinx©O3
[
0,
π

2

]
þî�üN4~Úî�üN4O"

12. é?¿� x, y ∈ Ry²

sin(x+ y) = sinx cos y + sin y cosx,

cos(x+ y) = cosx cos y − sinx sin y.

13. y² cosx� sinxþ´± 2π����±Ï�±Ï¼ê"

14. y² ϕ : θ 7−→ (cos θ, sin θ)´l [0, 2π)�ü � {(x, y) ∈ R2 : x2 + y2 = 1}�
V�"

15. Jc¦^l��O�úª (16.5)y²ü ��±�� 2π§ù¿�X1 9K¥

¤�Ñ� π�½ÂÎÜ·�3�Æ¤�Ñ�AÛ½Â"

16. � ϕX1 14K¤½Â§éuü �þ?¿�:M(x, y)§·�¡ ϕ−1((x, y))

���
−−→
OM� x¶���Y�"y² cosϕ−1((x, y)) = x§sinϕ−1((x, y)) = y"

ù`²d (10.12)¤½Â��u¼ê9{u¼êÎÜ·�3¥Æ¤�Ñ�AÛ

½Â"

17. y²3
(
− π

2
,
π

2

)
þk | sinx| 6 |x| 6 | sinx|

| cosx|
§¿��Ò¤áþ��=�

x = 0"

§ 10.6

���???êêê���$$$���

�
�Bå�§3�!¥·���é/X

∞∑
n=0

anx
n

��?ê5?1?Ø"

b� f(x)� g(x)þ3�:)Û§l
3,�ú�«mþ�Ðm� Maclaurin

?ê

f(x) =
∞∑
n=0

anx
n, g(x) =

∞∑
n=0

bnx
n, (10.13)

·�I��
) f ± g§f · g§f/g 9 g ◦ f ´Ä�Ñ3�:)Û"Äk5wcü«
�/"
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===···KKK 6.1>>>b�3 (−R,R)þk (10.13)¤á§K3 (−R,R)þk

f(x)± g(x) =

∞∑
n=0

(an ± bn)xn

f(x)g(x) =
∞∑
n=0

cnx
n,

Ù¥ cn =
∑

k+`=n

akb`§�þüªm>�?ê�Âñ�»þ > R"

y². 1��ªf´1ÊÙ·K 1.4���íØ§1��ªf�d
∞∑
n=0

anx
n Ú

∞∑
n=0

bnx
n 3 (−R,R)þ�ýéÂñ591ÊÙ½n 5.3��"d	§ùü�ªfm

>��?êþ3 (−R,R)þýéÂñ§�§��Âñ�»þ > R" �

===555 6.2>>>3þã·K�^�e§|^8B{�§é?¿���ê kk

f(x)k =
∞∑
n=0

c(k)n xn, ∀ x ∈ (−R,R),

Ù¥

c(k)n =
∑

n1+···+nk=n
an1 · · · ank . (10.14)

e¡·��?ØEÜ$�§3d�cky²��'u��¦ÚÒ�(Ø"

===ÚÚÚnnn 6.3>>>b�

∞∑
j=1

|aij | = bi, ∀ i ∈ Z>0,

�
∞∑
i=1

biÂñ§K

∞∑
i=1

∞∑
j=1

aij =

∞∑
j=1

∞∑
i=1

aij .

y². - E =
{ 1

n
: n ∈ Z>0

}
∪ {0}§¿3 E þ½Â¼ê fi 9 gXeµé?¿

� i, n ∈ Z>0§

fi(0) =

∞∑
j=1

aij , fi

( 1

n

)
=

n∑
j=1

aij ,
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u´é?¿� ik lim
n→∞

fi

( 1

n

)
= f(0)"dué?¿� x ∈ E 
ó |fi(x)| 6 bi§�d

Weierstrass�O{�
∞∑
i=1

fi(x)3 E þ��Âñ§2|^·K 3.3��

∞∑
i=1

∞∑
j=1

aij =
∞∑
i=1

fi(0) =
∞∑
i=1

lim
n→∞

fi

( 1

n

)
= lim

n→∞

∞∑
i=1

fi

( 1

n

)

= lim
n→∞

∞∑
i=1

n∑
j=1

aij = lim
n→∞

n∑
j=1

∞∑
i=1

aij

=
∞∑
j=1

∞∑
i=1

aij .

�

===···KKK 6.4>>>b�3 (−R,R)þk g(x) =
∞∑
n=0

bnx
n§q� f(0) = 0� f(x)3 0

�,��S�Ðm¤Maclaurin?ê

f(x) =
∞∑
n=1

anx
n.

@o§7�3 r > 0¦� g(f(x))3 (−r, r)þ�Ðm¤Maclaurin?ê

g(f(x)) = b0 +

∞∑
n=1

( n∑
k=1

bkc
(k)
n

)
xn, (10.15)

Ù¥ c
(k)
n X (10.14)¤½Â§�þªmý�?ê�Âñ�» > r"

y². d½n 4.1��?ê
∞∑
n=1
|anxn|3 0�,��SÂñ§2d½n 4.8�

∞∑
n=1
|anxn|3ù���SS4��Âñ§l
ÙÚ¼ê3ù���SëY§u´�

3 r > 0¦�
∞∑
n=1

|anxn| < R, ∀ x ∈ (−r, r). (10.16)

Ïd� x ∈ (−r, r)�§d5 6.2��

g(f(x)) =

∞∑
k=0

bk(f(x))k = b0 +

∞∑
k=1

bk

( ∞∑
n=1

anx
n

)k

= b0 +

∞∑
k=1

bk

∞∑
n=1

c(k)n xn. (10.17)
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yP y =
∞∑
n=1
|anxn|§@o

∞∑
n=1

|c(k)n xn| =
∞∑
n=1

∣∣∣∣ ∑
n1+···+nk=n

an1 · · · ank

∣∣∣∣ · |x|n
6
∞∑
n=1

( ∑
n1+···+nk=n

|an1 · · · ank |
)
· |x|n

=

( ∞∑
n=1

|anxn|
)k

= yk.


d (10.16)� y ∈ [0, R)§Ïd?ê
∞∑
k=1

|bk|yk Âñ§u´dÚn 6.3� (10.17)m

>¦ÚÒ�±��§=

g(f(x)) = b0 +
∞∑
n=1

∞∑
k=1

bkc
(k)
n xn = b0 +

∞∑
n=1

( ∞∑
k=1

bkc
(k)
n

)
xn.

25¿�� k > n� c
(k)
n = 0§l
 (10.15)�y" �

===~~~ 6.5>>>3 (−1, 1) \ {0}þk

(1 + x)
1
x = exp

(
1

x
log(1 + x)

)
= exp

(
1− x

2
+
x2

3
− x3

4
+ · · ·

)

= e ·
[
1 +

(
− x

2
+
x2

3
− x3

4
+ · · ·

)
+

1

2!

(
− x

2
+
x2

3
− x3

4
+ · · ·

)2

+
1

3!

(
− x

2
+
x2

3
− x3

4
+ · · ·

)3

+ · · ·
]

= e

(
1− 1

2
x+

11

24
x2 − 7

16
x3 + · · ·

)
.

��·�25ïÄØ{��/§Ï�®²3·K 6.1¥?Ø
¦{§¤±·�

�I`²�Ù�ê$�=�§
ùÙ¢´EÜ$����{üA^"

b�3 (−R,R) þk f(x) =
∞∑
n=0

anx
n � a0 6= 0§u´d f 3 (−R,R) þ�

ëY5��3 r > 0§¦�é?¿� x ∈ (−r, r) k |f(x) − f(0)| < |a0|§�=
|f(x)− a0| < |a0|"ÏdeP f̃(x) = a−10 (f(x)− a0)§Kk

∣∣f̃(x)
∣∣ =

∣∣∣∣ ∞∑
n=1

an
a0
xn
∣∣∣∣ < 1, ∀ x ∈ (−r, r).
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5¿�XJ- g(y) =
1

1 + y
(−1 < y < 1)§@o

1

f(x)
=

1

a0
· 1

1 + a−10 (f(x)− a0)
=

1

a0
· 1

1 + f̃(x)
=

1

a0
· g
(
f̃(x)

)
.

� x ∈ (−r, r)�§·K 6.4�y
þªm>� g
(
f̃(x)

)
�Ðm¤Maclaurin?ê"

===~~~ 6.6>>>¦ secx�MaclaurinÐª� x6�"

). 3 x = 0�NCk

secx =
1

1− (1− cosx)
=
∞∑
n=0

(1− cosx)n

= 1 +

(
x2

2
− x4

24
+

x6

720
+ · · ·

)
+

(
x2

2
− x4

24
+

x6

720
+ · · ·

)2

+

(
x2

2
− x4

24
+

x6

720
+ · · ·

)3

+ · · ·

= 1 +

(
x2

2
− x4

24
+

x6

720
+ · · ·

)
+

(
x4

4
− x6

24
+ · · ·

)
+

(
x6

8
+ · · ·

)
+ · · ·

= 1 +
1

2
x2 +

5

24
x4 +

61

720
x6 + · · · .

�

SSS KKK 10.6

1. ¦e�¼ê�MaclaurinÐªµ

(1) e−x
2
¶ (2) sin2 x¶

(3)
x3

(1− x)2
¶ (4)

12− 5x

6− 5x− x2
"

2. ¦e�¼ê�MaclaurinÐª��� x6�µ

(1) x2
√

1− x+
1

1− x
¶ (2) ex log(1− x)¶

(3) log cosx"

3. � s > 2§y²

∞∑
n=1

(
ζ(s)− 1

1s
− 1

2s
− · · · − 1

ns

)
= ζ(s− 1)− ζ(s).
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4. y²
∞∑
n=2

(−1)n
ζ(n)

n
= γ§Ù¥ γ ´ Euler~ê"

5. �
1

1− x− x2
�MaclaurinÐª�

∞∑
n=0

anx
n§y²

∞∑
n=0

an+1

an an+2
= 2.

6. � Bndeª¤½Âµ

x

ex − 1
=
∞∑
n=0

Bn
n!
xn, x 6= 0

·�¡ Bn� Bernoulliê (Bernoulli number)"

(1) y²µ� n > 2�k Bn =
n∑
j=0

(
n

j

)
Bj¶

(2) O� Bn (0 6 n 6 10)��¶

(3) y²é?¿���ê nk B2n+1 = 0"

§ 10.7

Weierstrass%%%CCC½½½nnn

3 §10.5¥·�w�
�ò÷v�½^��¼êÐm¤�?ê§,
ù�¤I

��^�´4r�§=I�T¼ê3�½�«mþ?¿���§����ëY¼ê

¿Øäkù�5�§¤±·��Uò
¦Ùg§F"U^õ�ª�%CëY¼ê"

===½½½nnn 7.1>>>£££Weierstrass¤¤¤� f(x)3k.4«m [a, b]þëY§K�3õ�

ª� {Pn(x)}§§3 [a, b]þ��Âñu f(x)"

y². £Bernxte�n¤ù´���E5�y²�{"Äk?Ø [a, b] = [0, 1]��

/"é��ê n½Â

Bn(f, x) =

n∑
j=0

(
n

j

)
f
( j
n

)
xj(1− x)n−j , ∀ x ∈ [0, 1], (10.18)

ù�õ�ª�¡� n� Bernxte�nõ�ª (Bernstein polynomial)§§´d S. N.

Bernxte�n[5]u 1912cÚ\�"e¡y² {Bn(f, x)}3 [0, 1]þ��Âñu f(x)"

d f 3 [0, 1]þ�ëY5��Ù3T«mþ�k.5Ú��ëY5§l
��

¡�3M > 0¦�é?¿� x ∈ [0, 1]k |f(x)| 6 M¶,��¡§é?¿� ε > 0§
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�3 δ > 0§¦�éu [0, 1]¥÷v |x1 − x2| < δ�?¿ü: x1� x2þk

|f(x1)− f(x2)| < ε.

y� x ∈ [0, 1]§|^��ª½n��

|Bn(f, x)− f(x)| =
∣∣∣∣ n∑
j=0

(
n

j

)
f
( j
n

)
xj(1− x)n−j − f(x)

n∑
j=0

(
n

j

)
xj(1− x)n−j

∣∣∣∣
6

n∑
j=0

∣∣∣∣f( jn)− f(x)

∣∣∣∣(nj
)
xj(1− x)n−j

=
∑

1
+
∑

2

Ù¥
∑

1L«é÷v

∣∣∣∣ jn − x
∣∣∣∣ < δ� j ¦Ú§

∑
2L«é÷v

∣∣∣∣ jn − x
∣∣∣∣ > δ� j ¦Ú"

u´N´�Ñ ∑
1
< ε

n∑
j=0

(
n

j

)
xj(1− x)n−j = ε.

�
�O
∑

2§·�I�)Ø¦Ú^�¥�Ø�ª

∣∣∣∣ jn − x
∣∣∣∣ > δ é¦ÚCþ���§

5¿�

∣∣∣∣j − nxnδ

∣∣∣∣ > 1§¤±�±é¦Ú��¦±
(j − nx

nδ

)2
¿ò¦Ú^�¥�þã

Ø�ªí� 5©§�=∑
2

=
∑

| j
n
−x|>δ

∣∣∣∣f( jn)− f(x)

∣∣∣∣(nj
)
xj(1− x)n−j

6
n∑
j=0

(j − nx
nδ

)2∣∣∣∣f( jn)− f(x)

∣∣∣∣(nj
)
xj(1− x)n−j

6
2M

n2δ2

n∑
j=0

(j − nx)2
(
n

j

)
xj(1− x)n−j .

�±y²£3�öS¤

n∑
j=0

j

(
n

j

)
xj(1− x)n−j = nx,

n∑
j=0

j2
(
n

j

)
xj(1− x)n−j = n(n− 1)x2 + nx.

(10.19)

5©ù´��~^�Eâ5Ãã§§�¡� Rankin�E| (Rankin’s trick)"
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u´∑
2
6

2M

n2δ2
[
(n(n− 1)x2 + nx)− 2nx · nx+ n2x2

]
=

2M

nδ2
x(1− x) 6

M

2nδ2
,

þ¡���Ú^�
�â²þ)AÛ²þØ�ª"nþB�

|Bn(f, x)− f(x)| < ε+
M

2nδ2
,

Ïd� n >
M

2εδ2
�B�é?¿� x ∈ [0, 1]�� |Bn(f, x) − f(x)| < 2ε"ùÒy²


 {Bn(f, x)}3 [0, 1]þ��Âñu f(x)"

éu���«m [a, b]§·�P

g(x) = f(a+ (b− a)x),

K� f ∈ C([a, b])� g ∈ C([0, 1])"Ïd {Bn(g, x)}3 [0, 1]þ��Âñu g(x)§l




{
Bn

(
g,
x− a
b− a

)}
3 [a, b]þ��Âñu g

(x− a
b− a

)
= f(x)" �

SSS KKK 10.7

1. y² (10.19)"

2. ¦¼ê f(x) = x2 (0 6 x 6 1)� n� Bernxte�nõ�ª"

3. ¦¼ê f(x) = ex (0 6 x 6 1)� n� Bernxte�nõ�ª"

4. � f ∈ C([a, b])�é?¿���ê nk∫ b

a
f(x)xn dx = 0.

y² f 3 [a, b]þð�u 0"

5. �õ�ªS� {Pn(x)}3 Rþ��Âñu f(x)§y² f(x)´õ�ª"

6. � 0 < a < b < 1� f ∈ C([a, b])"y²�33 [a, b]þ��Âñu f ��Xê

õ�ªS�"

l1 7K�1 9K´�|K§�Ñ
� Bernxte�nõ�ª�'��
(J"

7. é?¿� n ∈ Z>19 k ∈ Z>0P

Pn, k(x) =

n∑
j=0

(j − nx)k
(
n

j

)
xj(1− x)n−j , x ∈ [0, 1].

y²

Pn, k+2(x) = x(1− x)
[
P ′n, k+1(x) + n(k + 1)Pn, k(x)

]
.
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8. � Pn, k(x)XþK¤�§y²

Pn, k(x)� n[
k
2
], ∀ x ∈ [0, 1],

Ù¥�~ê=� kk'"

9. � f 3 [0, 1]þk.§x0 ∈ (0, 1)§� f 3 x0?����§y²

Bn(f, x0) = f(x0) +
f ′′(x0)

2n
x0(1− x0) + o

( 1

n

)
.

§ 10.8

AAA^̂̂

3�!¥§·�òÏLü�~f5Ð«¼ê�?ênØ�A^"

===~~~ 8.1>>>Äk50� Γ¼ê"T¼êkõ«Ú\�{§�·�U�^Ã¡¦

È5½Â§§Ï�ù«�ªU4<w�Ù¯K�å
"

Γ¼ê´d L. Euler3 1729c 10� 13F�� C. Goldbach��µ&¥JÑ

�§ù)û
 D. BernoulliÚGoldbach¤JÑ�¯KµUÄr3��ê8þ½Â�

¼ê f(n) = n!òÿ¤��¢ê8þ���ëY¼êºEuler��{´ù��§kb

� x� nþ���ê§@o

x!(x+ 1) · · · (x+ n) = (x+ n)! = n!(n+ 1) · · · (n+ x),

Ïd

x! =
n!(n+ 1) · · · (n+ x)

(x+ 1) · · · (x+ n)
= (n+ 1) · · · (n+ x)

n∏
k=1

(
1 +

x

k

)−1

=
(n+ 1) · · · (n+ x)

(n+ 1)x
·
n∏
k=1

(
1 +

x

k

)−1(
1 +

1

k

)x
.

(10.20)

��¡§ lim
n→∞

(n+ 1) · · · (n+ x)

(n+ 1)x
= 1¶,��¡§Ã¡¦È

∞∏
k=1

(
1 +

x

k

)−1(
1 +

1

k

)x
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é?¿Ø�uK�ê� x ∈ RþÂñ§ù´Ï�� k →∞�k(
1 +

x

k

)−1(
1 +

1

k

)x
=

(
1− x

k
+O

( 1

k2

))(
1 +

x

k
+O

( 1

k2

))
= 1 +O

( 1

k2

)
.

(10.21)

¤±·�knd�&¼ê

Π(x) =
∞∏
k=1

(
1 +

x

k

)−1(
1 +

1

k

)x
AT÷v·���¦§e¡Ò5y²ù�¯"

Äk§� x´��ê�§d (10.20)�

n∏
k=1

(
1 +

x

k

)−1(
1 +

1

k

)x
=

(n+ 1)x

(n+ 1) · · · (n+ x)
· x!,

- n→∞B� Π(x) = x!"¯¢þN´é?¿� x /∈ Z<0y²

Π(x+ 1) = (x+ 1)Π(x).

Ùg§·�5y² Π(x)3 R \ Z<0 þëY"�d§�I`² Π(x)3?¿��

Ø�¹K�ê�«m [a, b]þëY=�"d (10.21)�

log
(

1 +
x

k

)−1(
1 +

1

k

)x
= O

( 1

k2

)
,

Ïd?ê
∞∑
n=1

log
(

1 +
x

n

)−1(
1 +

1

n

)x
3 [a, b]þ��Âñ§l
d§¤½Â�¼ê

log Π(x)3 [a, b]þëY§?
�� Π(x)3 [a, b]þëY"

·�P Γ(x) = Π(x − 1) = x−1Π(x)§¿¡�� Γ¼ê (Gamma function)§Ï

d
1

Γ(x)
= x

∞∏
n=1

(
1 +

x

n

)(
1 +

1

n

)−x
, ∀ x /∈ Z60. (10.22)

===~~~ 8.2>>>|^¼ê�?ê·��±�EÑ3 RþëY�´??Ø���¼
ê"

3{¤þ§<�Q²3AÛ�*�Ä:þ@�ëY53,«§Ýþ%¹��

5§~XèãØyëY¼ê3Ø��
/~	:0���§�� K. Weierstrassï
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á
??Ø���ëY¼ê�~f 6©â�.äý
ùa�{"Weierstrass¤�Ñ�

~f´

f(x) =

∞∑
n=0

bn cos(anπx),

Ù¥ 0 < b < 1� a´÷v ab > 1 +
3

2
π �Ûê"��§<��E
�õù��~

f§Ù¥��{ü�½N�ád B. L. van der Waerden[48] u 1930c¤�E�Xe

¼êµ

f(x) =

∞∑
n=0

‖10nx‖
10n

, (10.23)

Ù¥ ‖t‖ = min
n∈Z
|t− n|L« t�l§�C��ê�m�ål"

´� 0 6 ‖t‖ 6 1

2
§� (10.23)¥�?ê±

∞∑
n=0

1

10n
�`³?ê§l
dWeier-

strass �O{�§3 R þ��Âñ"u´d¼ê ‖t‖ �ëY5� f(x) 3 R þë
Y"

e¡5y² f(x)3 Rþ??Ø��"Ï�¼ê ‖t‖± 1�±Ï§��Iy²

f(x)3 [0, 1)þ??Ø��=�"?� x0 ∈ [0, 1)§·�òÙ�¤

x0 = 0.a1a2 · · · an · · ·

��?��ê/ª"e x0´k��ê§Ò3Ù�êL«��ÜV\�G 0"Uì½

Â

‖10nx0‖ =


0.an+1an+2 · · · , e 0.an+1an+2 · · · 6

1

2
,

1− 0.an+1an+2 · · · , e 0.an+1an+2 · · · >
1

2
.

yé?¿���êm½Â hmXeµ

hm =

−10−m, e am = 4½ 9,

10−m, Ù¦�/.
(10.24)

K lim
m→∞

hm = 0§¿�

f(x0 + hm)− f(x0)

hm
=
∞∑
n=0

1

hm

(
‖10n(x0 + hm)‖

10n
− ‖10nx0‖

10n

)
6©ù�~fdWeierstrass3 1874c�&w�P. Du Bois−Reymond§¿d�öu 1875cuL[16]"
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=

∞∑
n=0

±10m · ‖10n(x0 ± 10−m)‖ − ‖10nx0‖
10n

, (10.25)

Ù¥�KÒ©OéAu (10.24)ª¥�ü«�¹"N´�y§

‖10n(x0 ± 10−m)‖ − ‖10nx0‖ =

0, � n > m�,

10n−m½ − 10n−m, � 0 6 n < m�.

Ïd (10.25)¥�?ê��� n > m�� 0§� 0 6 n < m�� ±1§l


f(x0 + hm)− f(x0)

hm

´���ê§��mäk�Ó�Ûó5"ù`²ê�

{
f(x0 + hm)− f(x0)

hm

}
´d

Ûó�m��ê|¤§§�,Ø�UÂñ"ùÒy²
 f(x)3 x0?Ø��"

SSS KKK 10.8

1. y²é?¿� x /∈ Z<0 k Π(x + 1) = (x + 1)Π(x)§?
é x /∈ Z60 ��
Γ(x+ 1) = xΓ(x)"

2. � α > 0§y²é?¿� x ∈ (−1, 1)k

1

(1− x)α
=
∞∑
n=0

Γ(n+ α)

n! Γ(α)
xn.

3. � x /∈ Z60§y²
1

Γ(x)
= xeγx

∞∏
n=1

(
1 +

x

n

)
e−

x
n ,

Ù¥ γ ´ Euler~ê"

4. y²3 R>0þk

−Γ′(x)

Γ(x)
=

1

x
+ γ −

∞∑
n=1

(
1

n
− 1

n+ x

)
,

¿dd�� Γ′(1) = −γ"

5. y² log Γ(x)´ R>0þ�à¼ê"

6. � x /∈ Z60§y² Legendre���úª (duplication formula)

Γ
(1

2

)
Γ(2x) = 22x−1Γ(x)Γ

(
x+

1

2

)
.
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7. Jc¦^ §18.2SK 8y²{�úª (reflection formula)

Γ(x)Γ(1− x) =
π

sinπx
, ∀ x /∈ Z.

8. y² van der Waerden¤�E�ëY¼ê (10.23)3 R�?�f«mþþØü
N"

|^¼ê�?ê·��±�EÑ�^CX����/�ëY­�§Ï�ù«a

.�­��@´d G. Peanou 1890cJÑ�§¤±��¡� Peano­� (Peano

curve)"l1 9K� 11K´�|K§0�d I. J. Schoenberg[42]u 1938c¤�Ñ�

Peano­��~f"

9. � f ´½Â3 Rþ�± 2�±Ï�ó¼ê§�

f(t) =


0, e t ∈

[
0,

1

3

)
,

3t− 1, e t ∈
[1

3
,
2

3

)
,

1, e t ∈
[2

3
, 1
]
.

é?¿� t ∈ [0, 1]§-

x(t) =
∞∑
n=1

f(32n−2t)

2n
, y(t) =

∞∑
n=1

f(32n−1t)

2n
.

y²dëê�§ t 7−→ (x(t), y(t))¤�Ñ�­� C ´ u��/ [0, 1]2S�ë

Y­�"

10. é?¿�: (a, b) ∈ [0, 1]2§� a� b��?�L«©O�

a =
∞∑
n=1

an
2n
, b =

∞∑
n=1

bn
2n
,

Ù¥ an, bn ∈ {0, 1} (∀ n > 1)"y²

t0 =
2a1
3

+
2b1
32

+
2a2
33

+
2b2
34

+ · · ·+ 2an
32n−1

+
2bn
32n

+ · · ·

áu [0, 1]"

11. ÷^þK¥�PÒ§é?¿� n > 1y² f(32n−2t0) = an� f(32n−1t0) = bn§

?
�� x(t0) = a§y(t0) = b"ù�Ò`²
1 9K¥½Â�­� C CX


��/ [0, 1]2"
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N¹ ~^¼ê��?êÐmªL

ex
∞∑
n=0

xn

n!
, x ∈ R

sinx

∞∑
n=0

(−1)n

(2n+ 1)!
x2n+1, x ∈ R

cosx

∞∑
n=0

(−1)n

(2n)!
x2n, x ∈ R

log(1 + x)
∞∑
n=1

(−1)n−1

n
xn, x ∈ (−1, 1]

arcsinx
∞∑
n=0

(2n− 1)!!

(2n)!! (2n+ 1)
x2n+1, x ∈ (−1, 1)

arctanx
∞∑
n=0

(−1)n

2n+ 1
x2n+1, x ∈ [−1, 1]

1

1− x

∞∑
n=0

xn, x ∈ (−1, 1)

1

1 + x

∞∑
n=0

(−1)nxn, x ∈ (−1, 1)

(1 + x)α, α ∈ R \ Z>0
∞∑
n=0

(
α

n

)
xn, x ∈ (−1, 1)



1��Ù

222ÂÂÂÈÈÈ©©©

êÆ[´ù��«<§úª∫ +∞

−∞
e−x

2

dx =
√
π

é¦�5`ÒXÓ���oé\5

`��²w"Liouville ´��êÆ

["

—— Lord Kelvin

31lÙ¥§·�0�
½Â3k.4«mþ�k.¼ê f(x)3T«mþ�

RiemannÈ©"3�Ù¥·�ò3ü��¡éd?1ÿÐ§�´�ÄÃ.«mþ

�È©§�´ïÄk.«mþ�Ã.¼ê�È©§ùüaÈ©�Ú¡�2ÂÈ©

(improper integral) 1©"3�Ù�?Ø¥·�ò¬w�§2ÂÈ©�Ã¡?êkX�

��éX"

§ 11.1

ÃÃÃ...«««mmmþþþ���ÈÈÈ©©©

===½½½ÂÂÂ 1.1>>>� f(x)3 [a,+∞)þk½Â§¿�é?¿� A > a
ó f(x)3

[a,A]þ�È"e4�

lim
A→+∞

∫ A

a
f(x) dx

�3§K¡ f(x)3 [a,+∞)þ�È§¿¡2ÂÈ©

∫ +∞

a
f(x) dxÂñuþã4�

�§P� ∫ +∞

a
f(x) dx = lim

A→+∞

∫ A

a
f(x) dx.

1©��¡��~È©½×È©"

88
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ÄKÒ¡

∫ +∞

a
f(x) dxuÑ"

aq�±½Â2ÂÈ©

∫ a

−∞
f(x) dx �Âñ�uÑ"eé?¿� a ∈ R 
ó∫ +∞

a
f(x) dx�

∫ a

−∞
f(x) dxþÂñ§K¡2ÂÈ©

∫ +∞

−∞
f(x) dxÂñ§¿P

∫ +∞

−∞
f(x) dx =

∫ a

−∞
f(x) dx+

∫ +∞

a
f(x) dx. 2©

===~~~ 1.2>>>� a, p ∈ R§a > 0§·�5ïÄ2ÂÈ©

∫ +∞

a

dx

xp
�ñÑ5"d

ué?¿� A > ak

∫ A

a

dx

xp
=


A1−p − a1−p

1− p
, e p 6= 1,

logA− log a, e p = 1,

�


lim
A→+∞

∫ A

a

dx

xp
=


a1−p

p− 1
, e p > 1,

+∞, e p 6 1.

Ïd

∫ +∞

a

dx

xp
� p > 1�Âñ§� p 6 1�uÑ"

===~~~ 1.3>>>dué?¿� A > ak∫ A

a
sinx dx = cos a− cosA,

¤±4� lim
A→+∞

∫ A

a
sinx dxØ�3§l


∫ +∞

a
sinx dxuÑ"�,

∫ +∞

−∞
sinx dx

�uÑ"

·��e5�?Øþ´�é/X

∫ +∞

a
f(x) dx�2ÂÈ©
ó�§éu/X∫ a

−∞
f(x) dx�

∫ +∞

−∞
f(x) dx�2ÂÈ©�kaq(J"��Bå�§XJvk;

�J9§·�þb��A�¼ê3 [a,A] (∀ A > a)þ�È"

2©N´y²§ù�½Â� a�ÀJÃ'"
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===···KKK 1.4>>>� f(x)� g(x)þ3 [a,+∞)þ�È§K

(1) é?¿� b > a§f(x)3 [b,+∞)þ�È¶

(2) é?¿�¢ê αÚ β§¼ê αf(x) + βg(x)3 [a,+∞)þ�È§�∫ +∞

a

[
αf(x) + βg(x)

]
dx = α

∫ +∞

a
f(x) dx+ β

∫ +∞

a
g(x) dx.

y². ù���d½Â��" �

===½½½nnn 1.5>>>£££Cauchy ÂÂÂñññOOOKKK¤¤¤

∫ +∞

a
f(x) dxÂñ�¿�^�´µé?¿

� ε > 0§þ�3 A > 0§¦�é?¿� A1, A2 > Ak∣∣∣∣ ∫ A2

A1

f(x) dx

∣∣∣∣ < ε.

y². ù�d¼ê4�� CauchyÂñOK��" �

�e50�Ã�«mþ�2ÂÈ©Âñ5��
AÏ�O{§�?ê��/a

q§Äk5�Ä�K¼ê�2ÂÈ©"

===···KKK 1.6>>>£££'''������OOO{{{¤¤¤ � f(x)� g(x)þ´½Â3 [a,+∞)þ��K¼

ê§��3 A > a¦�3«m [A,+∞)þk f(x) 6 g(x)§@o

(1) e

∫ +∞

a
g(x) dxÂñ§K

∫ +∞

a
f(x) dxÂñ¶

(2) e

∫ +∞

a
f(x) dxuÑ§K

∫ +∞

a
g(x) dxuÑ"

y². �Iy² (1)"d f(x)��K5�§

∫ A

a
f(x) dx´'u A (> a)�4O

¼ê§¿�§�´'u A�k.¼ê§ù´Ï�

0 6
∫ A

a
f(x) dx 6

∫ A

a
g(x) dx 6

∫ +∞

a
g(x) dx.

Ïd4� lim
A→+∞

∫ A

a
f(x) dx7�3§l
2ÂÈ©

∫ +∞

a
f(x) dxÂñ" �

===íííØØØ 1.7>>>£££'''������OOO{{{���444���///ªªª¤¤¤ � f(x)� g(x)þ´½Â3 [a,+∞)

þ��K¼ê§�

lim
x→+∞

f(x)

g(x)
= C,

@o

(1) � C ∈ (0,+∞)�§

∫ +∞

a
f(x) dx�

∫ +∞

a
g(x) dxÓñÑ¶
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(2) � C = 0�§

∫ +∞

a
g(x) dxÂñ%¹

∫ +∞

a
f(x) dxÂñ¶

(3) � C = +∞�§
∫ +∞

a
g(x) dxuÑ%¹

∫ +∞

a
f(x) dxuÑ"

·��±r'��O{¥� g(x) À¤�
AÏ¼ê§l
�A/���ä∫ +∞

a
f(x) dxñÑ5��O{"~X� g(x) =

1

xp
��Xe� Cauchy�O{"

===½½½nnn 1.8>>>£££Cauchy ���OOO{{{¤¤¤ � a > 0� f(x)´ [a,+∞)þ��K¼ê§

@o

(1) e�3 p > 1¦�3 [a,+∞)þk f(x)� 1

xp
§K

∫ +∞

a
f(x) dxÂñ¶

(2) e�3 p 6 1¦�3 [a,+∞)þk f(x)� 1

xp
§K

∫ +∞

a
f(x) dxuÑ"

Cauchy�O{�kXe4�/ª"

===½½½nnn 1.9>>>£££Cauchy���OOO{{{���444���///ªªª¤¤¤� a > 0� f(x)´½Â3 [a,+∞)

þ��K¼ê"XJ

lim
x→+∞

xpf(x) = A,

@o

(1) � A ∈ [0,+∞)� p > 1�§

∫ +∞

a
f(x) dxÂñ¶

(2) � A ∈ (0,+∞)½ A = +∞� p 6 1�§

∫ +∞

a
f(x) dxuÑ"

===~~~ 1.10>>>(1) Ï�� x ∈ [1,+∞)�

| cosx|
x
√

1 + x2
6

1

x2
,

�


∫ +∞

1

| cosx|
x
√

1 + x2
dxÂñ"

(2) du� x→ +∞�
√
x3 + 1

x2 + 2x+ 2
∼ 1

x
1
2

,

¤±

∫ +∞

1

√
x3 + 1

x2 + 2x+ 2
dxuÑ"
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===~~~ 1.11>>>� a > 1§e¡5?Ø2ÂÈ©

∫ +∞

a

1

xα(log x)β
dx�ñÑ5"©

±eA«�¹µ

(1) e α > 1§Kd
α+ 1

2
> 19

lim
x→+∞

x
α+1
2 · 1

xα(log x)β
= lim

x→+∞

1

x
α−1
2 (log x)β

= 0

�

∫ +∞

a

1

xα(log x)β
dxÂñ"

(2) e α < 1§Kd
α+ 1

2
< 19

lim
x→+∞

x
α+1
2 · 1

xα(log x)β
= lim

x→+∞

x
1−α
2

(log x)β
= +∞

�

∫ +∞

a

1

xα(log x)β
dxuÑ"

(3) e α = 1§Ké?¿� A > ak

∫ A

a

1

x(log x)β
dx =


log logA− log log a, e β = 1,

(logA)1−β − (log a)1−β

1− β
, e β 6= 1.

dd�±wÑ

∫ +∞

a

1

x(log x)β
dx3 β > 1�Âñ§3 β 6 1�uÑ"

Ã�«mþ�2ÂÈ©¦<Ød�é��Ã¡?ê§eã·Kòù�öéX


å5"

===···KKK 1.12>>>

∫ +∞

a
f(x) dxÂñ�¿�^�´µéu?¿��ªu +∞�÷

v A1 > a�üN4Oê� {An}
ó§?ê

∞∑
n=1

∫ An

An−1

f(x) dx £P A0 = a¤ (11.1)

þÂñ"

y². Uì½Â§

∫ +∞

a
f(x) dx�3´�4�

lim
A→+∞

∫ A

a
f(x) dx
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�3§
d Heine8(�n�§þã4��3��=�éªu +∞�?¿4Oê�
{An} (A1 > a)
ó4�

lim
n→∞

∫ An

a
f(x) dx (11.2)

þ�3"5¿� ∫ An

a
f(x) dx =

n∑
k=1

∫ Ak

Ak−1

f(x) dx,

¤±4� (11.2)�3�du?ê (11.1)Âñ§l
·K�y" �

d Heine 8(�n·���§

∫ +∞

a
f(x) dx �3��=�éu?¿��ªu

+∞�÷v A1 > a�üN4Oê� {An}
ó§?ê (11.1)þÂñuÓ��Ú§d

�§TÚ�=´2ÂÈ©

∫ +∞

a
f(x) dx��"Ïd��¡§eUé���÷v·K

1.12¥�^��ê� {An}¦�?ê (11.1)uÑ§½é�ü�ê�¦�§�¤éA

�?ê (11.1)ØÂñuÓ��Ú§K��½

∫ +∞

a
f(x) dxuÑ",��¡§�¦^

·K 1.125�y,2ÂÈ©Âñ´'�(J�§,
§� f(x)´�K¼ê�§·

��ò·K 1.12�^�fz�XeBuA^�/ª"

===···KKK 1.13>>>� f(x)´½Â3 [a,+∞)þ��K¼ê§K

∫ +∞

a
f(x) dxÂñ

�¿�^�´µ�3��ªu +∞�÷v A1 > a�üN4Oê� {An}¦�?ê
(11.1)Âñ 3©"

y². �Iy¿©5=�"d f �K�∫ A

a
f(x) dx

´'u A�üN4O¼ê§�Ù�Ø�L?ê (11.1)�Ú§Ïd4�

lim
A→+∞

∫ A

a
f(x) dx

7�3§l


∫ +∞

a
f(x) dxÂñ" �

3©e f(x)Ø´�K¼ê§Kù�·K�7¤á§~Xd~ 1.3�

∫ +∞

π
2

sinxdxuÑ§�´?ê

∞∑
n=1

∫ (n+ 1
2
)π

(n− 1
2
)π

sinxdx

Âñ",
XJé f(x)9 {An}2O\�
��^�§´�±�y�Ñ¤I(Ø�§ë�SK 6"
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===~~~ 1.14>>>y²2ÂÈ©

∫ +∞

0

dx

1 + x3 sin2 x
Âñ"

y². Uì·K 1.13§·��Iy²?ê

∞∑
n=0

∫ (n+1)π

nπ

dx

1 + x3 sin2 x
(11.3)

Âñ=�"5¿�∫ (n+1)π

nπ

dx

1 + x3 sin2 x
=

∫ π

0

dx

1 + (x+ nπ)3 sin2 x

6
∫ π

0

dx

1 + n3 sin2 x
= 2

∫ π
2

0

dx

1 + n3 sin2 x

= 2

∫ π
4

0

dx

1 + n3 sin2 x
+ 2

∫ π
2

π
4

dx

1 + n3 sin2 x
,

Ù¥∫ π
4

0

dx

1 + n3 sin2 x
=

∫ π
4

0

dx

cos2 x+ (n3 + 1) sin2 x
=

∫ π
4

0

d(tanx)

1 + (n3 + 1) tan2 x

=
1√

n3 + 1
arctan

√
n3 + 1 <

π

2n
3
2

,


 ∫ π
2

π
4

dx

1 + n3 sin2 x
6
∫ π

2

π
4

dx
1
2n

3
=

π

2n3
.

Ïd ∫ (n+1)π

nπ

dx

1 + x3 sin2 x
< π

(
1

n
3
2

+
1

n3

)
,

l
?ê (11.3)Âñ§?
�2ÂÈ©Âñ" �

e¡·�=
?Ø�È¼ê3È©«mþ���K��/"�?êaq§�A

/�k Abel�O{Ú Dirichlet�O{§§��Ä:´e¡�È©1�¥�½n§

ù´��� Abel¦Úúª£1ÊÙ½n 3.1¤aq�(J§

===½½½nnn 1.15>>>£££ÈÈÈ©©©111���¥¥¥���½½½nnn¤¤¤ � f(x)3 [a, b]þ�È§g(x)3 [a, b]þ

üN��K§

(1) e g(x)üN4~§K�3 ξ ∈ [a, b]¦�∫ b

a
f(x)g(x) dx = g(a)

∫ ξ

a
f(x) dx;
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(2) e g(x)üN4O§K�3 ξ ∈ [a, b]¦�∫ b

a
f(x)g(x) dx = g(b)

∫ b

ξ
f(x) dx.

y². (1) d f(x)3 [a, b]þ�È�Ù3 [a, b]þk.§=�3 ρ > 0¦�

|f(x)| 6 ρ, ∀ x ∈ [a, b].

d	§d g(x)3 [a, b]þüN�Ù3 [a, b]þ�È§u´é?¿� ε > 0§�3 δ > 0§

¦�éu [a, b]�÷vmax
i

∆xi < δ�?¿�|©:

a = x0 < x1 < · · · < xn = b (11.4)

þk
n∑
i=1

ωi∆xi < ε,

Ù¥ ωi ´ g(x)3 [xi−1, xi]þ��Ì"y3·�?��|÷v max
i

∆xi < δ�©:

(11.4)"Kk∫ b

a
f(x)g(x) dx =

n∑
i=1

∫ xi

xi−1

f(x)g(x) dx

=
n∑
i=1

g(xi−1)

∫ xi

xi−1

f(x) dx+
n∑
i=1

∫ xi

xi−1

f(x)
(
g(x)− g(xi−1)) dx

=
n∑
i=1

g(xi−1)

∫ xi

xi−1

f(x) dx+O

( n∑
i=1

∫ xi

xi−1

ρωi dx

)

=

n∑
i=1

g(xi−1)

∫ xi

xi−1

f(x) dx+O

(
ρ

n∑
i=1

ωi∆xi

)

=
n∑
i=1

g(xi−1)
(
F (xi)− F (xi−1)

)
+O(ρε), (11.5)

Ù¥

F (x) =

∫ x

a
f(x) dx.

d1lÙ½n 4.8� F (x)3 [a, b]þëY§l
 F (x)3T«mþU�����Ú�

��§·�PM = max
x∈[a,b]

F (x)§m = min
x∈[a,b]

F (x)"|^©Ü¦Ú£1ÊÙ½n 3.1¤
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��£5¿� F (x0) = F (a) = 0¤

n∑
i=1

g(xi−1)
(
F (xi)− F (xi−1)

)
= g(xn−1)

(
F (xn)− F (x0)

)
+
n−1∑
i=1

(
g(xi−1)− g(xi)

)(
F (xi)− F (x0)

)
= g(xn−1)F (xn) +

n−1∑
i=1

(
g(xi−1)− g(xi)

)
F (xi).

Ï� g(x)3 [a, b]þüN4~��K§�


n∑
i=1

g(xi−1)
(
F (xi)− F (xi−1)

)
6M

[
g(xn−1) +

n−1∑
i=1

(
g(xi−1)− g(xi)

)]
= Mg(x0) = Mg(a).

Ó�§

n∑
i=1

g(xi−1)
(
F (xi)− F (xi−1)

)
> m

[
g(xn−1) +

n−1∑
i=1

(
g(xi−1)− g(xi)

)]
= mg(a).

ò±þüª�\ (11.5)=�

mg(a) +O(ρε) 6
∫ b

a
f(x)g(x) dx 6Mg(a) +O(ρε),

2- ε→ 0+§·��ª��

mg(a) 6
∫ b

a
f(x)g(x) dx 6Mg(a).

Ïd�3 η ∈ [m,M ]¦� ∫ b

a
f(x)g(x) dx = ηg(a).

5¿� F (x)3 [a, b]þëY§�d0�½n��3 ξ ∈ [a, b]¦� F (ξ) = η§u´∫ b

a
f(x)g(x) dx = g(a)F (ξ) = g(a)

∫ ξ

a
f(x) dx.
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(2) �,§·��±^aq��{�y² g(x)üN4O��/§�´XeCþ

O���ªw��{'"N´wÑ∫ b

a
f(x)g(x) dx =

∫ b

a
f(a+ b− t)g(a+ b− t) dt.

d g(x)3 [a, b]þüN4O�� g(a+ b− t)3 [a, b]þüN4~§u´d (1)��3

ξ ∈ [a, b]¦�∫ b

a
f(x)g(x) dx = g(b)

∫ ξ

a
f(a+ b− t) dt = g(b)

∫ b

a+b−ξ
f(x) dx.

5¿� a+ b− ξ ∈ [a, b]§l
 (2)�y" �

XJ�ØK g��K5���§KkXe��/ª�(Ø"

===½½½nnn 1.16>>>£££ÈÈÈ©©©111���¥¥¥���½½½nnn¤¤¤ � f(x)3 [a, b]þ�È§g(x)3 [a, b]þ

üN§K�3 ξ ∈ [a, b]¦�∫ b

a
f(x)g(x) dx = g(a)

∫ ξ

a
f(x) dx+ g(b)

∫ b

ξ
f(x) dx. (11.6)

y². e g(x)üN4~§K g(x) − g(b)�üN4~��K§u´d½n 1.15

(1)��3 ξ ∈ [a, b]¦�∫ b

a
f(x)[g(x)− g(b)] dx = [g(a)− g(b)]

∫ ξ

a
f(x) dx,

d= (11.6)"� g(x)üN4O�·���^½n 1.15 (2)�Ñaqy²" �

k
±þO�ó�§·��±50� Abel�O{Ú Dirichlet�O{
"

===½½½nnn 1.17>>>£££Abel���OOO{{{¤¤¤ � f(x)3 [a,+∞)þ�È§g(x)3 [a,+∞)þ

üN�k.§K

∫ +∞

a
f(x)g(x) dxÂñ"

y². Ï� f(x)3 [a,+∞)þ�È§�dCauchyÂñOK�§é?¿� ε > 0§

�3 A > a§¦�� A2 > A1 > A�k∣∣∣∣ ∫ A2

A1

f(x) dx

∣∣∣∣ < ε.

u´é?¿� B2 > B1 > A§3«m [B1, B2]þA^È©1�¥�½n�§�3

ξ ∈ [B1, B2]¦�∫ B2

B1

f(x)g(x) dx = g(B1)

∫ ξ

B1

f(x) dx+ g(B2)

∫ B2

ξ
f(x) dx = O(ε),
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2d CauchyÂñOKB�íÑ

∫ +∞

a
f(x)g(x) dxÂñ" �

===½½½nnn 1.18>>>£££Dirichlet ���OOO{{{¤¤¤ b�¼ê F (A) =

∫ A

a
f(x) dx3 [a,+∞)

þk.§g(x)3 [a,+∞)þüN� lim
x→+∞

g(x) = 0§@o2ÂÈ©

∫ +∞

a
f(x)g(x) dx

Âñ"

y². d lim
x→+∞

g(x) = 0�§é?¿� ε > 0§�3 A > a§¦�� x > A�k

|g(x)| < ε"u´é?¿�A2 > A1 > A§dÈ©1�¥�½n�§�3 ξ ∈ [A1, A2]

¦�∫ A2

A1

f(x)g(x) dx = g(A1)

∫ ξ

A1

f(x) dx+ g(A2)

∫ A2

ξ
f(x) dx

= g(A1)
(
F (ξ)− F (A1)

)
+ g(A2)

(
F (A2)− F (ξ)

)
= O(ε).

Ïdd CauchyÂñOK�íÑ

∫ +∞

a
f(x)g(x) dxÂñ" �

===~~~ 1.19>>>� α > 0§y²

∫ +∞

1

sinx

xα
dx�

∫ +∞

1

cosx

xα
dxþÂñ"

y². é?¿� A > 1k∣∣∣∣ ∫ A

1
sinx dx

∣∣∣∣ = | cosA− cos 1| 6 2,

�d Dirichlet�O{�

∫ +∞

1

sinx

xα
dxÂñ"Ón�y

∫ +∞

1

cosx

xα
dxÂñ" �

2ÂÈ©�kýéÂñÚ^�Âñ�Vg"

===½½½ÂÂÂ 1.20>>>� f(x)3 [a,+∞)þk½Â§e

∫ +∞

a
|f(x)|dxÂñ§K¡2

ÂÈ©

∫ +∞

a
f(x) dx ýéÂñ"XJ

∫ +∞

a
f(x) dx Âñ�ØýéÂñ§K¡�

�^�Âñ�"

===···KKK 1.21>>>e

∫ +∞

a
f(x) dxýéÂñ§KÙ7Âñ"

y². ù�d∣∣∣∣ ∫ A2

A1

f(x) dx

∣∣∣∣ 6 ∫ A2

A1

|f(x)| dx, ∀ A2 > A1 > a

9 CauchyÂñOK��" �
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===~~~ 1.22>>>� α > 0§�ä

∫ +∞

1

sinx

xα
dx�ýéÂñ5Ú^�Âñ5"

). � α > 1�§d
| sinx|
xα

6
1

xα

9'��O{�

∫ +∞

1

sinx

xα
dxýéÂñ"

y� 0 < α 6 1"d~ 1.19�

∫ +∞

1

sinx

xα
dxÂñ§eyÈ©

∫ +∞

1

| sinx|
xα

dx

uÑ"Ï�
| sinx|
xα

>
sin2 x

xα
=

1

2xα
− cos 2x

2xα
,

¿���¡d Dirichlet �O{�

∫ +∞

1

cos 2x

xα
dx Âñ§,��¡d~ 1.2 ��

0 < α 6 1�

∫ +∞

1

1

xα
dxuÑ§�


∫ +∞

1

| sinx|
xα

dxuÑ"¤±� 0 < α 6 1�È

©

∫ +∞

1

sinx

xα
dx^�Âñ" �

3�!��§·�50�2ÂÈ©Ì��Vg"

===½½½ÂÂÂ 1.23>>>� f(x)3 Rþk½Â§�3?�k�4«mþ�È"XJ

lim
A→+∞

∫ A

−A
f(x) dx

�3§Kòþã4��¡�2ÂÈ©

∫ +∞

−∞
f(x) dx� CauchyÌ�§P�

P.V.

∫ +∞

−∞
f(x) dx.

e

∫ +∞

−∞
f(x) dxÂñ§�,k

P.V.

∫ +∞

−∞
f(x) dx =

∫ +∞

−∞
f(x) dx.

�3���¹e§CauchyÌ��3¿Ø%¹2ÂÈ©Âñ"~X

∫ +∞

−∞
sinx dxu

Ñ§�´

P.V.

∫ +∞

−∞
sinx dx = lim

A→+∞

∫ A

−A
sinx dx = 0.
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SSS KKK 11.1

1. y²íØ 1.7"

2. �äe�2ÂÈ©�ñÑ5µ

(1)

∫ +∞

0

√
x

x2 + x+ 2
dx¶ (2)

∫ +∞

1

arctanx

x
√

1 + x2
dx¶

(3)

∫ +∞

1

log(1 + x)

xα
dx¶ (4)

∫ +∞

0
xαe−x dx (α > 0)¶

(5)

∫ +∞

3

1

(log x)log log x
dx¶ (6)

∫ +∞

1

(
1√
x
−
√

log
1 + x

x

)
dx¶

(7)

∫ +∞

1
log

(
sin

1

x
+ cos

1

x

)
dx¶ (8)

∫ +∞

1

1

1 + x| sinx|
dx¶

(9)

∫ +∞

1

x− [x]− 1
2√

x
dx¶ (10)

∫ +∞

1

sinx

x1−
1
x

dx"

3. ¦e�2ÂÈ©� CauchyÌ�µ

(1)

∫ +∞

−∞

1 + x

1 + x2
dx¶ (2)

∫ +∞

−∞
arctanx dx"

4. � f ´½Â3 Rþ��K¼ê§� CauchyÌ� P.V.

∫ +∞

−∞
f(x) dx�3§y

²

∫ +∞

−∞
f(x) dxÂñ�

∫ +∞

−∞
f(x) dx = P.V.

∫ +∞

−∞
f(x) dx.

5. y²

∫ +∞

1

(
1

[x]
− 1

x

)
dx = γ§Ù¥ γ ´ Euler~ê"

6. � f ´½Â3 [a,+∞)þ�¼ê§�é?¿� A > a§f 3 [a,A]þ�È"e

�3ªu +∞�÷v A1 > a�üN4Oê� {An}¦�?ê

∞∑
n=1

∫ An+1

An

f(x) dx

Âñ§�éz� n ∈ Z>1§¼ê f 3 (An, An+1)þØCÒ"y²

∫ +∞

a
f(x) dx

Âñ"

7. y²

∫ +∞

1

(−1)[
√
x ]

x
dxÂñ"
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8. �

∫ +∞

a
f(x) dxýéÂñ§@o

∫ +∞

a
f(x)2 dx´Ä�½Âñº

9. � f 3 [a,+∞)þ�KëY�

∫ +∞

a
f(x) dxÂñ§Þ~`² lim

x→+∞
f(x) = 0

�7¤á"

10. � f 3 [a,+∞)þ��ëY�

∫ +∞

a
f(x) dxÂñ§y² lim

x→+∞
f(x) = 0"

11. � f 3 [a,+∞)þüN4~��K§y²

∫ +∞

a
f(x) dx�

∫ +∞

a
f(x) sin2 x dx

ÓñÑ"

12. � f 3 [a,+∞)þüN�

∫ +∞

a
f(x) dxÂñ§y² lim

x→+∞
xf(x) = 0"

13. b�¼ê g(x)3 [a, b]þ�È§f(x)3 [a, b]þ��§
g(x)

f ′(x)
3 [a, b]þüN�∣∣∣∣f ′(x)

g(x)

∣∣∣∣ > m > 0"y²

∣∣∣∣ ∫ b

a
g(x) cos f(x) dx

∣∣∣∣ 6 2

m
.

14. � f ´½Â3 [a,+∞)þ�¼ê§�é?¿� A > a§f 3 [a,A]þ�È"P

f+(x) =
|f(x)|+ f(x)

2
, f−(x) =

|f(x)| − f(x)

2
.

y²µ

(1) e

∫ +∞

a
f(x) dxýéÂñ§K

∫ +∞

a
f+(x) dx�

∫ +∞

a
f−(x) dxþÂñ§

� ∫ +∞

a
f(x) dx =

∫ +∞

a
f+(x) dx−

∫ +∞

a
f−(x) dx.

(2) e

∫ +∞

a
f(x) dx^�Âñ§K

∫ +∞

a
f+(x) dx�

∫ +∞

a
f−(x) dxþuÑu

+∞§�� x→ +∞�k∫ x

a
f+(t) dt ∼

∫ x

a
f−(t) dt.
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§ 11.2

kkk...«««mmmþþþ���ÃÃÃ...¼¼¼êêê���ÈÈÈ©©©

XJ¼ê f(x)3: x0 �?¿�%��£½���§½m��¤SÃ.§@o

·�Ò¡ x0 ´ f(x)���Û: (singularity)½×:"~X 0´ f(x) =
1

x
�Û:"

3�!¥·�ò3ù«�/e?Ø�A�2ÂÈ©"

===½½½ÂÂÂ 2.1>>>� f(x) 3«m (a, b] þk½Â§a ´ f(x) �Û:§�é?¿�

c ∈ (a, b]
ó f(x)3 [c, b]þ�È"e4�

lim
c→a+

∫ b

c
f(x) dx (11.7)

�3§K¡2ÂÈ©

∫ b

a
f(x) dxÂñ§¿òþã4��¡�ù�2ÂÈ©��§P

� ∫ b

a
f(x) dx = lim

c→a+

∫ b

c
f(x) dx.

e (11.7)¥�4�Ø�3§Ò¡2ÂÈ©

∫ b

a
f(x) dxuÑ"

aq/§e f(x)3 [a, b)�?�4f«mþ�È� b´ f(x)�Û:§K^4�

lim
c→b−

∫ c

a
f(x) dx

��3�Ä5½Â2ÂÈ©

∫ b

a
f(x) dx�ÂñÚuÑ"d	§XJ f(x)3 [a, c)Ú

(c, b]�?�4f«mþ�È� c´ f(x)�Û:§@o�

∫ c

a
f(x) dx�

∫ b

c
f(x) dx

þÂñ�·�¡

∫ b

a
f(x) dxÂñ§¿P

∫ b

a
f(x) dx =

∫ c

a
f(x) dx+

∫ b

c
f(x) dx.

===~~~ 2.2>>>?Ø2ÂÈ©

∫ b

a

dx

(x− a)p
(p > 0)�ñÑ5"

). 3ùp a´Û:"dué?¿� c ∈ (a, b]k

∫ b

c

dx

(x− a)p
=


log(b− a)− log(c− a), e p = 1,

(b− a)1−p − (c− a)1−p

1− p
, e p 6= 1,
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Ïd

lim
c→a+

∫ b

c

dx

(x− a)p
=


(b− a)1−p

1− p
, e 0 < p < 1,

+∞, e p > 1.

�
2ÂÈ©

∫ b

a

dx

(x− a)p
� 0 < p < 1�Âñ§� p > 1�uÑ" �

�!¥¤?Ø�2ÂÈ©Pk�Ã.«mþ�2ÂÈ©aq�5�§3d=ò

�A(Ø�Ñ
Ø�y²"��Bå�§3e¡�?Ø¥§XJvk;�J9§·

�þb��A�¼ê3 (a, b]�?¿4f«mþ�È§� x = a´T¼ê=k�Û

:"

===···KKK 2.3>>>�

∫ b

a
f(x) dx�

∫ b

a
g(x) dxþÂñ§@o

(1) é?¿� b′ ∈ (a, b)§

∫ b′

a
f(x) dxÂñ¶

(2) é?¿�¢ê αÚ β§

∫ b

a

[
αf(x) + βg(x)

]
dxÂñ§�

∫ b

a

[
αf(x) + βg(x)

]
dx = α

∫ b

a
f(x) dx+ β

∫ b

a
g(x) dx.

===½½½nnn 2.4>>>£££Cauchy ÂÂÂñññOOOKKK¤¤¤

∫ b

a
f(x) dxÂñ�¿�^�´µé?¿�

ε > 0§�3 δ > 0§¦�é?¿� η, η′ ∈ (0, δ)k∣∣∣∣ ∫ a+η′

a+η
f(x) dx

∣∣∣∣ < ε.

===···KKK 2.5>>>£££'''������OOO{{{¤¤¤ �3 a�,�m��Sk 0 6 f(x) 6 g(x)§@o

(1)

∫ b

a
g(x) dxÂñ%¹

∫ b

a
f(x) dxÂñ¶

(2)

∫ b

a
f(x) dxuÑ%¹

∫ b

a
g(x) dxuÑ"

===íííØØØ 2.6>>>£££'''������OOO{{{���444���///ªªª¤¤¤ � f(x)� g(x)þ3 (a, b]þ�K§�

lim
x→a+

f(x)

g(x)
= C,

@o
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(1) � C ∈ (0,+∞)�§

∫ b

a
f(x) dx�

∫ b

a
g(x) dxÓñÑ¶

(2) � C = 0�§

∫ b

a
g(x) dxÂñ%¹

∫ b

a
f(x) dxÂñ¶

(3) � C = +∞�§
∫ b

a
g(x) dxuÑ%¹

∫ b

a
f(x) dxuÑ"

ò (a, b]þ��K¼ê�
1

(x− a)p
'���e¡� Cauchy�O{"

===½½½nnn 2.7>>>£££Cauchy���OOO{{{¤¤¤ � f(x)´½Â3 (a, b]þ��K¼ê"

(1) e�3 p < 1¦� f(x)� 1

(x− a)p
§K

∫ b

a
f(x) dxÂñ¶

(2) e�3 p > 1¦� f(x)� 1

(x− a)p
§K

∫ b

a
f(x) dxuÑ¶

(3) e lim
x→a+

(x−a)pf(x) = A§@o�A ∈ [0,+∞)� p < 1�

∫ b

a
f(x) dxÂñ¶�

A ∈ (0,+∞)½ A = +∞§� p > 1�

∫ b

a
f(x) dxuÑ"

===~~~ 2.8>>>?Ø2ÂÈ©

∫ 2

1

log x

(x− 1)p
dx (p > 0)�ñÑ5"

). x = 1´�È¼ê=k�Û:"du� x → 1+ �
log x

(x− 1)p
∼ 1

(x− 1)p−1
§

�
TÈ©3 p < 2�Âñ§3 p > 2�uÑ" �

===~~~ 2.9>>>�ä

∫ ∞
0

dx

xp|1− x|q
(p > 0, q > 0)�ñÑ5"

). ©O�Ä ∫ 2

0

dx

xp|1− x|q
�

∫ ∞
2

dx

xp|1− x|q
. (11.8)

du� x → +∞� 1

xp(x− 1)q
∼ 1

xp+q
§� (11.8)¥1��È©� p + q > 1�Â

ñ§� p+ q 6 1�uÑ"

e¡�Ä (11.8)¥�1��È©§�È¼êkü�Û:§= x = 0Ú x = 1"

du� x → 0+ �
1

xp|1− x|q
∼ 1

xp
§� x → 1�

1

xp|1− x|q
∼ 1

|1− x|q
§�
ù�

È©Âñ��=� p < 1� q < 1"

nþ§

∫ ∞
0

dx

xp|1− x|q
(p > 0, q > 0)� p < 1§q < 1� p+ q > 1�Âñ§


3Ù{�/uÑ" �
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===½½½nnn 2.10>>>£££Abel���OOO{{{¤¤¤ � f(x)� g(x)þ3 (a, b]þk½Â§x = a´

f(x)�Û:"e

∫ b

a
f(x) dxÂñ� g(x)3 (a, b]þüNk.§@o

∫ b

a
f(x)g(x) dx

Âñ"

===½½½nnn 2.11>>>£££Dirichlet ���OOO{{{¤¤¤ � f(x)� g(x)þ´½Â3 (a, b]þ�¼

ê§x = a´ f(x)�Û:"XJ¼ê F (c) =

∫ b

c
f(x) dx3 (a, b]þk.§� g(x)3

(a, b]þüN¿÷v lim
x→a+

g(x) = 0§@o

∫ b

a
f(x)g(x) dxÂñ"

===½½½ÂÂÂ 2.12>>>� f(x) ´½Â3 (a, b] þ�¼ê§x = a ´ f(x) �Û:"e∫ b

a
|f(x)| dxÂñ§K¡

∫ b

a
f(x) dxýéÂñ"e

∫ b

a
f(x) dxÂñ�ØýéÂñ§

K¡��^�Âñ�"

N´y²§ýéÂñ�2ÂÈ©7Âñ"

===½½½ÂÂÂ 2.13>>>� f(x)3 [a, c)Ú (c, b]þk½Â§� c´ f(x)�Û:"e

lim
η→0+

[ ∫ c−η

a
f(x) dx+

∫ b

c+η
f(x) dx

]

�3§Kòþã4��¡�2ÂÈ©

∫ b

a
f(x) dx� CauchyÌ�§P�

P.V.

∫ b

a
f(x) dx.

e

∫ b

a
f(x) dxÂñ§�,k

P.V.

∫ b

a
f(x) dx =

∫ b

a
f(x) dx.

�3���¹e§CauchyÌ��3¿Ø%¹2ÂÈ©Âñ"

SSS KKK 11.2

1. �äe�2ÂÈ©�ñÑ5µ

(1)

∫ 1
2

0

dx

log x
¶ (2)

∫ 1

0
xp logq x dx (p, q ∈ R)¶
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(3)

∫ π
2

0

dx

sinp x cosq x
(p > 0, q > 0)¶ (4)

∫ +∞

0
xp−1e−x dx (p ∈ R)¶

(5)

∫ +∞

0

dx

|x− 1|p · |x− 2|q
(p > 0, q > 0)¶ (6)

∫ +∞

0

sinx

xp
dx (p > 0)"

2. ¦e�2ÂÈ©� CauchyÌ�µ

(1)

∫ 3

0

dx

1− x2
¶ (2)

∫ 2

1
2

dx

x log x
"

3. � f(x)´ (0, 1]þ�üN¼ê§� x = 0´ f ���Û:"y²

∫ 1

0
f(x) dx

Âñ��=�4� lim
n→∞

1

n

n∑
k=1

f
(k
n

)
�3§¿��ù�2ÂÈ©Âñ�k

lim
n→∞

1

n

n∑
k=1

f
(k
n

)
=

∫ 1

0
f(x) dx.

4. - f(x) =
1

x
− 1

1− x
§y² f(x)3 (0, 1)þüN§�4� lim

n→∞

1

n

n−1∑
k=1

f
(k
n

)
�

3§�´

∫ 1

0
f(x) dxuÑ"5¿ò�K�þK�'�"

5. � f(x)´ (0, 1]þ�üN¼ê§x = 0´ f ���Û:§�

∫ 1

0
f(x) dxÂñ§

@o´Äé?¿À�� ξk ∈
(
k − 1

n
,
k

n

]
(1 6 k 6 n)þk

∫ 1

0
f(x) dx = lim

n→∞

1

n

n∑
k=1

f(ξk) ?

§ 11.3

222ÂÂÂÈÈÈ©©©���OOO���

�!�Ì�8�´0�2ÂÈ©��
Ä�O��{"

===½½½nnn 3.1>>>£££Newton−Leibnizúúúªªª¤¤¤ � (a, b)´��«m£a�±´ −∞§

b�±´ +∞¤§f 3 (a, b)�?¿4f«mþ�È�2ÂÈ©

∫ b

a
f(x) dxÂñ"q

� f(x)3 (a, b)þk�¼ê F (x)§�4� lim
x→a+

F (x)� lim
x→b−

F (x)þ�3§@o

∫ b

a
f(x) dx = lim

x→b−
F (x)− lim

x→a+
F (x).
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y². é?¿� [c, d] ⊆ (a, b)§d Newton−Leibnizúª£1lÙ½n 5.1¤�∫ d

c
f(x) dx = F (d)− F (c).

- c→ a+§d→ b−=�(Ø" �

3½n 3.1�^�e§��Bå�§Ï~P

lim
x→b−

F (x)− lim
x→a+

F (x) = F (x)

∣∣∣∣b
a

.

===~~~ 3.2>>>O�

∫ +∞

−∞

dx

1 + x2
"

). d½n 3.1� ∫ +∞

−∞

dx

1 + x2
= arctanx

∣∣∣∣+∞
−∞

= π.

�

===···KKK 3.3>>> � (a, b)´��«m£a�±´ −∞§b�±´ +∞¤§ϕ´½Â
3 (a, b)þ�î�üN����¼ê"yP

α = lim
t→a+

ϕ(t), β = lim
t→b−

ϕ(t),

¿b� f 3 (α, β)�?¿4f«mþ�È§@o

∫ β

α
f(x) dx�

∫ b

a
f(ϕ(t))ϕ′(t) dt

ÓñÑ§�3�ö�Âñ�k∫ β

α
f(x) dx =

∫ b

a
f(ϕ(t))ϕ′(t) dt.

y². d1lÙ·K 5.4�§é (a, b)�?¿4f«m [c, d]k∫ ϕ(d)

ϕ(c)
f(x) dx =

∫ d

c
f(ϕ(t))ϕ′(t) dt.

db�^�� t → a+ ��=� ϕ(t) → α§t → b− ��=� ϕ(t) → β§Ïd-

c→ a+§d→ b−=�(Ø" �

===~~~ 3.4>>>� b > a§O�

∫ b

a

dx√
(x− a)(b− x)

"

). �CþO� x = a cos2 t+ b sin2 t (t ∈ [0, π2 ])��∫ b

a

dx√
(x− a)(b− x)

=

∫ π
2

0

(b− a) sin 2tdt√
[(b− a) sin2 t] · [(b− a) cos2 t]

= 2

∫ π
2

0
dt = π.

�
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===···KKK 3.5>>>£££©©©ÜÜÜÈÈÈ©©©{{{¤¤¤ � (a, b) ´��«m£a �±´ −∞§b �±´
+∞¤§f(x)� g(x)þ3 (a, b)þëY��§�4�

lim
x→a+

f(x)g(x) � lim
x→b−

f(x)g(x)

þ�3"@o�2ÂÈ©∫ b

a
f(x)g′(x) dx �

∫ b

a
f ′(x)g(x) dx

¥k��Âñ�§,��7Âñ§�k∫ b

a
f(x)g′(x) dx = f(x)g(x)

∣∣∣∣b
a

−
∫ b

a
f ′(x)g(x) dx,

Ù¥

f(x)g(x)

∣∣∣∣b
a

= lim
x→b−

f(x)g(x)− lim
x→a+

f(x)g(x).

y². é?¿� [c, d] ⊆ (a, b)§d1lÙ·K 5.10£©ÜÈ©{¤�∫ d

c
f(x)g′(x) dx = f(x)g(x)

∣∣∣∣d
c

−
∫ d

c
f ′(x)g(x) dx.

- c→ a+§d→ b−=�(Ø" �

===~~~ 3.6>>>O�

∫ 1

0

log x√
x

dx"

). d©ÜÈ©��∫ 1

0

log x√
x

dx = 2

∫ 1

0
log x d

√
x = 2

√
x log x

∣∣∣∣1
0

− 2

∫ 1

0

1√
x

dx

= −2

∫ 1

0

1√
x

dx = −4.

�

��·�ÏLO�n�AÏ�2ÂÈ©5(å�!"

===~~~ 3.7>>>O� EulerÈ©

I =

∫ π
2

0
log sinx dx.

). �CþO� x = 2t§¿|^ sin 2t = 2 sin t cos t��

I = 2

∫ π
4

0
log sin 2tdt =

π

2
log 2 + 2

∫ π
4

0
log sin tdt+ 2

∫ π
4

0
log cos t dt. (11.9)



11.3 2ÂÈ©�O� 109

du ∫ π
4

0
log cos t dt =

∫ π
4

π
2

log cos
(π

2
− t
)

d
(π

2
− t
)

=

∫ π
2

π
4

log sin tdt,

�\ (11.9)��

I =
π

2
log 2 + 2

∫ π
2

0
log sin t dt =

π

2
log 2 + 2I,

Ïd I = −π
2

log 2" �

===~~~ 3.8>>>� a, b´ü��ê§O� FroullaniÈ©∫ +∞

0

f(ax)− f(bx)

x
dx,

Ù¥ f(x)3 [0,+∞)þëY§� lim
x→+∞

f(x) = A"

). é?¿� [ε,M ] ⊆ (0,+∞)k∫ M

ε

f(ax)− f(bx)

x
dx =

∫ M

ε

f(ax)

x
dx−

∫ M

ε

f(bx)

x
dx

=

∫ aM

aε

f(x)

x
dx−

∫ bM

bε

f(x)

x
dx

=

∫ bε

aε

f(x)

x
dx−

∫ bM

aM

f(x)

x
dx.

dÈ©1�¥�½n�§�3 u aε� bε�m� ξ ±9 u aM � bM �m� η

¦� ∫ bε

aε

f(x)

x
dx = f(ξ)

∫ bε

aε

dx

x
= f(ξ) log

b

a

±9 ∫ bM

aM

f(x)

x
dx = f(η)

∫ bM

aM

dx

x
= f(η) log

b

a
.

u´ ∫ M

ε

f(ax)− f(bx)

x
dx = [f(ξ)− f(η)] log

b

a
.

y- ε→ 0+§M → +∞§Kk ξ → 0+9 η → +∞§l
��∫ +∞

0

f(ax)− f(bx)

x
dx = [f(0)−A] log

b

a
.

�
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þ~¥�¦4� lim
x→+∞

f(x)�3§ùéu,
ëY¼ê f 
ó´Ã{÷v�"

�ù�4�Ø�3�§·���±é f Ö¿�
^�¦� FroullaniÈ©�±�O

�Ñ5§ë�SK 8"

===~~~ 3.9>>>y²µé?¿� s > 0k

Γ(s) =

∫ +∞

0
e−xxs−1 dx. (11.10)

y². N´�y (11.10)m>�2ÂÈ©3 s > 0�Âñ§e¡5y²§�u

Γ(s)"31�Ù~ 8.1¥·�½Â
 Γ¼ê

1

Γ(s)
= s

∞∏
n=1

(
1 +

s

n

)(
1 +

1

n

)−s
, ∀ s /∈ Z60,

Ïd§� s > 0�k

Γ(s) =
1

s

∞∏
n=1

(
1 +

s

n

)−1(
1 +

1

n

)s
=

1

s
· lim
N→∞

N∏
n=1

(
1 +

s

n

)−1(
1 +

1

n

)s
=

1

s
· lim
N→∞

N !

(s+ 1) · · · (s+N)
·N s.

,
ÏL�E�©ÜÈ©��

N !

s(s+ 1) · · · (s+N)
·N s = N s

∫ 1

0
(1− x)Nxs−1 dx =

∫ N

0

(
1− x

N

)N
xs−1 dx,

u´

Γ(s) = lim
N→∞

∫ N

0

(
1− x

N

)N
xs−1 dx. (11.11)

dué?¿�¢ê tk et > 1 + t§�� x ∈ [0, N ]�k

ex >
(

1 +
x

N

)N
.

d	§d BernoulliØ�ª£§2.4SK 2¤�� 0 6 t 6 1�k (1− t)N > 1−Nt§�



0 6 e−x −
(

1− x

N

)N
= e−x

[
1− ex

(
1− x

N

)N]
6 e−x

[
1−

(
1− x2

N2

)N]

6
e−xx2

N
.
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?
��∣∣∣∣ ∫ N

0
e−xxs−1 dx−

∫ N

0

(
1− x

N

)N
xs−1 dx

∣∣∣∣ 6 ∫ N

0

e−xxs+1

N
dx

<
1

N

∫ +∞

0
e−xxs+1 dx.

y- N →∞§(Ü (11.11)B��Ñ (11.10)" �

SSS KKK 11.3

1. O�e�2ÂÈ©µ

(1)

∫ 1

−1

dx√
1− x2

¶ (2)

∫ +∞

0
e−ax cos bxdx (a > 0)¶

(3)

∫ +∞

0
x2e−x dx¶ (4)

∫ 1

0
x log x dx¶

(5)

∫ 2

1

dx

x
√
x2 − 1

¶ (6)

∫ +∞

0

√
x

x2 + 1
dx¶

(7)

∫ π
2

0

x

tanx
dx¶ (8)

∫ +∞

0

arctan 10x− arctanx

x
dx"

2. b� s > 0§|^ (11.10) y² Γ(s + 1) = sΓ(s)§¿ddé��ê n �Ñ

Γ(n) = (n− 1)!"

3. � α ∈ R§O�
∫ +∞

0

1

(1 + x2)(1 + xα)
dx"

4. y²

∫ +∞

0

sin
(
x− 1

x

)
x

dx = 0"

5. � a, b > 0§�2ÂÈ©

∫ +∞

0
f

(
ax+

b

x

)
dxÂñ§y²

∫ +∞

0
f

(
ax+

b

x

)
dx =

1

a

∫ +∞

0
f
(√

x2 + 4ab
)

dx.

6. � p, q > 0§?ØÈ©

∫ +∞

0

sinxp

xq
dx�ñÑ5"

7. � p > 0§ïÄ2ÂÈ©

∫ +∞

0

sin
(
x+

1

x

)
xp

dx�ýéÂñ5Ú^�Âñ5"
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8. � f(x)3 [0,+∞)þëY§�2ÂÈ©

∫ +∞

1

f(x)

x
dxÂñ§y²µé?¿�

�¢ê a, bk ∫ +∞

0

f(ax)− f(bx)

x
dx = f(0) log

b

a
.

¿|^ù�(JO�

∫ +∞

0

cos ax− cos bx

x
dx"

9. y²

∫ 1

0

log(1− x)

x
dx = −ζ(2)"

10. y²

∫ 1

0
x−x dx =

∞∑
n=1

1

nn
"

§ 11.4

¦¦¦ÚÚÚ���ÈÈÈ©©©���mmm���éééXXX

31lÙ¥·���§½È©´ÏL RiemannÚ5½Â�§Ïd��ég,

��{´ò¦Ú�È©éXå5§(�/`§éu@
äkûÐ5��¼ê f 


ó§
∑

a<n6b
f(n)�

∫ b

a
f(x) dxAT��Øõ"�!�8�Ò´�ïáùüö�m�

éX"

·�Äk�Ñ©Ü¦Ú����~k^�È©/�§ù�(Ø��¡�©Ü¦

Ú"

===½½½nnn 4.1>>>� (an)n∈Z´ R�����x"q� a < b§¿é?¿� t ∈ [a, b]

P S(t) =
∑

a<n6t
an"Ké?¿� f ∈ C1([a, b])k

∑
a<n6b

anf(n) = S(b)f(b)−
∫ b

a
S(t)f ′(t) dt. (11.12)

y². P [a] = M§[b] = N§Kd Abel¦Úúª£1ÊÙ½n 3.1¤�∑
a<n6b

anf(n) =
∑

M<n6N

anf(n) = S(N)f(N) +
∑

M<n6N−1
S(n)(f(n)− f(n+ 1))

= S(N)f(N)−
∑

M6n6N−1
S(n)

∫ n+1

n
f ′(t) dt

= S(N)f(N)−
∑

M6n6N−1

∫ n+1

n
S(t)f ′(t) dt
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= S(N)f(N)−
∫ N

M
S(t)f ′(t) dt.

d S(t)�½Â�§� t ∈ [M,a]� S(t) = 0§�∫ a

M
S(t)f ′(t) dt = 0.

,��¡§∫ b

N
S(t)f ′(t) dt = S(b)

∫ b

N
f ′(t) dt = S(b)(f(b)− f(N)) = S(b)f(b)− S(N)f(N).

nþB�½n" �

===íííØØØ 4.2>>>� {an}´��ê�§¿P S(t) =
∑
n6t

an"q� x > 1"Ké?¿

� f ∈ C1([0, x])k ∑
n6x

anf(n) = S(x)f(x)−
∫ x

1
S(t)f ′(t) dt. (11.13)

y². Ø�� x > 1"3½n 4.1¥� a = 1§b = x=�∑
n6x

anf(n) = a1f(1) +
∑

1<n6x

anf(n)

= a1f(1) + (S(x)− a1)f(x)−
∫ x

1
(S(t)− a1)f ′(t) dt

= S(x)f(x)−
∫ x

1
S(t)f ′(t) dt.

�

½n 4.1¢�þ®²ïá
¦Ú�È©�m�éX"�·��±ÏLÀ�AÏ

� anò(J���\²(�
"

===½½½nnn 4.3>>>£££Euler¦¦¦ÚÚÚúúúªªª¤¤¤ � a < b§Ké?¿� f ∈ C1([a, b])k∑
a<n6b

f(n) =

∫ b

a
f(t) dt+

∫ b

a
f ′(t)ψ(t) dt+ f(a)ψ(a)− f(b)ψ(b), (11.14)

Ù¥ ψ(x) = x− [x]− 1

2
§� [x]L«Ø�L x����ê"

y². 3½n 4.1¥� an = 1 (∀ n > a)§K S(t) = [t]− [a]§u´∑
a<n6b

f(n) = ([b]− [a])f(b)−
∫ b

a
([t]− [a])f ′(t) dt
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= [b]f(b)− [a]f(a)−
∫ b

a
[t]f ′(t) dt

= f(a)ψ(a)− f(b)ψ(b) +

∫ b

a
f ′(t)ψ(t) dt

−
(
a− 1

2

)
f(a) +

(
b− 1

2

)
f(b)−

∫ b

a

(
t− 1

2

)
f ′(t) dt.

d©ÜÈ©�

−
∫ b

a

(
t− 1

2

)
f ′(t) dt =

(
a− 1

2

)
f(a)−

(
b− 1

2

)
f(b) +

∫ b

a
f(t) dt,

l
½n�y" �

===~~~ 4.4>>>é?¿� x > 1§d Euler¦Úúª�

∑
n6x

1

n
= 1 +

∑
1<n6x

1

n
= 1 +

∫ x

1

dt

t
−
∫ x

1

ψ(t)

t2
dt− ψ(x)

x
− 1

2

= log x−
∫ x

1

ψ(t)

t2
dt+

1

2
− ψ(x)

x

= log x+
1

2
−
∫ ∞
1

ψ(t)

t2
dt+O

(1

x

)
= log x+ γ +O

(1

x

)
,

Ù¥

γ =
1

2
−
∫ ∞
1

ψ(t)

t2
dt

´��~ê§�=´ Euler~ê"

===~~~ 4.5>>>3ù�~f¥§·�5�Ñ n!�ìCúª"

d Euler¦Úúª�§é?¿� n > 2k

log n! =
∑

1<k6n

log k =

∫ n

1
log t dt+

∫ n

1

ψ(t)

t
dt+

1

2
log n

= n log n− n+ 1 +
1

2
log n+

∫ n

1

ψ(t)

t
dt.

Ï� ψ(t)± 1�±Ï§�∫ 1

0
ψ(t) dt =

∫ 1

0

(
t− [t]− 1

2

)
dt =

∫ 1

0

(
t− 1

2

)
dt = 0,
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¤± F (A) =

∫ A

1
ψ(t) dt3 [1,+∞)þk.§u´d Dirichlet�O{£½n 1.18¤

�

∫ +∞

1

ψ(t)

t
dtÂñ"Ïd

log n! = n log n− n+ 1 +
1

2
log n+

∫ +∞

1

ψ(t)

t
dt−

∫ +∞

n

ψ(t)

t
dt.

é?¿� N > n§dÈ©1�¥�½n��3 ξ ∈ [n,N ]¦�∫ N

n

ψ(t)

t
dt =

1

n

∫ ξ

n
ψ(t) dt� 1

n
,

- N → +∞=� ∫ +∞

n

ψ(t)

t
dt = O

( 1

n

)
. (11.15)

�


log n! = n log n− n+ 1 +
1

2
log n+

∫ +∞

1

ψ(t)

t
dt+O

( 1

n

)
.

eP logA = 2 + 2

∫ +∞

1

ψ(t)

t
dt§@o

n! = nne−n
√
An

(
1 +O

( 1

n

))
. (11.16)

e¡5O� A��"£Áå31lÙ~ 5.12¥·���


In =

∫ π
2

0
sinn x dx =


(2k − 1)!!

(2k)!!
· π

2
, e n = 2k,

(2k − 2)!!

(2k − 1)!!
, e n = 2k − 1.

��¡§d (11.16)��

I2k =
(2k)!

[(2k)!!]2
· π

2
=

(2k)!

22k(k!)2
· π

2
=

(2k)2ke−2k
√

2Ak

22kk2ke−2kAk
· π

2

(
1 +O

( 1

n

))

=

√
2

Ak
· π

2

(
1 +O

( 1

n

))
.

±9

I2k−1 =

√
A

8k

(
1 +O

( 1

n

))
.

Ïd

lim
k→∞

I2k
I2k−1

=
2π

A
. (11.17)
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,��¡§d In�½Â� In 6 In−1§Ïd(Ü (8.31)ªk

n

n+ 1
=
In+1

In−1
6

In
In−1

6 1,

�
 lim
n→∞

In
In−1

= 1"5¿� (11.17)§·�k A = 2π"Ïd�ª��

n! = en logn−n√2πn

(
1 +O

( 1

n

))
. (11.18)

ù�úª�¡� Stirlingúª"

SSS KKK 11.4

1. |^·K 1.12y² (11.15)"

2. � {an}´��ê�§A(x) =
∑
n6x

an"y²µé?¿� x > 1k

∑
n6x

an log
x

n
=

∫ x

1

A(t)

t
dt.

3. � x ≥ 2§y²µ ∑
n≤x

log n

n
=

1

2
log2 x+A+O

( log x

x

)
,

Ù¥ A´��~ê"

4. y²
∞∑
n=1

(−1)n
log n

n
= γ log 2− log2 2

2
,

Ù¥ γ ´ Euler~ê"

5. y²µ� s→ 1+�k

log ζ(s) = − log(s− 1) +O(s− 1).

6. £Stirlingúª¤y²µ� x > 1�k

log Γ(x) =
(
x− 1

2

)
log x− x+

1

2
log 2π +O

(1

x

)
.
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l1 7K�1 11K´�|K§0� Euler−Maclaurin¦Úúª9ÙA^"

7. � Bn(x)´± 1�±Ï�¼ê§�÷v

B0(x) = 1, ∀ x ∈ [0, 1),

B′n+1(x) = (n+ 1)Bn(x), ∀ x ∈ [0, 1), n ≥ 0,∫ 1

0
Bn(x) dx = 0, ∀ n ≥ 1.

·�¡ Bn(x)� Bernoulliõ�ª"y²

B1(x) = {x} − 1

2
,

B2(x) = {x}2 − {x}+
1

6
,

B3(x) = {x}3 − 3

2
{x}2 +

1

2
{x},

B4(x) = {x}4 − 2{x}3 + {x}2 − 1

30
.

Ù¥ {x} = x− [x]L« x��êÜ©"

8. � x ∈ [0, 1)"y²3 t = 0�,�%��S

∞∑
n=0

Bn(x)

n!
tn

Âñu
tetx

et − 1
§¿ddíÑ Bn(0)�=´ §10.6SK 6¥¤½Â� Bernoulli

ê Bn"

9. £Euler−Maclaurin¦Úúª¤� a, bþ´�ê§f ∈ Ck+1([a, b]) (k ∈ Z>0)§
y² ∑

a<n6b

f(n) =

∫ b

a
f(x) dx+

k+1∑
j=1

(−1)j
Bj(0)

j!

(
f (j−1)(b)− f (j−1)(a)

)
+

(−1)k

(k + 1)!

∫ b

a
Bk+1(x)f (k+1)(x) dx.

10. � N ´����ê§y²�3 θ ∈ [0, 1]¦�∑
n6N

1

n
= logN + γ +

1

2N
− 1

12N2
+

θ

60N4
,

11. |^þK(ØO� Euler~ê γ ��ê:�Ê "
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§ 12.1

Rn ¥¥¥���:::888

Uì (1.2)ª§

Rn = {(x1, · · · , xn) : xj ∈ R (1 6 j 6 n)},

�k�ÑuS.�Ä§�~ò Rn ¥���Uì��þ (x1, · · · , xn)T �/ª�Ñ"

3�5�ê¥·�ÆS
 Rn��ê(�§�!�8�´�ÐÚ
)ÙÿÀ(�"
é?¿� x = (x1, · · · , xn) ∈ Rn§P

|x| =
( n∑
j=1

x2j

) 1
2

,

ù�¡� x��ê (norm)"·��±^ |x− y|L« Rn ¥ü: x� y�m�ål

(distance) 1©§ù´·�~^���½²¡þü:�mål�í2"AO/§|x|Ò

1©ÃØ´/�ê0�´/ål0þkÙî��êÆ½Â§
·�3ùp���þ´÷vù
êÆ½
Â�"éd·�Ø��[`²§Öö�I«@ù��¡¢=�"�,§Ø÷vud�Öö����!
SK¥/ål�m0�Ü©"
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L« x� 0 = (0, · · · , 0)�m�ål"N´wÑ

|λx| = |λ| · |x|, ∀ λ ∈ R.

dMinkowskiØ�ª£1�ÙíØ 4.4¤�§é?¿� x, y, z ∈ Rnk

|x− z| 6 |x− y|+ |y − z|,

ù�¡�´ Rn ¥�n�/Ø�ª"d	§XJ^ 〈x,y〉L« x = (x1, · · · , xn)�

y = (y1, · · · , yn)�SÈ§�=

〈x,y〉 =
n∑
j=1

xjyj ,

@od Cauchy−SchwarzØ�ª£1�Ù½n 4.3¤��

|〈x,y〉| 6 |x| · |y|.

ÖöI�OPþ¡�ù
'Xª§±�§�¬�²~¦^§�·�Ø¬2­E

`²ÙÑ?"

12.1.1 ������§§§mmm888

===½½½ÂÂÂ 1.1>>>� a ∈ Rn§ε´���¢ê§·�¡8Ü

{x ∈ Rn : |x− a| < ε}

� a� ε-��§P� B(a, ε)"¡

B(a, ε) \ {a} = {x ∈ Rn : 0 < |x− a| < ε}

� a��%��"

===½½½ÂÂÂ 1.2>>>� E ⊆ Rn � a ∈ E"e�3 ε > 0¦� B(a, ε) ⊆ E§K¡ a�

E�S: (interior point)"E��NS:¤¤�8�¡� E�SÜ (interior)§P�

E◦"

===½½½ÂÂÂ 1.3>>>� E ⊆ Rn"e a ´ Ec �S:§K¡ a � E �	: (exterior

point)"E ��N	:¤¤�8�¡� E �	Ü (exterior)"

w,§a´ E �	:��=��3 ε > 0¦� B(a, ε) ∩ E = ∅"
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  E

 内点

外点

边界点

该文档是极速PDF编辑器生成，

如果想去掉该提示,请访问并下载：
http://www.jisupdfeditor.com/

===½½½ÂÂÂ 1.4>>>� E ⊆ Rn"e a QØ´ E �S:

�Ø´ E �	:§K¡ a � E �>.: (boundary

point)"E ��N>.:¤¤�8�¡� E �>.

(boundary)§P� ∂E"

´�§a ∈ ∂E ��=�é?¿� ε > 0k

B(a, ε) ∩ E 6= ∅ � B(a, ε) ∩ Ec 6= ∅.

¿�dd�±wÑ ∂E = ∂Ec"

===½½½ÂÂÂ 1.5>>>� G ⊆ Rn§e G ¥z�:þ´S:§K¡ G ´ Rn ¥�m8
(open set) 2©"�é{`§G´m8��=� G = G◦"

a

r
b

x

===~~~ 1.6>>>� a ∈ Rn§r > 0§y² B(a, r)´m

8"AO/§R¥�z�k.m«mþ´m8"
y². é?¿� b ∈ B(a, r) k |b − a| < r"y

� δ < r − |b − a|§dn�/Ø�ª�§é?¿�
x ∈ B(b, δ)k

|x− a| 6 |x− b|+ |b− a| < δ + |b− a| < r,

Ïd B(b, δ) ⊆ B(a, r)"ù`² B(a, r)´m8"

d	§du R¥�k�m«m (a, b)�=´ B
(a+ b

2
,
b− a

2

)
§¤±§´ R¥

�m8" �

===···KKK 1.7>>>·�k

(1) ∅Ú RnÑ´m8"

(2) � (Gλ)λ∈L´�xm8§K
⋃
λ∈L

Gλ�´m8"

(3) � G1, · · · , Gn´m8§K
n⋂
j=1

Gj �´m8"

y². (1)´w,�"

(2) é?¿� a ∈
⋃
λ∈L

Gλ§7�3 λ0 ∈ L¦� a ∈ Gλ0"du Gλ0 ´m8§�

�3 ε > 0¦� B(a, ε) ⊆ Gλ0§l
 B(a, ε) ⊆
⋃
λ∈L

Gλ§ù`² a´
⋃
λ∈L

Gλ �S

:"2d a�?¿5�
⋃
λ∈L

Gλ´m8"

2©·�~^ GL«m8§§´�©/Gebiet0�Äi1"
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(3) UìêÆ8B{§�Iy n = 2��/=�"é?¿� a ∈ G1 ∩ G2§·

�k a ∈ G1 � a ∈ G2"du G1 � G2 Ñ´m8§��3�¢ê ε1 Ú ε2 ¦�

B(a, ε1) ⊆ G1� B(a, ε2) ⊆ G2§y� ε = min(ε1, ε2)§K

B(a, ε) ⊆ B(a, ε1) ⊆ G1 � B(a, ε) ⊆ B(a, ε2) ⊆ G2,

l
 B(a, ε) ⊆ G1 ∩ G2§ùÒy²
 a ´ G1 ∩ G2 �S:"2d a �?¿5�

G1 ∩G2´m8" �

I5¿�´§Ã¡õ�m8���7´m8"~X§é?¿���ê n
ó(
− 1

n
,

1

n

)
þ´ R¥�m8§�

∞⋂
n=1

(
− 1

n
,

1

n

)
= {0}Ø´ R¥�m8"

===½½½ÂÂÂ 1.8>>>� E ⊆ Rn§em8 G÷v E ⊆ G§K¡ G´ E�����"A

O/§� E = {a}�·�¡ G´ a�����"

12.1.2 ààà:::§§§444888

===½½½ÂÂÂ 1.9>>>� F ⊆ Rn"e F c´Rn¥�m8§K¡ F ´Rn¥�48 (closed

set) 3©"

===···KKK 1.10>>>·�k

(1) ∅Ú RnÑ´48"

(2) � (Fλ)λ∈L´�x48§K
⋂
λ∈L

Fλ�´48"

(3) � F1, · · · , Fn´48§K
n⋃
j=1

Fj �´48"

y². ù�d·K 1.79 de MorganÆ£1�Ù½n 3.13¤��" �

Ó�I�5¿�´§Ã¡õ�48�¿�7´48"

===½½½ÂÂÂ 1.11>>>� E ⊆ Rn§a ∈ Rn"eé?¿� ε > 0þk

(B(a, ε) \ {a}) ∩ E 6= ∅,

K¡ a ´ E �à: (cluster point) ½4�: (limit point)"¡ E ��Nà:¤¤

�8� E ��8 (derived set)§P� E′"XJ b ∈ E \ E′§K¡ b´ E ��á:

(isolated point)"d	§¡ E ∪ E′� E �4� (closure)§P� E"

3©·�~^ F L«48§§´{©/fermé0�Äi1"
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N´wÑ§a´ E �à:��=�éu a�?��� U þk

(U \ {a}) ∩ E 6= ∅.

===~~~ 1.12>>>(1) e E =

{
1

n
: n ∈ Z>0

}
⊆ R§K E′ = {0}§� E ¥z�:þ

´�á:"

(2) Q = R"

(3) B(a, ε) = {x ∈ Rn : |x− a| 6 ε}"

===···KKK 1.13>>>� E ⊆ Rn§K E ´48��=� E = E"

y². d E �½Â� E = E ��=� E′ ⊆ E§ùq�du E′ ∩ Ec = ∅"Ï
� E′ ´ E ��Nà:¤¤�8§� E′ ∩ Ec = ∅��=�é?¿� a ∈ Ec§þ�
3 ε > 0¦� B(a, ε) ∩ E = ∅§�= B(a, ε) ⊆ Ec§
ù�du Ec´m8" �

===···KKK 1.14>>>� E ⊆ Rn§K E = E◦ ∪ ∂E"
y². Äky E ⊆ E◦ ∪ ∂E"�d§�Ié?¿� a ∈ E \ E◦ `² a ∈ ∂E

=�"��¡§d a ∈ E �§é?¿� ε > 0k B(a, ε) ∩ E 6= ∅¶,��¡§d
a /∈ E◦q�§é?¿� ε > 0
óB(a, ε)þØ¬�¹uE§�=B(a, ε)∩Ec 6= ∅"
Ïd a ∈ ∂E"

Ùgy E ⊇ E◦ ∪ ∂E"5¿� E◦ ⊆ E ⊆ E§��Iy² ∂E \E ⊆ E=�"y
� a ∈ ∂E \E§d a ∈ ∂E �§é?¿� ε > 0k B(a, ε) ∩E 6= ∅§5¿� a /∈ E§
Ïd

(
B(a, ε) \ {a}

)
∩ E 6= ∅§¤± a ∈ E′§?
 a ∈ E" �

===½½½ÂÂÂ 1.15>>>e Rn�f8 E ÷v E = Rn§K¡ E 3 Rn¥È� (dense)"

===~~~ 1.16>>>Q9 R \Qþ3 R¥È�"

e a´ E �à:§K7�3 E ¥�S� {xm}§¦�é?¿� ε > 0§þ�3

��ê N ÷v

|xm − a| < ε, ∀ m > N.

d�·�¡ {xm}Âñu a§P� lim
m→∞

xm = a½ xm → a£� n→∞�¤"

e Rn¥�S� {xm}÷vµé?¿� ε > 0§þ�3��ê N ¦�

|x` − xm| < ε, ∀ `, m > N,

K¡ {xm}´ Cauchy�"
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yP xm = (x
(m)
1 , · · · , x(m)

n )§@oN´y² {xm}Âñu a = (a1, · · · , an)�

�=�é?¿� 1 6 j 6 nk lim
m→∞

x
(m)
j = aj"(Üê�� CauchyÂñOKB�á

=��e¡�½n"

===½½½nnn 1.17>>>£££Cauchy ÂÂÂñññOOOKKK¤¤¤ Rn ¥�S� {xm} Âñ��=�§´
Cauchy�"

===~~~ 1.18>>>£££ØØØ   KKK������nnn¤¤¤ � E ´ Rn ¥�48§f : E −→ E"XJ�3

θ ∈ (0, 1)¦�

|f(x)− f(y)| 6 θ|x− y|, ∀ x, y ∈ E,

@o�3��� a ∈ E ¦� f(a) = a"·�¡ a� f �ØÄ: (fixed point)"

y². �35µ?� x0 ∈ E§Uì xm = f(xm−1) (m ∈ Z>0)48/½Â E ¥

�:� {xm}§@oé?¿���êmk

|xm+1 − xm| = |f(xm)− f(xm−1)| 6 θ|xm − xm−1|,

l
�8B/y�

|xm+1 − xm| 6 θm|x1 − x0|, ∀ m ∈ Z>0.

u´é?¿�m > kk

|xm − xk| 6
m−1∑
j=k

|xj+1 − xj | 6
m−1∑
j=k

θj |x1 − x0| 6
θk

1− θ
|x1 − x0|,

dd�� {xm} ´ Cauchy �§?
Âñ"yP lim
m→∞

xm = a§Kd E ´48�

a ∈ E"l
 |f(xm) − f(a)| 6 θ|xm − a|§ù`² lim
m→∞

f(xm) = f(a)"yé�ª

f(xm−1) = xmü>-m→∞=� f(a) = a"

��5µe a� bþ´ f 3 E ¥�ØÄ:§K

|a− b| = |f(a)− f(b)| 6 θ|a− b|,

u´7k a = b" �

aqu4«m@½n§·�ke¡�4Ý/@½n"3Ú\ù�½n�c§

k0�ü�Vg"·�¡/X [a1, b1] × [a2, b2] × · · · × [an, bn] �8Ü� Rn ¥�
4Ý/"d	§é Rn�?���f8 E§·�P

diam (E) = sup
x,y∈E

|x− y|,

¿¡�� E ��» (diameter)"XJ E = B(a, r)§@oN´�y diam (E) = 2r"
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===½½½nnn 1.19>>>£££444ÝÝÝ///@@@½½½nnn¤¤¤�4Ý/� {Im}÷v Im+1 ⊆ Im (∀m ∈ Z>0)

±9 lim
m→∞

diam (Im) = 0§@o�3��� a ∈ Rn¦�

∞⋂
m=1

Im = {a}.

·�rù�½n�y²3�öS"

±þ½n 1.17Ú 1.19þ´ Rn���5�Ny"

12.1.3 ;;;888

===½½½ÂÂÂ 1.20>>>� E ⊆ Rn� (Gλ)λ∈L´ Rn¥��xm8"e

E ⊆
⋃
λ∈L

Gλ,

K¡ (Gλ)λ∈L´ E ���mCX"d	§e L′ ⊆ L÷v

E ⊆
⋃
λ∈L′

Gλ,

K¡ (Gλ)λ∈L′ ´��fCX"

===½½½ÂÂÂ 1.21>>>·�¡ Rn �f8 K ´��;8 (compact set) 4©§XJ K �z

�mCXþkk�fCX"

===···KKK 1.22>>>Rn¥�4Ý/ [a1, b1]× [a2, b2]× · · · × [an, bn]´;8"

y². P I1 = [a1, b1] × [a2, b2] × · · · × [an, bn]"���3 I1 ���mCX

(Gλ)λ∈L§§vkk�fCX"y^ n��²¡ 5© xj =
aj + bj

2
(1 6 j 6 n)r I1�

©¤ 2n �4Ý/§@oÙ¥��k��ØU^ (Gλ)λ∈L ¥k��m8CX§·�

rù�4Ý/P� I2"aqò I2 �©¤ 2n �4Ý/§¿òÙ¥ØU^ (Gλ)λ∈L ¥

k��m8CX�,�4Ý/P� I3"Xde�§·���
��4Ý/� {Im}§
Ù÷vµ

(1) é?¿�mþk Im+1 ⊆ Im¶

(2) diam (Im) = 2−m+1diam (I1)→ 0£�m→∞�¤¶

(3) z� ImþØU�k�õ� GλCX"

4©·�~^K L«;8§§´�©/kompakt0�Äi1"

5©¤¢ Rn ¥��²¡§´��ê� n− 1�f�m"
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d4Ý/@½n��3 a ∈ Rn¦�
∞⋂
m=1

Im = {a}.

w,k a ∈
⋃
λ∈L

Gλ§l
�3 λ0 ∈ L ¦� a ∈ Gλ0"Ï� Gλ0 ´m8§¤±�

3 ε > 0¦� B(a, ε) ⊆ Gλ0"5¿� lim
m→∞

diam (Im) = 0§��3��ê `¦�

diam (I`) < ε"du a ∈ I`§¤±é?¿� x ∈ I`þk

|x− a| 6 diam (I`) < ε,

ù`² I` ⊆ B(a, ε)§?
 I` ⊆ Gλ0§�ù� (3)gñ" �

3�Ñ Rn¥;8���(�£ã�c§·�k0�k.8�Vg"

===½½½ÂÂÂ 1.23>>>�E ⊆ Rn"e�3M > 0§¦�é?¿� x ∈ Eþk |x| 6M§
K¡ E ´k.� (bounded)"

===½½½nnn 1.24>>>�K ⊆ Rn§KK ´;8��=�§´k.48"

y². 7�5µ·�b�K ´;8"Äk§du (B(0,m))m∈Z>0 ´ Rn���
mCX§g,�´K ���mCX§l
�3m1, · · · ,m`¦�

K ⊆
⋃̀
j=1

B(0,mj).

PM = max(m1, · · · ,m`)§KkK ⊆ B(0,M)"ùÒy²
K ´k.8"

Ùg§é?¿� a ∈ Kc§·�5�Ä± a �¥%§±
1

m
��»�4¥

B
(
a,

1

m

)
"N´y²

∞⋂
m=1

B
(
a,

1

m

)
= {a},

u´d de MorganÆ�
∞⋃
m=1

B
(
a,

1

m

) c
= Rn \ {a}.

5¿� a /∈ K§�dþª��
(
B
(
a,

1

m

) c)
m∈Z>0

´ K ���mCX§2d K ´

;8��3m1, · · · ,mk ¦�

K ⊆
k⋃
j=1

B
(
a,

1

mj

) c
,

�=
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K

a
1
N

k⋂
j=1

B
(
a,

1

mj

)
⊆ Kc.

yP N = max(m1, · · · ,mk)§dþª�� B
(
a,

1

N

)
⊆

Kc§ù`² a´ Kc �S:§2d a�?¿5� Kc

�m8§?
K ´48"

¿©5µy� K ´k.48"dk.5��3

M > 0 ¦�é?¿� x ∈ E þk |x| 6 M§l


K ⊆ [−M,M ]n"y�ÄK �?¿��mCX (Gλ)λ∈L§dKc´m8�

{Gλ : λ ∈ L} ∪ {Kc}

/¤ [−M,M ]n ���mCX"5¿�3·K 1.22¥·�®²y²
 [−M,M ]n ´

;8§Ï
3þã8x¥UÀÑk��m8CX [−M,M ]n"eùk��m8¥k

Kc§@or§GØK��� (Gλ)λ∈L'uK ���k�fCX"ùÒy²
K ´

;8" �

��§·�50� Bolzano−Weierstrass½n"

===½½½nnn 1.25>>>£££Bolzano−Weierstrass ½½½nnn¤¤¤ Rn �?¿��k.Ã�f8
7kà:"

y². � E ´ Rn ���k.�Ã�f8"dk.5��3 M > 0 ¦�

E ⊆ [−M,M ]n"e E Ãà:§@oé?¿� x ∈ [−M,M ]n§�3 x��� Ux§

§�õ¹k E ¥��:£e x ∈ E§@où�:Ò´ x¶ÄK Ux ∩ E = ∅¤"5¿
�

(Ux)x∈[−M,M ]n

´ [−M,M ]n ���mCX§�d E ´Ã�8�þ¡8x¥?¿k��m8þØU

CX E§�,�ØUCX [−M,M ]n§ù� [−M,M ]n´;8gñ" �

12.1.4 ëëëÏÏÏ888

===½½½ÂÂÂ 1.26>>>� A ⊆ E ⊆ Rn"XJ�3 Rn ¥�m8£�A/§48¤S ¦
� A = E ∩ S§K¡ A´ E ���mf8£�A/§4f8¤"
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===~~~ 1.27>>>(1) [1, 2)´ [1, 5]�mf8"

(2) E Ú ∅Q´ E �mf8q´ E �4f8"

(3) XJ a´ E ��á:§@o {a}Q´ E �mf8q´ E �4f8"

===···KKK 1.28>>>� E ⊆ Rn§A, B ⊆ E§@o
(1) A ´ E �mf8�¿�^�´µé?¿� a ∈ A§�3 a ��� U ¦�

E ∩ U ⊆ A¶

(2) B ´ E �4f8��=� E \B ´ E �mf8"

y². (1) 7�5µXJ A ´ E �mf8§K�3 Rn ¥�m8 G ¦�

A = E ∩G"u´é?¿� a ∈ A§d a ∈ G� G´ a���§l
7�5�y"

¿©5µeé?¿� a ∈ A§þ�3 a ��� Ua ¦� E ∩ Ua ⊆ A§@o⋃
a∈A

Ua´ Rn¥�m8"¿���¡w,k A ⊆ E ∩
( ⋃
a∈A

Ua

)
§,��¡

E ∩
( ⋃
a∈A

Ua

)
=
⋃
a∈A

(E ∩ Ua) ⊆ A,

�


A = E ∩
( ⋃
a∈A

Ua

)
,

Ïd A´ E �mf8"

(2) e B ´ E �4f8§K�3 Rn¥�48 F ¦� B = E ∩ F§u´

E \B = E \ (E ∩ F ) = E ∩ (E ∩ F )c = E ∩ (Ec ∪ F c)

= E ∩ F c.

5¿� F c´ Rn¥�m8§¤± E \B ´ E �mf8"

��§e E \ B ´ E �mf8§K�3 Rn ¥�m8 G¦� E \ B = E ∩ G"
�þ¡aq��

B = E \ (E ∩G) = E ∩Gc.

Ï� Gc´ Rn¥�48§¤± B ´ E �4f8" �

===½½½ÂÂÂ 1.29>>>� E ⊆ Rn"XJØ�3 E �ü���mf8 A Ú B ¦�

A ∪B = E � A ∩B = ∅§K¡ E ´ Rn¥�ëÏ8 (connected set)"Rn¥�ëÏ
m8�¡�«�"

XJ E ´«�§@o�ò E ¡�4«�"AOI�5¿�´§4«�Ø´«

�"
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===~~~ 1.30>>>(1) E = (1, 2) ∪ (3, 4]Ø´ R¥�ëÏ8"
(2) QØ´ R¥�ëÏ8§ù´Ï�§�^Xe�ª�¤ü�Ø�����m

f8�¿µ

Q = {x ∈ Q : x <
√

2} ∪ {x ∈ Q : x >
√

2}.

(3) d~ 1.27 (3)·���µXJ a´ E ��á:§@o E ´ëÏ8��=�

E = {a}"

===···KKK 1.31>>>� E ´ R���f8§@o E ´ R¥�ëÏ8��=� E ´

«m"

y². 7�5µ� E ´ëÏ8"e E ´ü��8§@o§´��£òz�¤«

m§e� E ¥��kü���"P a = inf E§b = supE£a�±´ −∞§b�±
´ +∞¤"�
y² E ´«m§�I`² (a, b) ⊆ E =�"y?� x ∈ (a, b)§e

x /∈ E§@o·��±ÏL

E = [E ∩ (−∞, x)] ∪ [E ∩ (x,+∞)]

ò E �¤§�ü�Ø�����mf8�¿§ù� E ´ëÏ8gñ"

¿©5µb� E ´«m"XJ E Ø´ëÏ8§K7�3 E �ü���mf8

AÚ B¦� A∪B = E� A∩B = ∅"y� x ∈ A§y ∈ B§¿Ø�b� x < y§2

P

z = sup(A ∩ [x, y]),

@o�,k x 6 z 6 y"5¿� E ´«m§�d x, y ∈ E � [x, y] ⊆ E§l


z ∈ E = A ∪B"e¡©�¹5?Øµ
(1) e z ∈ A§Kd A ∩ B = ∅�� z < y"d A´ E �mf8��3 R�m8
G1 ¦� A = E ∩ G1"Ï� z ∈ G1 � G1 ´ R¥�m8§��3 s ∈ (z, y)¦�

(z, s) ⊆ G1"d	 (z, s) ⊆ [x, y] ⊆ E§?
k (z, s) ⊆ E ∩ G1 = A§ù� z �½Â

gñ"

(2) e z ∈ B§K z > x"d B´ E�mf8��3 R�m8G2¦� B = E ∩G2"

u´d z ∈ G2 � G2 ´ R ¥�m8�§�3 t ∈ (x, z) ¦� (t, z) ⊆ G2"d

	 (t, z) ⊆ [x, y] ⊆ E§¤± (t, z) ⊆ E ∩ G2 = B"5¿� A ∩ B = ∅§Ïd
(t, z) ∩A = ∅§ù�� z�½Âgñ" �

===···KKK 1.32>>>� E´ Rn¥�ëÏ8§� E ⊆ S ⊆ E§@o S�´ Rn¥�ë
Ï8"AO/§E ´ Rn¥�ëÏ8"
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y². �� S Ø´ëÏ8§K�3 S ���mf8 A� B ÷v A ∪ B = S 9

A ∩ B = ∅"A ∩ E � B ∩ E �,´ E �mf8§ey A ∩ E � B ∩ E ÑØ´�
8"

¯¢þ§XJ A ∩ E = ∅§@od E ⊆ S ⊆ E = E ∪ E′ � A ⊆ E′"y�

a ∈ A§K a ∈ E′"��¡§d·K 1.28 (1)��3 a��� U ¦� S ∩ U ⊆ A§

�, E ∩ U ⊆ A¶,��¡§d a ∈ E′ � E ∩ U 6= ∅§ù� A ∩ E = ∅gñ"Ó
n�y B ∩ E 6= ∅"

5¿�

(A ∩ E) ∪ (B ∩ E) = E ±9 (A ∩ E) ∩ (B ∩ E) = ∅,

ù`² E Ø´ëÏ8§l
�b�gñ" �

SSS KKK 12.1

1. � xm = (x
(m)
1 , · · · , x(m)

n )§y² {xm}Âñu a = (a1, · · · , an)��=�é?

¿� 1 6 j 6 nk lim
m→∞

x
(m)
j = aj"

2. ée�8Ü E§¦ E◦§∂E ±9 Eµ

(1) E = { n
√
n : n ∈ Z>1}¶ (2) E = {(x, y) ∈ R2 : 0 < y < x+ 1}¶

(3) E = {(x, y) ∈ R2 : xy 6= 0}¶ (4) E = {(x, y) ∈ R2 : |x|+ |y| < 1}¶

(5) E = {(x, y) ∈ R2 : x, y ∈ Q}¶ (6) E = {(x, y) ∈ R2 : 1 < x2 + y2 < 4}"

3. � E ⊆ Rn§y²

E◦ =
⋃
G⊆E

G´m8

G, E =
⋂
F⊇E

F ´48

F.

Ïd E◦´�¹u E ���m8¶E ´�¹ E ���48"

4. � A, B ⊆ Rn§y²µ

(1) e A ⊆ B§K A◦ ⊆ B◦� A ⊆ B¶
(2) (A ∩B)◦ = A◦ ∩B◦§A ∪B = A ∪B¶
(3) (A ∪B)◦ ⊇ A◦ ∪B◦§A ∩B ⊆ A ∩B¶
(4) Þ~`² (3)¥�ü�ªfþ�7k�Ò¤á"

5. � G1§G2´ Rn¥�ü�Ø���m8§y² G1 ∩G2 = ∅"



130 1��Ù õ�¼ê�4�

6. � a = (a1, · · · , an) ∈ Rn§b = (b1, · · · , bm) ∈ Rm§P

(a, b) = (a1, · · · , an, b1, · · · , bm) ∈ Rm+n.

e G´�¹ (a, b)�m8§y²7�3 Rn ¥�¹ a�m8 G1 Ú Rm ¥�¹
b�m8 G2¦� G1 ×G2 ⊆ G"

7. � E ⊆ Rn � E ¥z�:þ´�á:"y²�3m8 G Ú48 F ¦�

E = G ∩ F"

8. � E, F ⊆ Rn§y² E ∪F§E ∩F ±9 E \F �>.þ´ ∂E ∪ ∂F �f8"

9. � E ⊆ Rn§y² ∂E = ∅�¿�^�´ E = ∅½ E = Rn"

10. � E ´ Rn���Qm�4�f8§y² E = ∅½ E = Rn"

11. � E ⊆ Rn§y² ∂E ´ Rn¥�48"

12. � E ⊆ Rn§y² E = E ∪ ∂E"

13. � E = B(a, r)§y² diam (E) = 2r"

14. y²½n 1.19"

15. �K ´ Rn¥�;8§G´ Rn¥�m8�K ⊆ G"y²�3m8 G1÷v

K ⊆ G1 ⊆ G1 ⊆ G.

16. Þ~`²µXJrþK¥�^�/K´;80�¤/K´480§K(Ø�7

¤á"

17. é Rn�?¿ü���f8 AÚ B§P

d(A,B) = inf
x∈A, y∈B

|x− y|.

(1) � A´;8§B ´48� A ∩B = ∅§y² d(A,B) > 0"

(2) e A� B þ´48� A ∩B = ∅§´Ä�½k d(A,B) > 0º

18. ÷^þKPÒ§¿� A = {x}�ò d(A,B){P� d(x, B)"y²µé?¿�

E ⊆ Rnk

E = {x ∈ Rn : d(x, E) = 0}.

19. � F ´ Rn¥�48§r´���~ê§y² {x ∈ Rn : d(x, F ) < r}´m8"
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20. y² Rn¥z�48þ�L��ê�m8��§z�m8þ�L��ê�48
�¿"

21. b� (Fλ)λ∈L ´ Rn ¥��x48§Ù¥��k�� Fλ ´k.8§¿�⋂
λ∈L

Fλ = ∅"y²µ�3 λ1, λ2, · · · , λm ∈ L¦�
⋂

16j6m

Fλj = ∅"

22. £48@½n¤� (Fj)j∈Z>0 ´ Rn¥��xk.48§÷v

(1) é?¿���ê j k Fj ⊇ Fj+1¶

(2) lim
j→∞

diam (Fj) = 0"

y²�3��� a ∈ Rn¦�
∞⋂
j=1

Fj = {a}"

23. � E ´ Rn ���Ø�ê�f8"y²�3 E �à: a§¦� a�?���

� E ��8þ´Ø�ê8"

24. � E ⊆ Rn§y²±e·K�dµ

(1) E ´ëÏ8¶

(2) Ø�3 E ���ýf8 A§¦�§Q´ E �mf8q´ E �4f8¶

(3) Ø�3 E �ü���4f8 AÚ B ¦� A ∪B = E � A ∩B = ∅¶
(4) Ø�3 E �ü�f8 AÚ B ¦� A ∪B = E � A ∩B = A ∩B = ∅"

25. � E, F þ´ Rn¥�ëÏ8� E ∩F 6= ∅§y² E ∪F �´ Rn¥�ëÏ8"

26. � (Eλ)λ∈L ´ Rn ¥��xëÏ8§¿�
⋂
λ∈L

Eλ 6= ∅§y²
⋃
λ∈L

Eλ �´ëÏ

8"

27. y² R¥�z�m8þ�L��õ�ê�pØ���m«m�¿"

� E ´����8Ü§XJ�3N� d : E2 −→ R÷v

(1) é?¿� x, y ∈ E þk d(x, y) > 0§¿� d(x, y) = 0��=� x = y¶

(2) é?¿� x, y ∈ E þk d(x, y) = d(y, x)¶

(3) £n�/Ø�ª¤é?¿� x, y, z ∈ E k d(x, z) 6 d(x, y) + d(y, z)§

K¡ E ´��ål�m (metric space)§¡ d� E þ�ål"l1 28K�1 34K

´�|K§0�ål�m��
~f"

28. � E ´����8Ü§é?¿� x, y ∈ E§½Â

d(x, y) =

{
0, e x = y,

1, e x 6= y.
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y² d´ E þ�ål"Pkù�ål�8Ü E �¡�lÑål�m (discrete

metric space)"

29. � E ´± d�ål�ål�m§é?¿� x, y ∈ E§½Â

d1(x, y) =
d(x, y)

1 + d(x, y)
.

y²µd1�´ E þ���ål"

30. é R2¥�?¿ü��� x = (x1, x2)Ú y = (y1, y2)§½Â

d(x,y) = max
{
|x1 − y1|, |x2 − y2|

}
,

y²µd´ R2þ�ål"

31. � E ´½Â3k.4«m [a, b] þ��NëY¼ê¤¤�8§é?¿�

f, g ∈ E§½Â
d(f, g) = sup

x∈[a,b]
|f(x)− g(x)|.

y² d´ E þ�ål"

32. � E ´½Â3k.4«m [a, b] þ��NëY¼ê¤¤�8§é?¿�

f, g ∈ E§½Â

d(f, g) =

∫ b

a
|f(x)− g(x)| dx.

y² d´ E þ�ål"

33. � p´���ê§é?��"�ê a§½Â vp(a)�¦� pk �Ø a����

k§= vp(a) = max{k ∈ Z>0 : pk | a}"?�Ú/§é�"knê x =
a

b
£aÚ

bþ��ê¤§½Â vp(x) = vp(a)− vp(b) 6©"yé x ∈ QP

|x|p =

p
−vp(x), e x 6= 0,

0, e x = 0.

y²µd(x, y) = |x− y|p� Qþ���ål"

34. 8Ü E þ�ål d�¡�´� Archimedes� (non-Archimedean)§´�é?

¿� x, y, z ∈ E§þk

d(x, y) 6 max
{
d(x, z), d(y, z)

}
.

6©ù�½Â�Ün5ë� §1.2SK 1"
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ÄK§Ò¡Tål´ Archimedes�"Á?ØSK 30 ∼ 33¥�ål´Ä´�

Archimedes�"

§ 12.2

õõõ���¼¼¼êêê���444���

===½½½ÂÂÂ 2.1>>>� E ⊆ Rn§f : E −→ Rm§a´ E �à:"e�3 b ∈ Rm§¦
�é?¿� ε > 0§þ�3 δ > 0÷v

|f(x)− b| < ε, ∀ x ∈
(
B(a, δ) \ {a}

)
∩ E,

@oÒ¡ b� f ÷ E ¥��ªu a��4�"

===···KKK 2.2>>>£££444������������555¤¤¤� E ⊆ Rn§f : E −→ Rm§a´ E�à:"X

J b� cþ´ f ÷ E ¥��ªu a��4�§K b = c"

y². e b 6= c§K |b− c| 6= 0"Uì½Â 2.1§é ε =
|b− c|

2
§�3�ê δ1�

δ2¦�

|f(x)− b| < ε, ∀ x ∈
(
B(a, δ1) \ {a}

)
∩ E

±9

|f(x)− c| < ε, ∀ x ∈
(
B(a, δ2) \ {a}

)
∩ E.

u´eP δ = min(δ1, δ2)§Ké x ∈
(
B(a, δ) \ {a}

)
∩ E k

|b− c| 6 |f(x)− b|+ |f(x)− c| < 2ε = |b− c|.

l
gñ" �

�u·K 2.2§� b´ f ÷ E ¥��ªu a��4��§·�ÒP

lim
x→a
x∈E

f(x) = b,

XJ a´ E �S:§KòÙ{P� lim
x→a

f(x) = b"

eP x = (x1, · · · , xn)§a = (a1, · · · , an)§@o x → a��=�é 1 6 j 6 n

Ñk xj → aj§Ïd·��~ò4�ª lim
x→a

f(x) = b�¤

lim
xj→aj , 16j6n

f(x1, · · · , xn) = b.
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aq�½ÂÃX lim
xj→+∞, 16j6n

f(x1, · · · , xn) = b�4�ª"

y� E ⊆ Rn � f : E −→ Rm§Ké?¿� x ∈ E§f(x)´�� m��þ§

l
��¤ (f1(x), · · · , fm(x))T �/ª 7©§Ù¥ fj : E −→ R (1 6 j 6 m)þ´½

Â3 E þ�õ�¼ê"d�·�Ï~P f = (f1, · · · , fm)T§¿¡ fj ´ f �1 j �

©þ¼ê"eã(Ø´'�w,�"

===···KKK 2.3>>>� E ⊆ Rn§f = (f1, · · · , fm)T : E −→ Rm � a ´ E �à:"

q� b = (b1, · · · , bm)T ∈ Rm"@o lim
x→a
x∈E

f(x) = b ��=�é 1 6 j 6 m k

lim
x→a
x∈E

fj(a) = bj"

e¡�ÑN�4���
5�§§��¼ê4�aq§Ïd·�Ñ�§��y

²"

===···KKK 2.4>>>� lim
x→a
x∈E

f(x)� lim
x→a
x∈E

g(x)þ�3§Ké?¿�¢ê α, β k

lim
x→a
x∈E

[
αf(x) + βg(x)

]
= α lim

x→a
x∈E

f(x) + β lim
x→a
x∈E

g(x).

===···KKK 2.5>>>£££EEEÜÜÜNNN������444���¤¤¤ � lim
x→a
x∈E

f(x) = b§ lim
x→a
x∈E

g(y) = c§��3

δ > 0§¦�3
(
B(a, δ) \ {a}

)
∩ E Sk f(x) 6= b§K

lim
x→a
x∈E

g(f(x)) = c.

===½½½nnn 2.6>>>£££Heine888(((���nnn¤¤¤ lim
x→a
x∈E

f(x) = b�¿�^�´µéu E¥÷v

lim
k→∞

xk = a� xk 6= a (∀ k)�?�S� {xk}þk lim
k→∞

f(xk) = b"

===~~~ 2.7>>>� f(x, y) =
xy

x2 + y2
§·�5�Ä4� lim

x→0
y→0

f(x, y)"du

lim
k→∞

f
(1

k
,

1

k

)
=

1

2
� lim

k→∞
f
(2

k
,

1

k

)
=

2

5
,

�4� lim
x→0
y→0

f(x, y)Ø�3"

7©3ùp·�æ^��þ��{§8�´Úe�Ù��"
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===½½½nnn 2.8>>>£££Cauchy ÂÂÂñññOOOKKK¤¤¤ lim
x→a
x∈E

f(x) �3�¿�^�´µé?¿�

ε > 0§�3 δ > 0§¦�éu?¿� x, y ∈
(
B(a, δ) \ {a}

)
∩ E k

|f(x)− f(y)| < ε.

�u·K 2.3§e¡·�ò=�u?Øõ�¼ê��/"Ï� R´ Archimedes

kS�§�kNõûÐ�5��±|^"

===···KKK 2.9>>>£££���SSS555¤¤¤ � f � gþ´ n�¼ê§�

lim
x→a
x∈E

f(x) = A, lim
x→a
x∈E

g(x) = B

@o

(1) e A < B§K�3 a�,�%��§¦�3T�%��Sk f(x) < g(x)¶

(2) e3 a�,�%��Sk f(x) 6 g(x)§K A 6 B"

===···KKK 2.10>>>� f � gþ´ n�¼ê§� lim
x→a
x∈E

f(x) = A§ lim
x→a
x∈E

g(x) = B§K

(1) lim
x→a
x∈E

f(x)g(x) = AB¶

(2) e B 6= 0§K lim
x→a
x∈E

f(x)

g(x)
=
A

B
"

AO~^�´e¡�Y%½n"

===½½½nnn 2.11>>>£££YYY%%%½½½nnn¤¤¤ � E ⊆ Rn§a´ E �à:§f, g, hþ´l E �

Rm�N�§¿��3 δ > 0§¦�3
(
B(a, δ)\{a}

)
∩ESk f(x) 6 g(x) 6 h(x)"

XJ

lim
x→a
x∈E

f(x) = lim
x→a
x∈E

h(x) = A,

@o lim
x→a
x∈E

g(x) = A"

===~~~ 2.12>>>O� lim
x→0+

y→0+

sin(xy)

x+ y
"

). du� x > 0§y > 0�k∣∣∣∣sin(xy)

x+ y

∣∣∣∣ 6 ∣∣∣∣ xy

x+ y

∣∣∣∣ 6 x+ y

4
,
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 lim
x→0+

y→0+

x+ y

4
= 0§Ïd lim

x→0+

y→0+

sin(xy)

x+ y
= 0" �

��·�2r¯K�u��¼ê��/§¿ïÄ lim
x→a
y→b

f(x, y)� lim
y→b

lim
x→a

f(x, y)

±9 lim
x→a

lim
y→b

f(x, y)�m�'X"Ù¥1��4�Ï~�¡��­4�§
�ü�

4��¡��g4�½\g4�"3ùp§ lim
y→b

lim
x→a

f(x, y)´�éu b�,�%�

�S�z� yþ�34� lim
x→a

f(x, y) = ϕ(y)§¿� lim
y→b

ϕ(y)��3§@o·�ÒP

lim
y→b

lim
x→a

f(x, y) = lim
y→b

ϕ(y).

3���/e§�­4���g4�¿Ã��'é"e¡·�5�äN`²µ

(1) ü��g4�þØ�3§��­4�Ek�U�3"~X

f(x, y) =

x sin
1

y
+ y sin

1

x
, e x 6= 0� y 6= 0,

0, e x = 0½ y = 0,

du� y 6= 0� lim
x→0

y sin
1

x
Ø�3§�� x 6= 0� lim

y→0
x sin

1

y
Ø�3§�

lim
x→0

f(x, y) � lim
y→0

f(x, y)

þØ�3§�,ü��g4��Ø�3"�´d |f(x, y)| 6 |x|+ |y|�

lim
x→0
y→0

f(x, y) = 0.

(2) ü��g4��3��UØ��"~X

f(x, y) =


x2 + x+ y2 − y

x+ y
, e x+ y 6= 0,

0, e x+ y = 0,

du� y 6= 0� lim
x→0

f(x, y) = y − 1§�

lim
y→0

lim
x→0

f(x, y) = −1,

Ón��

lim
x→0

lim
y→0

f(x, y) = 1,

(3) ü��g4��3���§��­4�Ek�UØ�3"~X

f(x, y) =
xy

x2 + y2
,
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N´wÑ lim
x→0

lim
y→0

f(x, y) = lim
y→0

lim
x→0

f(x, y) = 0§�d~ 2.7��­4� lim
x→0
y→0

f(x, y)

Ø�3"

(4) �­4�Ú���g4��3§�,���g4�Ek�UØ�3"~X

f(x, y) =

x+ y sin
1

x
, e x 6= 0,

0, e x = 0,

d |f(x, y)| 6 |x| + |y| � lim
x→0
y→0

f(x, y) = 0§d	�k lim
x→0

lim
y→0

f(x, y) = 0§�´

lim
y→0

lim
x→0

f(x, y)Ø�3"

nþ·���§�
ïá�­4���g4��m�éX§7L\\����

^�"

===···KKK 2.13>>>� lim
x→a
y→b

f(x, y) = A£k�½Ã¡¤§�3 b�,�%��S�3

k�4� lim
x→a

f(x, y) = ϕ(y)§K

lim
y→b

lim
x→a

f(x, y) = A.

y². ·�=?Ø A ∈ R��/"d lim
x→a
y→b

f(x, y) = A�§é?¿� ε > 0§�

3 δ > 0§¦�éu÷v 0 <
√

(x− a)2 + (y − b)2 < δ�?¿: (x, y)þk

|f(x, y)−A| < ε.

yé?¿�½�÷v 0 < |y − b| < δ� y§- x→ a��

|ϕ(y)−A| 6 ε,

ù`² lim
y→b

lim
x→a

f(x, y) = lim
y→b

ϕ(y) = A" �

SSS KKK 12.2

1. ^°(�êÆ�óLãµ

(1) lim
x→a+
y→b−

f(x, y) = A¶ (2) lim
x→a
y→+∞

f(x, y) = A¶

(3) lim
x→∞
y→b

f(x, y) = −∞¶ (4) lim
x→+∞
y→−∞

f(x, y) = +∞¶

(5) lim
x→a
y→b

f(x, y) 6= A¶ (6) lim
x→∞
y→∞

f(x, y) 6=∞"
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2. � f 3 Rþk½Â�3?¿k�4«mþ�È§y²
∫ +∞

−∞
f(x) dxÂñ�¿

�^�´4�

lim
A→−∞
B→+∞

∫ B

A
f(x) dx

�3"

3. �äe��­4�´Ä�3§XJ�3§O�Ù�µ

(1) lim
x→0
y→0

x3y2

x4 + y4
¶ (2) lim

x→+∞
y→+∞

x+ y√
x2 − xy + y2

¶

(3) lim
x→0
y→0

x3 + y3

x2 + y2
¶ (4) lim

x→+∞
y→+∞

(x2 + y2)e−(x+y)¶

(5) lim
x→+∞
y→+∞

(
xy

x2 + y2

)x2
¶ (6) lim

x→0+

y→0+

exy − 1

x+ sin y
¶

(7) lim
x→0+

y→0+

xy"

4. y²e���¼ê�ü�\g4� lim
y→0

lim
x→0

f(x, y)� lim
x→0

lim
y→0

f(x, y)þ�3

���§��­4� lim
x→0
y→0

f(x, y)Ø�3µ

(1) f(x, y) =
log(1 + xy)

x2 + y2 cos y
¶

(2) f(x, y) =
x2y2

x2y2 + (x− y)2
"

b�
(
a(m,n)

)
(m,n)∈Z2

>0
´ R�± Z2

>0��I8�����x§��Bå�·�

r§P� (am,n)"yé?¿���êM, N P

SM,N =

M∑
m=1

N∑
n=1

am,n,

XJ�­4� lim
M→∞
N→∞

SM,N �3§K¡�­?ê
∞∑

m,n=1
am,nÂñ§¿òù�4��¡

�T�­?ê�Ú¶XJ�­4� lim
M→∞
N→∞

SM,N Ø�3§K¡�­?ê
∞∑

m,n=1
am,n u

Ñ"l1 5K�1 10K´�|K§0��­?ê��
5�Ú~f"

5. ��­?ê
∞∑

m,n=1
am,n Âñ§�é?¿�½� m§?ê

∞∑
n=1

am,n þÂñ§y
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²?ê
∞∑
m=1

∞∑
n=1

am,nÂñ§�k

∞∑
m=1

∞∑
n=1

am,n =

∞∑
m,n=1

am,n

6. � am,n > 0 (∀ m, n > 1)§y²µ�n�?ê
∞∑

m,n=1
am,n§

∞∑
m=1

∞∑
n=1

am,n �

∞∑
n=1

∞∑
m=1

am,n¥k��Âñ�§Ù{ü��Âñ§�nök�Ó�Ú"

7. �
∞∑

m,n=1
|am,n|Âñ 8©§y²

∞∑
m,n=1

am,nÂñ"

8. �
∞∑

m,n=1
|am,n|Âñ§@oò am,n (m, n > 1)U?¿�ªü¤��¤ïá�?

êÑýéÂñ§�¤k�?ê�Úþ�u
∞∑

m,n=1
am,n"

9. £Goldbach¤� {uk}´ò/X mn (m, n ∈ Z>1)��êü¤��¤��ê

�§y²
∞∑
k=1

1

uk − 1
= 1.

10. �ä�­?ê
∞∑

m,n=1

1

(m+ n2)α
�ñÑ5"

§ 12.3

ëëëYYYNNN���

===½½½ÂÂÂ 3.1>>>� E ⊆ Rn§f : E −→ Rm"q� a ∈ E"eé?¿� ε > 0§�

3 δ > 0§¦�é?¿� x ∈ E ∩B(a, δ)þk

|f(x)− f(a)| < ε,

K¡ f 3 a?ëY"XJ f 3 E �z�:?þëY§K¡ f 3 E þëY"

===555 3.2>>>Uìþã½Â§E þ�?�N� f 3 E ��á:?o´ëY�"

8©d�·�¡�­?ê
∞∑

m,n=1

am,n ýéÂñ"
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===~~~ 3.3>>>l Rn� Rm��5N�´ Rnþ�ëYN�"
y². � f : Rn −→ Rm´�5N�§K7�3m× n�Ý
 A = (αij)¦�

f(x) = Ax.

·�ky²

|Ax| 6M
√
mn · |x|, (12.1)

Ù¥

M = max{|αij | : 1 6 i 6 m, 1 6 j 6 n}.

¯¢þ§

|Ax| =
[( n∑

j=1

α1jxj

)2

+ · · ·+
( n∑
j=1

αmjxj

)2] 1
2

6

[( n∑
j=1

α2
1j

)( n∑
j=1

x2j

)
+ · · ·+

( n∑
j=1

α2
mj

)( n∑
j=1

x2j

)] 1
2

=

( m∑
i=1

n∑
j=1

α2
ij

) 1
2

|x| 6M
√
mn · |x|.

y�Ä Rn¥?�: a = (a1, · · · , an)T"é?¿� ε > 0§� δ =
ε

(M + 1)
√
mn
§K

é÷v |x− a| < δ�?� x = (x1, · · · , xn)Tk

|f(x)− f(a)| = |A(x− a)| 6M
√
mn · |x− a| < ε,

� f 3 a?ëY"2d a�?¿5� f ´ Rnþ�ëYN�" �

eã½n´ëY5������x"

===½½½nnn 3.4>>>� E ⊆ Rn� f : E −→ Rm§Ke�·K�dµ
(1) f 3 E þëY¶

(2) é Rm¥?¿�m8 G§f−1(G)þ´ E �mf8¶

(3) é Rm¥?¿�48 F§f−1(F )þ´ E �4f8"

y². (1)⇒(2)µ� G´ Rm¥�m8"é?¿� a ∈ f−1(G)k f(a) ∈ G§u
´�3 ε > 0¦� B(f(a), ε) ⊆ G"éuù� ε§d f �ëY5��3 δ > 0§¦�

é?¿� x ∈ E ∩B(a, δ)þk

|f(x)− f(a)| < ε,
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�= f(x) ∈ B(f(a), ε) ⊆ G"�é{`§� x ∈ E ∩ B(a, δ)�k x ∈ f−1(G)§Ï

d

E ∩B(a, δ) ⊆ f−1(G).

u´d·K 1.28 (1)� f−1(G)´ E �mf8"

(2)⇒(1)µ� a ∈ E"é?¿� ε > 0§B(f(a), ε)´ Rm¥�m8§Ïdd (2)

� f−1
(
B(f(a), ε)

)
´ E �mf8"5¿� a ∈ f−1

(
B(f(a), ε)

)
§�d·K 1.28�

�3 δ > 0¦� E ∩B(a, δ) ⊆ f−1
(
B(f(a), ε)

)
"ù¿�Xé?¿� x ∈ E ∩B(a, δ)

k x ∈ f−1
(
B(f(a), ε)

)
§�= f(x) ∈ B(f(a), ε)"ùÒy²
 f 3 a?�ëY5"

2d a�?¿5� f 3 E þëY"

(2)⇔(3)µù�d f−1(Rm \ F ) = E \ f−1(F )9·K 1.28 (2)��" �

d	§d·K 2.3�����eã(Ø"

===···KKK 3.5>>>� E ⊆ Rn� f = (f1, · · · , fm)T : E −→ Rm§@o f ´ E þ�ë

YN���=�z� fj (1 6 j 6 m)þ´ E þ�ëY¼ê"

þã·Kr�½ f ´Ä�ëYN��¯K=��?Ø©þ¼ê´Ä�ëY¼

ê§
dþ!·K 2.4§2.59 2.10�õ�ëY¼ê�Ú!�!È!û±9EÜþ�

ëY¼ê£û��/�¦©1Ø� 0¤"£Áå·�3 §4.5¥y²
Ð�¼ê�ë

Y5§Ïdá��±�ÑÃX

sin(x+ y2), log(x+ y + tan z),
ex−y

z2 + 1

�¼ê3Ù½Â�þëY"

e¡·�50�ëYN��5�"

===½½½nnn 3.6>>>� f : Rn −→ Rm´ëYN�"eK ´ Rn¥�;8§K f(K)´

Rm¥�;8"
y². � (Gλ)λ∈L´ f(K)���mCX§Kd f ´ëYN��§z� f−1(Gλ)

þ´m8"d	§

K ⊆ f−1(f(K)) ⊆ f−1
( ⋃
λ∈L

Gλ

)
=
⋃
λ∈L

f−1(Gλ),

Ïd (f−1(Gλ))λ∈L´K ���mCX"u´dK ´;8�kk�fCX§=�3

λ1, · · · , λ` ∈ L¦�

K ⊆
⋃̀
j=1

f−1(Gλj ).
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?
k

f(K) ⊆ f
( ⋃̀
j=1

f−1(Gλj )

)
=
⋃̀
j=1

f(f−1(Gλj )) ⊆
⋃̀
j=1

Gλj .

Ïd f(K)�mCX (Gλ)λ∈Lkk�fCX"ùÒy²
 f(K)´;8" �

d R¥�;8´k.48ØJ�Ñe¡�íØ£3�öS¤"

===íííØØØ 3.7>>>� f : Rn −→ R´ëY¼ê"eK ´ Rn¥�;8§K f 3K þ

k.§�U�����Ú���"

===½½½nnn 3.8>>>� E ´ Rn ¥�ëÏ8§� f : E −→ Rm ´ëYN�§K f(E)

´ Rm¥�ëÏ8"
y². �� f(E)Ø´ Rm¥�ëÏ8§K�3 f(E)�ü���mf8 AÚ B

¦�

A ∪B = f(E) � A ∩B = ∅.

u´

E = f−1(f(E)) = f−1(A ∪B) = f−1(A) ∪ f−1(B). (12.2)

Äk§dA, Bþ��� f−1(A)� f−1(B)þ´E���f8"Ùg§dA´ f(E)

�mf8��3 Rm¥�m8 G¦� A = f(E) ∩G§u´

f−1(A) = f−1(f(E) ∩G) = f−1(f(E)) ∩ f−1(G) = E ∩ f−1(G),


d f ëY� f−1(G)´ E �mf8£ë�·K 3.4¤§Ïd f−1(A)�´ E �mf

8§Ón f−1(B)´ E �mf8"��§d A ∩B = ∅�

f−1(A) ∩ f−1(B) = f−1(A ∩B) = ∅.

nþ��§(12.2)´ò E �¤ü�Ø�����mf8�¿��«�ª§ù� E ´

ëÏ8gñ" �

===~~~ 3.9>>>Ï�¼ê f(x) = sin
1

x
´«m (0,+∞)þ�ëY¼ê§¤±d·K

3.5�N�

g : x 7−→
(
x, sin

1

x

)
´l (0,+∞)� R2�ëYN�"5¿� (0,+∞)´ R¥�ëÏ8§�
8Ü

D =

{(
x, sin

1

x

)
: x > 0

}
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�� (0,+∞)3 ge��´ R2¥�ëÏ8"��§d·K 1.32�

D =

{(
x, sin

1

x

)
: x > 0

}
∪
{

(0, y) : −1 6 y 6 1
}

�´ R2¥�ëÏ8"

===~~~ 3.10>>>Rn �f8 S �¡�´à8 (convex set)§XJé?¿� x, y ∈ S
þk

{(1− λ)x+ λy : λ ∈ [0, 1]} ⊆ S.

��Bå�§·�òþª�>�8ÜP� [x,y] 9©"y²µRn ¥�à87´ëÏ
8"

y². � S ´ Rn ¥�à8§e§Ø´ëÏ8§K�3 S ���mf8 AÚ B

÷v

A ∪B = S � A ∩B = ∅.

y� a ∈ A9 b ∈ B§d S ´à8�� [a, b] ⊆ S"d	§d A´ S �mf8��

3 Rn¥�m8 G¦� A = S ∩G§Ïd A ∩ [a, b] = [a, b] ∩G´ [a, b]���mf

8§Ón B ∩ [a, b]�´ [a, b]���mf8"¿�(
A ∩ [a, b]

)
∪
(
B ∩ [a, b]

)
= [a, b],

(
A ∩ [a, b]

)
∩
(
B ∩ [a, b]

)
= ∅.

ù`² [a, b]Ø´ëÏ8",
d½n 3.8�§[a, b]�� [0, 1]3ëYN� f(λ) =

(1− λ)a+ λbe��7´ëÏ�§l
�Ñgñ" �

Ï�R¥�ëÏ87´«m£·K 1.31¤§¤±ke¡�0�½n (intermediate

value theorem)"

===íííØØØ 3.11>>>£££000���½½½nnn¤¤¤ � E ´ Rn ¥�ëÏ8§� f : E −→ R´ëY¼
ê"e a, b ∈ E ÷v f(a) < f(b)§Ké?¿� ξ ∈ (f(a), f(b))§�3 c ∈ E ¦�
f(c) = ξ"

��·�50���ëYN�"

===½½½ÂÂÂ 3.12>>>� E ⊆ Rn� f : E −→ Rm"eé?¿� ε > 0§�3 δ > 0§¦

�éu÷v |x− y| < δ�?¿ x, y ∈ E þk

|f(x)− f(y)| < ε,

9©ù�8Ü�±n)�ë� x� y�/�ã0"
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K¡ f 3 E þ��ëY"

w,§E þ���ëYN�73 E þëY"

===~~~ 3.13>>>d (12.1)�§l Rn� Rm��5N�3 Rnþ��ëY"

aqu Heine−Cantor½n£1oÙ½n 8.3¤§·�keã(Ø"

===½½½nnn 3.14>>>�K ´ Rn¥�;8§f : K −→ Rm´K þ�ëYN�§@o

f 3K þ��ëY"

y². ?� ε > 0§d f 3K þëY�§é?¿� a ∈ K§�3 δa > 0¦�

|f(x)− f(a)| < ε

2
, ∀ x ∈ B(a, δa) ∩K. (12.3)

5¿�

K ⊆
⋃
a∈K

B
(
a,

1

2
δa

)
,

�dK ´;8��3K ¥�� a1, · · · ,a`¦�

K ⊆
⋃̀
j=1

B
(
aj ,

1

2
δaj

)
.

P δ =
1

2
min
16j6`

δaj§¿�Ä K ¥÷v |x − y| < δ �?¿ü: x� y"d x ∈ K �

�3 j0 ∈ [1, `]¦� x ∈ B
(
aj0 ,

1

2
δaj0

)
"2d |x− y| < δ 6

1

2
δaj0 ��

|y − aj0 | 6 |y − x|+ |x− aj0 | <
1

2
δaj0 +

1

2
δaj0 = δaj0 .

Ïd x, yþáu B(aj0 , δaj0 )§u´d (12.3)�

|f(x)− f(y)| 6 |f(x)− f(aj0)|+ |f(y)− f(aj0)| < ε

2
+
ε

2
= ε.

¤± f 3K þ��ëY" �

SSS KKK 12.3

1. y²·K 3.5"

2. y²íØ 3.7"

3. |^ Bolzano−Weierstrass½ny²½n 3.14"
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4. O�e��­4�µ

(1) lim
x→1
y→0

log(x+ ey)√
x2 + y2

¶ (2) lim
x→∞
y→2

(
1 +

1

3x

) x2

x+y

¶

(3) lim
x→0
y→0

(x2 + y2)x
2y2"

5. y² f : (a,x) 7−→ ax´l R× Rn� Rn�ëYN�"

6. � A´�� n×nÝ
§y²µé?¿� x, y ∈ Rnk |xTAy| = O(|x| · |y|)"

7. � A´�� n× nÝ
§y²d ϕ(x) = xTAx¤½Â�N� ϕ : Rn −→ R´
ëY�"

8. � ϕ ∈ C1((a, b))"é?¿� x, y ∈ (a, b)§x 6= y§½Â

f(x, y) =
ϕ(x)− ϕ(y)

x− y
.

¯UÄé x ∈ (a, b)½Â f(x, x)��¦� f 3 (a, b)2þëYº

9. � L : Rn −→ Rn ´�ÛÉ��5N�10©§y² Lò Rn ¥�m8N�m8§
ò Rn¥�48N�48"

10. Þ~`²���ëYN��7rm8N�m8"

11. � E ⊆ Rn§f � gþ´l E � Rm�ëYN�§y²8Ü

{x ∈ E : f(x) = g(x)}

´ E �4f8"

12. � f � g´l Rn � Rm �ü�ëYN�§E ´ Rn ���È�f8§¿�é
?¿� x ∈ E k f(x) = g(x)"y² f = g"

13. � E ⊆ Rn§f : E −→ R"é?¿� a ∈ E P

ω(f ;a) = inf
δ>0

(
sup

x∈B(a,δ)∩E
f(x)− inf

x∈B(a,δ)∩E
f(x)

)
,

¿¡�� f 3 a?��Ì"y² f 3 a?ëY�¿�^�´ ω(f ;a) = 0"

14. � E ⊆ Rn§f : E −→ Rm"y² f 3 E þëY�¿�^�´µé?¿�

A ⊆ Rmk f−1(A) ∩ E ⊆ f−1(A)"

10©¤¢�ÛÉ§´�§3IOÄe¤éA�Ý
´�_Ý
"
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15. � E ´ Rn ¥�m8� f : E −→ Rm"y² f 3 E þëY�¿�^�´µé

?¿� A ⊆ Rmk f−1(A◦) ⊆ (f−1(A))◦"

16. �K ´ Rn¥���;8§f : K −→ K ÷v

|f(x)− f(y)| < |x− y|, ∀ x, y ∈ K, x 6= y.

y²�3��� a ∈ K ¦� f(a) = a"

17. �

E1 = {(x, y) : x ∈ [0, 1] ∩Q, y ∈ [0, 1]},

E2 = {(x, y) : x ∈ [0, 1] \Q, y ∈ [−1, 0]}.

y² E1 ∪ E2´ R2¥�ëÏ8"

18. � E ´ Rn¥�à8§y² E �´ Rn¥�à8"

19. �A´Rn����½���f8"é?¿�x ∈ RnP d(x, A) = inf
a∈A
|x−a|"

y² d(x, A)´ Rnþ���ëY¼ê"

20. �äe�¼ê f 3�½8Ü E þ´Ä��ëYµ

(1) f(x, y) =
√
x2 + y2§E = R2"

(2) f(x, y) = cos(xy)§E = R2"

(3) f(x, y) = sin
π

1− x2 − y2
§E = B(0, 1)"

(4) f(x, y) = xy§E = (0, 1)2"

21. � f : Rn −→ Rm 3 Rn þ��ëY§y²é?¿� x ∈ Rn \ B(0, 1) k

|f(x)| = O(|x|)"

22. � f ´l Qn � Rm ���ëYN�§y² f ��òÿ�l Rn � Rm ���
ëYN�"
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�È©Æ�²;�Æ¥§ù«g�

�eãó,�¯¢��ùXX§=

3���þ�m¥§�5.�ê�

m�3��éA§Ïd3�:?�

�ê�½Â�ê
Ø´�5."3

?nõCþ¼ê�§ØJ��/$

Åê�)º�PN¬¦�¹C��

<"~X§Xd���EÜ¼ê 

�ê�²;úª®��
¤k�*

¿Â�è,"

—— J. Dieudonné

§ 13.1

���©©©���½½½ÂÂÂ

31ÊÙ¥·�0�
��¼ê�ê�Vg"¼ê f(x)�¡�´3: x0 ?�

�£½��¤�§XJ4�

lim
h→0

f(x0 + h)− f(x0)

h

�3§¿�þã4���¡� f(x)3 x0 ?��ê"T½Â�ª3í2�p��¬

��(J§ù´Ï�XJ f : Rn −→ Rm§@oé x0, h ∈ Rn§©ª

f(x0 + h)− f(x0)

h

��5`´vk¿Â�§Ïd·�7LUC�eg´"£Áå��¼ê f(x)3 x0

?����=��3 A ∈ R¦�

f(x0 + h) = f(x0) +Ah+ o(h)

147
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£ë�1ÊÙ·K 2.2¤§�=´`§�±3 x0 NC^�5¼ê%C f(x)"Ïdé

u���N� f§·�g,/�ÄUÄ3ÛÜ^�5N��%C f§ùÒÚÑ
e

ã½Â"

===½½½ÂÂÂ 1.1>>>� E ⊆ Rn§f : E −→ Rm"q� a´ E ���S:"e�3�

5N� L : Rn −→ Rm¦�

lim
h→0

f(a+ h)− f(a)− Lh
|h|

= 0, (13.1)

K¡ f 3 a?�� (differentiable)"e f 3 E ¥z�:?þ��§·�Ò¡ f 3 E

þ��"

===555 1.2>>>½Â 1.1 ¥� Lh L« L 3 h þ��^§�c·�Ï~r§P�

L(h)§�y3�
�Bå�ò§�¤ Lh"

���J�´§½Â 1.1¥��5N� LXJ�3§K7��"¯¢þ§e L1

� L2þ´÷v (13.1)��5N�§K

lim
h→0

L1h− L2h

|h|
= 0,

u´éu Rn¥�?��½��"� uk

lim
k→0+

L1(ku)− L2(ku)

|ku|
= 0,

d= lim
k→0+

L1u− L2u

|u|
= 0§l
7k L1u = L2u"2d u�?¿5� L1 = L2"

u´·��±�ÑXe½Â"

===½½½ÂÂÂ 1.3>>>� E ⊆ Rn§f : E −→ Rm§� a´ E ���S:"e f 3 a?

��§K¡ (13.1)¥��5N� L� f 3 a?��© (differential) 1©§P� f ′(a)½

Df(a)"

·�^L (Rn,Rm)L«l Rn� Rm��N�5N�¤¤�8§§´ Rþ��
��5�m"� f 3 Eþ���§f ′ : x 7→ f ′(x)´l E�L (Rn,Rm)�N�§·

�¡���N�"

dul Rn � Rm ��5N�7éAu�� m × nÝ
§¿�3À½
Ä.�
cJeù�Ý
´��(½�"Ïd�
�Bå�§·��r�5N� f ′(a)'u

1©5¿� §5.2¥�/�©0�«©"
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RnÚ Rm�IOÄ 2©�Ý
P� f ′(a)"�é{`§f ′(a)QL«�5N�§�L«

�5N�3IOÄeéA�Ý
"

===~~~ 1.4>>>� f : Rn −→ Rm �~�N�§Ké?¿� x ∈ Rn§f ′(x)þ´"

N�£=ò Rn¥z���N� Rm¥"��N�¤§ÙéA�Ý
�"Ý
"

===~~~ 1.5>>>e f(x) = Lx+ b§Ù¥ L ∈ L (Rn,Rm)� b ∈ Rm§Kd

f(x+ h) = f(x) + Lh

� f ′(x) = L (∀ x ∈ Rn)"

e¡·�50���N���
Ä�5�"

===···KKK 1.6>>>e f 3 a?��§K f 3 a?ëY"

y². e f 3 a?��§K

lim
h→0

f(a+ h)− f(a)− f ′(a)h

|h|
= 0,

Ïd

lim
h→0

(
f(a+ h)− f(a)

)
= lim
h→0

(
f(a+ h)− f(a)− f ′(a)h

|h|
· |h|+ f ′(a)h

)
= 0,

þ¡���Ú^�
�5N��ëY5£ë�1��Ù~ 3.3¤" �

===···KKK 1.7>>>� E ⊆ Rn §f = (f1, · · · , fm)T : E −→ Rm"q� a´ E ���

S:"@o f 3 a?���¿�^�´z�©þ¼ê fj þ3 a?��"d	§�

f 3 a?���k

f ′(a) =


f ′1(a)

...

f ′m(a)

 .
y². é?����m× nÝ
 L§-

F (h) =
f(a+ h)− f(a)− Lh

|h|
.

2©·�P {e1, · · · , en}� Rn �IOÄ§Ù¥ ej ´1 j �©þ� 1
Ù{©þ� 0��þ"
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eP L =


L1

...

Lm

§@o Lh =


L1h

...

Lmh

"Ïd

F (h) =


F1(h)

...

Fm(h)

 ,
Ù¥

Fj(h) =
fj(a+ h)− fj(a)− Ljh

|h|
.

Uì1��Ù·K 2.3§ lim
h→0

F (h) = 0��=�é 1 6 j 6 mk lim
h→0

Fj(h) = 0§l


·K�y" �

dL (Rn,Rm)´�5�m�á=��Xe(Ø"

===···KKK 1.8>>>e f � gþ3 a?��§Ké?¿�¢ê α, β
ó§αf + βg �

3 a?��§�

(αf + βg)′(a) = αf ′(a) + βg′(a).

aqu1ÊÙ·K 1.16§·�keãóª{K (chain rule)"

===···KKK 1.9>>>£££óóóªªª{{{KKK¤¤¤�E ⊆ Rn§D ⊆ Rm§f : E −→ Rm§g : D −→ R`§
� f(E) ⊆ D"q� a´ E �S:§b = f(a)´ D �S:"e f 3 a?��� g

3 b?��§K g ◦ f 3 a?��§�k

(g ◦ f)′(a) = g′(b) ◦ f ′(a),

þªm>´ü��5N��EÜ"eò (g ◦ f)′(a)§g′(b)9 f ′(a)þw�´�5N

�3IOÄe�Ý
§@oþª���¤

(g ◦ f)′(a) = g′(b)f ′(a),

d��Òm>L«Ý
�¦È"

y². Uìb�§g 3 b = f(a) �,�� U ⊆ D Sk½Â"du f 3 a ?

��§� f 3 a ?ëY§Ïd�3 a ��� V ⊆ E§¦�é?¿� x ∈ V k

f(x) ∈ U"ù��5§EÜN� g ◦ f Ò3 a��� V þk½Â"
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d f 3 a?��9 g3 b?���§�3 s(h)� t(k)§¦�� |h|§|k|¿©�
�k

f(a+ h) = f(a) + f ′(a)h+ s(h), (13.2)

g(b+ k) = g(b) + g′(b)k + t(k), (13.3)

¿�

lim
h→0

s(h)

|h|
= lim
k→0

t(k)

|k|
= 0.

du lim
h→0

[f(a+ h)− f(a)] = 0§¤±·��A� k = f(a+ h)− f(a)¿òÙ�\

(13.3)§l
��

g(f(a+ h)) = g(f(a)) + g′(b)[f(a+ h)− f(a)] + t(k).

y32ò (13.2)�\þªmý§Bk

g(f(a+ h)) = g(f(a)) +
(
g′(b) ◦ f ′(a)

)
h+ g′(b)s(h) + t(k).

Ïd
g(f(a+ h))− g(f(a))−

(
g′(b) ◦ f ′(a)

)
h

|h|
=
g′(b)s(h)

|h|
+
t(k)

|h|
.

��¡§d lim
h→0

s(h)

|h|
= 09�5N��ëY5£1��Ù~ 3.3¤�

lim
h→0

g′(b)s(h)

|h|
= 0.

,��¡§

|k|
|h|

=
|f(a+ h)− f(a)|

|h|
=
|f ′(a)h+ s(h)|

|h|
6
|f ′(a)h|
|h|

+
|s(h)|
|h|

,


d (12.1)� |f ′(a)h| = O(|h|)§Ïd |k|
|h|
3 h→ 0�k.§u´

lim
h→0

t(k)

|h|
= lim
h→0

t(k)

|k|
· |k|
|h|

= 0.

nþB�

lim
h→0

g(f(a+ h))− g(f(a))−
(
g′(b) ◦ f ′(a)

)
h

|h|
= 0,

u´d�©�½Â�� (g ◦ f)′(a) = g′(b) ◦ f ′(a)" �
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===~~~ 1.10>>>� E ⊆ Rn§f : E −→ Rm§� a ´ E �S:"q� A ´��

`×mÝ
§¿P g(x) = Ax"@od~ 1.5� g′(x) = A"u´� f 3 a?���§

dóª{K�

(Af)′(a) = (g ◦ f)′(a) = Af ′(a).

SSS KKK 13.1

1. |^½Ây²¼ê f(x, y) = |x+ y|3 (0, 0)?Ø��"

2. |^½Ây²¼ê f(x, y) = |xy|3 (0, 0)?��"

3. � A´�� n × nÝ
"é?¿� x ∈ Rn§- f(x) = xTAx"y² f 3 Rn

þ��¿¦ f ′(x)"

4. � E ⊆ Rn§f : E −→ Rm� g : E −→ Rmþ��§y² h(x) = 〈f(x), g(x)〉
�3 E þ���é?¿� x ∈ E k

h′(x) = f(x)Tg′(x) + g(x)Tf ′(x),

ùp 〈 , 〉L«�þ�SÈ"

5. � f : R −→ Rm ��§�é?¿� x ∈ R k |f(x)| = 1"y²µé?¿�

x ∈ Rk 〈f(x), f ′(x)〉 = 0"

6. � f : Rn −→ RnëY��§�é?¿� x ∈ Rn
ó f ′(x)þ�ÛÉ"q��

3 b /∈ f(Rn)§¿P ϕ(x) = |f(x)− b|2§y²µϕ′(x) 6= 0 (∀ x ∈ Rn)"

§ 13.2

���������êêê���   ���êêê

3þ!¥·��Ñ
��N��Vg9Ä�5�§,
%kü��~¢S�¯

K{3·�¡cµ�´�8c��·�E,vk��{B��{��½��N�´

Ä��¶�´=ùdþ!·K 1.8Ú 1.9N´��/X

f(x, y) = log(cosx+ y2 + 2)

���¼ê´���§�%Ã{�B/¦ÑÙ�©§½´¦ÑÙ�©¤éA�Ý


"�!�8�Ò´5)ûù
¯K"
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Uì Heine8(�n§(13.1)ª�ý�4��3��=�éuªu 0���Ø

� 0�?¿S� {xm}§4�

lim
m→∞

f(a+ xm)− f(a)− Lxm
|xm|

þ�3§ù¿�Xéu?¿�«- hªu 0��ª
ó§(13.1)�ý�4�þ�3"

Ïd-<��UÄÏLÀJ�
AÏ� hªu 0��ª§¦�dù
AÏ�ªe,


4���35íÑ (13.1)�ý4���35§?
�� f ���5"�,§3¤

k�ªu 0��ª¥§÷,�½�þ��ªu 0´�{ü��/
"2(Ü��¼

ê�ê��©½Â§ùÒg,/ÚÑ
eã���ê�Vg"

===½½½ÂÂÂ 2.1>>>� E ⊆ Rn§f : E −→ Rm§� a´ E���S:"éu Rn¥�
½��"�þ u§e4�

lim
t→0

f(a+ tu)− f(a)

t

�3§·�Ò¡ f 3 a?÷�� u´���§¿òþã4�¡� f 3 a?÷�� u

����ê (directional derivative)§P�
∂f

∂u
(a)½ Duf(a)"

===~~~ 2.2>>>éu��¼ê f(x, y) = x cos y 
ó§§3: 0 = (0, 0)T ?÷��

u = (1, 0)T����ê�

∂f

∂u
(0) = lim

t→0

f(t, 0)− f(0, 0)

t
= lim

t→0

t

t
= 1.

f 3 a = (1, 0)T?÷�� v = (1, 1)T����ê�

∂f

∂v
(a) = lim

t→0

f(1 + t, t)− f(1, 0)

t
= lim

t→0

(1 + t) cos t− 1

t

= lim
t→0

(
cos t+

cos t− 1

t

)
= 1.

===···KKK 2.3>>>� E ⊆ Rn§f : E −→ Rm§� a´ E ���S:"e f 3 a?

��§K f 3 a?�¤k���êþ�3§¿�éu Rn¥�?��"�þ uk

∂f

∂u
(a) = f ′(a)u.

y². d f 3 a?���

lim
h→0

f(a+ h)− f(a)− f ′(a)h

|h|
= 0,
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AO/k

lim
t→0

f(a+ tu)− f(a)− f ′(a)(tu)

|tu|
= 0.

Ïd lim
t→0

|f(a+ tu)− f(a)− f ′(a)(tu)|
|tu|

= 0"ü>Ó�¦± |u|��

lim
t→0

∣∣∣∣f(a+ tu)− f(a)− f ′(a)(tu)

t

∣∣∣∣ = 0,

= lim
t→0

f(a+ tu)− f(a)− f ′(a)(tu)

t
= 0§� lim

t→0

f(a+ tu)− f(a)

t
= f ′(a)u" �

N´ý�§þã·K�_¿Ø¤á"¯¢þ§f 3 a?�¤k���êþ�3

$�ØU�y f 3 a?ëY"

===~~~ 2.4>>>�

f(x, y) =


x3y

x6 + y2
, e (x, y) 6= (0, 0),

0 e (x, y) = (0, 0).

@oé?¿��"�þ u = (u1, u2)
T§f 3 (0, 0)T?÷�� u����ê�

lim
t→0

f(tu1, tu2)− f(0, 0)

t
= lim

t→0

1

t
· (tu1)

3(tu2)

(tu1)6 + (tu2)2
= lim

t→0

tu21u2
t4u61 + u22

= 0

£þ¡���Ú�� u2´Ä� 0?Ø��¤§�=´` f 3 (0, 0)T?�¤k���

êþ�3���"�d

f(x, x3) =
1

2
, ∀ x 6= 0

� f 3 (0, 0)T?ØëY"

l/ªþw§·K 2.3´3���cJe�Ñ
¦���ê����{§��

���Ý5g�§b�·�6���� f 3 a?��%Ø�� f ′(a)´�o§@o§

XJ·�U
é Rn ��|Ä {u1, · · · ,un}O�Ñ f 3 a?÷Ã�� uj ����

ê§ÒUÏL·K 2.3�� f ′(a)3ù|Äe�Ý

"Uìù�g´§·�á�

¿£�Ã���ê¥c�­��´÷�I�þ ej ������ê"

===½½½ÂÂÂ 2.5>>>� E ⊆ Rn§f : E −→ Rm§� a ´ E �S:"e f 3 a ?

÷ ej ������ê�3§K¡T���ê� f 3 a?�1 j � �ê (partial

derivative) 3©§P�
∂f

∂xj
(a)½ fxj (a)"

3©3ùp·�÷^
¶c/ �ê0§�7L5¿�´§3���¹e���ê� �êþ�7´
��/ê0"
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éu��¼ê f§duÏ~òÙgCþP� xÚ y§¤±·�~r§�ü� 

�êP�
∂f

∂x
�

∂f

∂y
§½ fx� fy"éun�¼ê f§duÏ~òÙgCþP� x§y

Ú z§�
~r§�n� �êP�
∂f

∂x
§
∂f

∂y
�

∂f

∂z
§½ fx§fy � fz"

� E ⊆ Rn§a ´ E �S:"éuõ�¼ê f : E −→ R 
ó§eP a =

(a1, · · · , an)T§@o

∂f

∂xj
(a) = lim

t→0

f(a1, · · · , aj−1, aj + t, aj+1, · · · , an)− f(a1, · · · , an)

t
.

�é{`§eP g(λ) = f(a1, · · · , aj−1, λ, aj+1, · · · , an)§K
∂f

∂xj
(a) = g′(aj)"¤±

 �ê
∂f

∂xj
�ÏLòÃ xi (i 6= j)w�~ê
éCþ xj ¦���"

===~~~ 2.6>>>é f(x, y, z) = log(sinx+ y + ez)k

fx =
∂f

∂x
=

cosx

sinx+ y + ez
,

fy =
∂f

∂y
=

1

sinx+ y + ez
,

fz =
∂f

∂z
=

ez

sinx+ y + ez
.

ÏdeP a = (0, 1, 2)T§K

∂f

∂x
(a) =

1

1 + e2
,

∂f

∂y
(a) =

1

1 + e2
,

∂f

∂z
(a) =

e2

1 + e2
.

du {e1, · · · , en}´ Rn �Ä§����ê�^ �êL«Ñ5"¯¢þ§e
f 3 a ∈ Rn?��§Ké?¿��"�þ u = (u1, · · · , un)T
ó§d·K 2.3 ��

∂f

∂u
(a) = f ′(a)u = f ′(a)

( n∑
j=1

ujej

)
=

n∑
j=1

ujf
′(a)ej

=
n∑
j=1

uj
∂f

∂xj
(a). (13.4)

?�Ú/§e f = (f1, · · · , fm)T§@od·K 1.7�

f ′(a) =


f ′1(a)

...

f ′m(a)

 . (13.5)
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,
é n�¼ê fi (1 6 i 6 m)A^ (13.4)��

f ′i(a)u =
n∑
j=1

uj
∂fi
∂xj

(a) =

(
∂fi
∂x1

(a), · · · , ∂fi
∂xn

(a)

)
u,

Ïd

f ′i(a) =

(
∂fi
∂x1

(a), · · · , ∂fi
∂xn

(a)

)
.

òþª�\ (13.5)§·��ª��

f ′(a) =



∂f1
∂x1

(a)
∂f1
∂x2

(a) · · · ∂f1
∂xn

(a)

∂f2
∂x1

(a)
∂f2
∂x2

(a) · · · ∂f2
∂xn

(a)

...
...

...

∂fm
∂x1

(a)
∂fm
∂x2

(a) · · · ∂fm
∂xn

(a)


. (13.6)

ù�Ý
�¡� f 3 a?� JacobiÝ
 (Jacobian matrix)"� m = n�§·�r

þãÝ
�1�ªP�
D(f1, · · · , fn)

D(x1, · · · , xn)
§¿¡�� Jacobi1�ª"

n�¼ê f 3 a?� JacobiÝ
��¡� f 3 a?�FÝ (gradient)§P�

grad f(a)"Uì (13.4)§é?¿��"�þ uk

∂f

∂u
(a) = 〈grad f(a),u〉.

XJ grad f(a) 6= 0§@o� u´ grad f(a)��ê�£�= u� grad f(a)Ó�¤

����ê
∂f

∂u
(a)�����§Ïd�±@�FÝ��´ f 3 a?CzÇ���

��"

XJ f(x1, · · · , xm)´�� m�¼ê§
z� xj þ´ n�¼ê xj(t1, · · · , tn)§

@o·���±r f w�Cþ t1, · · · , tn�¼ê§u´dóª{K9 (13.6)�

(
∂f

∂t1
, · · · , ∂f

∂tn

)
=

(
∂f

∂x1
, · · · , ∂f

∂xm

)


∂x1
∂t1

· · · ∂x1
∂tj

· · · ∂x1
∂tn

∂x2
∂t1

· · · ∂x2
∂tj

· · · ∂x2
∂tn

...
...

...

∂xm
∂t1

· · · ∂xm
∂tj

· · · ∂xm
∂tn


,
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Ïdé 1 6 j 6 nk
∂f

∂tj
=

m∑
i=1

∂f

∂xi
· ∂xi
∂tj

. (13.7)

ù�úª��¡� �ê�óª{K"

===~~~ 2.7>>>� f(x, y) = ex + y§� x = s cos t§y = 2s+ log t§@o

∂f

∂s
=
∂f

∂x

∂x

∂s
+
∂f

∂y

∂y

∂s
= ex cos t+ 2 = es cos t cos t+ 2

∂f

∂t
=
∂f

∂x

∂x

∂t
+
∂f

∂y

∂y

∂t
= ex · (−s sin t) +

1

t
= −es cos ts sin t+

1

t
.

ÏL±þ?Ø§·�uy�UeãÚ½�½ f ´Ä3: a?��µ

(1) �ä f 3 a?�� �ê´Ä�3"XJØ�Ñ�3§K f 3 a?Ø��¶X

J�Ü�3§KUYe�Ú½"

(2) � f 3 a?� JacobiÝ
� L§ò L�\ (13.1)ww (13.1)´Ä¤á"XJ¤

á§@o f 3 a?��§ÄK f 3 a?Ø��"

===~~~ 2.8>>>�ä¼ê

f(x, y) =


xy√
x2 + y2

, e x2 + y2 6= 0,

0, e x2 + y2 = 0

3 (0, 0)T?´Ä��"

). d �ê�½Â�

fx(0, 0) = lim
x→0

f(x, 0)− f(0, 0)

x
= 0,

Ónk fy(0, 0) = 0§l
 f 3 (0, 0)T?� JacobiÝ
 L�"Ý
"Ï�

f(x, y)− f(0, 0)− L(x, y)T√
x2 + y2

=
xy

x2 + y2
,

�4� lim
x→0
y→0

f(x, y)− f(0, 0)− L(x, y)T√
x2 + y2

Ø�3§¤± f 3 (0, 0)T?Ø��" �

�,3þ¡·��Ñ
�½ f 3,:?��5�äNÚ½§�ù«|^½Â�

��y��{3¢Sö�¥½N¬�3(J§AO´±eü«�¹þ¬O�·��

ó�þµ�´�·�I�?Ø f 3��8Üþ���5
�3�:?���5�¶

�´½Â��mÚ��m��êÑé���¹"¤±k7��ïá�����B�
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�½��5��{"30�ù��½�{�c§��y²���9Ïóä§·�k

�Ñ Lagrange¥�½n3p��/e�í2"�,§ù�í2���´4kd�

���(Ø"

Äk£Áå31��Ù~ 3.10¥¤½Â�8Ü

[a, b] = {(1− λ)a+ λb : 0 6 λ 6 1}.

===½½½nnn 2.9>>>£££¥¥¥���½½½nnn¤¤¤ � E ´ Rn ¥�àm8§a� b´ E ¥ü�ØÓ�

:§� [a, b] ⊆ E"q� f : E −→ R3 E ¥z�:?÷�� u = b− a����ê
þ�3§@o�3 c ∈ [a, b]¦�

f(b)− f(a) =
∂f

∂u
(c). (13.8)

y². - g(t) = f
(
(1 − t)a + tb

)
§K g : [0, 1] −→ R ÷v g(0) = f(a) ±9

g(1) = f(b)"d	

g′(t) = lim
h→0

g(t+ h)− g(t)

h
= lim

h→0

f
(
[1− (t+ h)]a+ (t+ h)b

)
− f

(
(1− t)a+ tb

)
h

= lim
h→0

f
(
(1− t)a+ tb+ hu

)
− f

(
(1− t)a+ tb

)
h

=
∂f

∂u

(
(1− t)a+ tb

)
.

Ïdé gA^ Lagrange¥�½n�§�3 ξ ∈ [0, 1]¦�

f(b)− f(a) = g(1)− g(0) = g′(ξ) =
∂f

∂u

(
(1− ξ)a+ ξb

)
.

u´P c = (1− ξ)a+ ξb=� (13.8)" �

ù�½n�/ªq�� Lagrange¥�½n��$�§@oe¡�íØò¦·

�w��²w�
"

===íííØØØ 2.10>>>� E´ Rn¥�àm8§f : E −→ R3 Eþ��§Ké E¥?

¿ü�ØÓ�: a, b§�3 c ∈ [a, b]¦�

f(b)− f(a) = f ′(c)(b− a).

y². ù´Ï�d�d·K 2.3�

∂f

∂u
(c) = f ′(c)u = f ′(c)(b− a).

�

I5¿�´§þã(Øé���N� f : E −→ Rm�7¤á§ë�SK 16"
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===½½½nnn 2.11>>>� E ⊆ Rn§f = (f1, · · · , fm)T : E −→ Rm§� a´ E �S:"

XJ�3 a��� U§¦� f ��©þ¼ê3 U SkëY� �ê
∂fi
∂xj

(1 6 i 6

m, 1 6 j 6 n)§@o f 3 a?��"

y². Uì·K 1.7§�Iy²m = 1��/=�§d� f : E −→ R"·�P
h = (h1, · · · , hn)T§a0 = a±9

aj = aj−1 + hjej , 1 6 j 6 n,

@o an = a+ h£mã�Ñ
 n = 3��/¤"

x

y

z

a

a1 a2

a3 = a+ h

Ï� U ´ a���§�Ø�� U ´± a�¥%�

m¥"u´� |h|¿©��§é 0 6 j 6 nþkaj ∈ U"
y3�Ä f(a+ h)− f(a)§·�k

f(a+ h)− f(a) = f(an)− f(a0) =

n∑
j=1

[
f(aj)− f(aj−1)

]
. (13.9)

5¿�é?¿� λ ∈ [0, 1]§

|λaj−1 + (1− λ)aj − a| 6 λ|aj−1 − a|+ (1− λ)|aj − a|,

�
 [aj−1,aj ] ⊆ U§u´d½n 2.9��3 cj ∈ [aj−1,aj ]¦�

f(aj)− f(aj−1) =
∂f

∂(hjej)
(cj) = hj ·

∂f

∂xj
(cj).

rù�ªf�\ (13.9)=�

f(a+ h)− f(a) =

n∑
j=1

hj ·
∂f

∂xj
(cj).

ÏdeP

L =

(
∂f

∂x1
(a), · · · , ∂f

∂xn
(a)

)
,

@o
f(a+ h)− f(a)− Lh

|h|
=

n∑
j=1

hj
|h|
·
[
∂f

∂xj
(cj)−

∂f

∂xj
(a)

]
.

y- h→ 0§@o cj → a (1 6 j 6 n)§u´d �ê�ëY5�

∂f

∂xj
(cj)−

∂f

∂xj
(a)→ 0, 1 6 j 6 n.
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5¿�
hj
|h|
k.§�


lim
h→0

f(a+ h)− f(a)− Lh
|h|

= 0.

ùÒy²
 f 3 a?��" �

7L�Ñ�´§þã½n�ã�¿Ø´���¿�^�"¯¢þ§�3���

N�§§vkëY� �ê£ë�SK 18¤"

===½½½ÂÂÂ 2.12>>>� E ´ Rn ¥�m8§� f : E −→ Rm �z�©þ¼ê3 E þ

��� �êþ�3�ëY§@oÒ¡ f 3 E þëY��§P� f ∈ C1(E)"

[%�Öö�½®²¿£�
þã½Â¹�âô§ù´Ï�3���©Æp§

·�¡����¼êëY��´�Ù�¼êëY§Ïd3õ���/eëY��g

,AT��´¦��N� f ′ : E −→ L (Rn,Rm)ëY�@
 f"¯¢þ§3SK 25

¥·�¬w�ù�½Â 2.12´�d�"

y� E ´ Rn ¥�m8§¿�Ä E þ� n�¼ê f : E −→ R"e f �Ã �
∂f

∂xj
3 E þ�3§@où
 ��´½Â3 E þ� n�¼ê§l
��±�Ä§

�3 E þ� �§~X
∂

∂xk

( ∂f
∂xj

)
,

·�¡�� f 3Eþ���·Ü � (second order mixed partial derivative)§½{

¡��� �§¿òþªP�
∂2f

∂xk∂xj
½ fxjxk"aq�½Âp� � (higher order

partial derivative)"·�~ò
∂2f

∂xj∂xj
{P�

∂2f

∂x2j
§ò

∂3f

∂xj∂xj∂xj
{P�

∂3f

∂x3j
§�

�"

XJ n�¼ê f �z� 6 r�� �þ3 E þ�3�ëY§·�Ò¡ f 3 E

þ´ Cr a (class Cr)�§P� f ∈ Cr(E)"

===~~~ 2.13>>>� f(x, y) = x2 log y§K

∂f

∂x
= 2x log y,

∂f

∂y
=
x2

y
.

?
��Ã�� �

∂2f

∂x2
= 2 log y,

∂2f

∂y2
= −x

2

y2
,

∂2f

∂y∂x
=

∂2f

∂x∂y
=

2x

y
.
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3þã~f¥·�w�

∂2f

∂y∂x
=

∂2f

∂x∂y
§�ù¿Ø´o¤á�§e¡´��

�~"

===~~~ 2.14>>>�

f(x, y) =


xy(x2 − y2)
x2 + y2

, e (x, y) 6= (0, 0),

0, e (x, y) = (0, 0),

@o

∂f

∂x
(x, y) =


y(x4 + 4x2y2 − y4)

(x2 + y2)2
, e (x, y) 6= (0, 0),

0, e (x, y) = (0, 0),

∂f

∂y
(x, y) =


x(x4 − 4x2y2 − y4)

(x2 + y2)2
, e (x, y) 6= (0, 0),

0, e (x, y) = (0, 0).

u´

∂f

∂y∂x
(0, 0) = lim

y→0

1

y

(
∂f

∂x
(0, y)− ∂f

∂x
(0, 0)

)
= lim

y→0

−y
y

= −1,

∂f

∂x∂y
(0, 0) = lim

x→0

1

x

(
∂f

∂y
(x, 0)− ∂f

∂y
(0, 0)

)
= lim

x→0

x

x
= 1.

===½½½nnn 2.15>>>(Schwarz) � E ´ Rn ¥�m8§f : E −→ R"e f ∈ C2(E)§

Ké?¿� a ∈ E 9 1 6 i, j 6 nk

∂2f

∂xi∂xj
(a) =

∂2f

∂xj∂xi
(a). (13.10)

y². Ï�3O�þªüý��� �ê�§�±òØ xi Ú xj �Ù{CþÀ

�~ê§�Ø�� n = 2§i = 1§j = 2"qP a = (a1, a2)
T"e¡·�^ü«�{

5O�

∆f = f(a1 + h, a2 + k)− f(a1 + h, a2)− f(a1, a2 + k) + f(a1, a2).

��¡§eP ϕ(x) = f(x, a2 + k)− f(x, a2)§@o

∆f = ϕ(a1 + h)− ϕ(a1).
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u´d Lagrange¥�½n��3 u a1Ú a1 + h�m�,� ξ¦�

∆f = ϕ′(ξ)h =

[
∂f

∂x1
(ξ, a2 + k)− ∂f

∂x1
(ξ, a2)

]
h.

2gA^ Lagrange¥�½n�§�3 u a2Ú a2 + k�m�,� η¦�

∆f =
∂2f

∂x2∂x1
(ξ, η) · hk.

,��¡§eP ψ(y) = f(a1 + h, y)− f(a1, y)§@o

∆f = ψ(a2 + k)− ψ(a2).

Ón§¦^üg Lagrange¥�½n��§�3 u a1Ú a1 + h�m�,� ζ ±9

 u a2Ú a2 + k�m�,� µ¦�

∆f =
∂2f

∂x1∂x2
(ζ, µ) · hk.

Ïd
∂2f

∂x2∂x1
(ξ, η) =

∂2f

∂x1∂x2
(ζ, µ).

y- (h, k)T → (0, 0)T§@o (ξ, η)T � (ζ, µ)T þªu a§u´d�� ��ëY5

� (13.10)¤á" �

XJ f ∈ Cr(E)§K�ò f � r � �ê�¤
∂rf

∂xα1
1 · · · ∂x

αn
n
�/ª§Ù¥

α1 + · · ·+ αn = r"

SSS KKK 13.2

1. ée�¼ê f O�Ù3�½: a?÷�½�� u����êµ

(1) f(x, y) = x2 + y2§a = (1, 1)T§u = (1,−2)T¶

(2) f(x, y) = x+ log(y + 1)§a = (0, 0)T§u = (1, 1)T¶

(3) f(x, y, z) = ex+y+z
2
§a = (1, 0, 0)T§u = (0, 0, 1)T¶

(4) f(x, y, z) =
x+ y2

z
§a = (1, 1, 1)T§u = (1, 0, 1)T"

2. éue�¼ê f(x, y)§Á¦¤k� u (|u| = 1)§¦� f 3 (0, 0)T :÷�� u

����ê�3µ

(1) f(x, y) =

{
x+ y e xy = 0,

1, e xy 6= 0.
¶
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(2) f(x, y) =
√
|x2 − y2|"

3. y²¼ê f(x1, · · · , xn) = |x1|+ · · ·+ |xn|3 0?÷?Û������êþØ

�3"

4. ée�N� f O�Ù JacobiÝ
µ

(1) f(x, y) = x2 log y + xy + 2¶ (2) f(x, y) =
x− y

x2 + y2 + 1
¶

(3) f(x, y) = (x+ y, xy)¶ (4) f(r, θ) = (r cos θ, r sin θ)¶

(5) f(x, y) = (y sinx, x cos y)¶ (6) f(x, y, z) = (ex+z + 1, z2 arctan y)¶

(7) f(r, θ, z) = (r cos θ, r sin θ, z)¶

(8) f(r, ϕ, θ) = (r sinϕ cos θ, r sinϕ sin θ, r cosϕ)"

5. ée�¼ê f O�Ù��� �êµ

(1) f(x, y) = xy +
y

x
¶ (2) f(x, y) = arctan

y

x
¶

(3) f(x, y) = log(x2 + y2)¶ (4) f(x, y) = xy"

6. � f ´ C2a�§O�e� �êµ

(1) u = f(x2 + y2)§O�
∂u

∂x
§
∂2u

∂x2
9

∂2u

∂x∂y
"

(2) u = f(ex log y)§O�
∂u

∂y
�

∂2u

∂x∂y
"

(3) u = f
(
x,
x

y

)
§O�

∂2u

∂x2
�

∂2u

∂y2
"

7. � f(x, y) = ex sin y§é��êm, nO�
∂m+n

∂xm∂yn
"

8. � f(x, y, z) =
1√

x2 + y2 + z2
§y²3 R3 \ {0}þk

∂2f

∂x2
+
∂2f

∂y2
+
∂2f

∂z2
= 0.

9. � a, b�~ê§a 6= 0§- f(x, t) =
1

2a
√
πt
e−

(x−b)2
4a2t §y²3 R× R>0þk

∂f

∂x
= a2

∂2f

∂x2
.

10. � ϕ� ψþ����§z = ϕ
(y
x

)
+ xψ

(y
x

)
§y²

x2
∂2z

∂x2
+ 2xy

∂2z

∂x∂y
+ y2

∂2z

∂y2
= 0.
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11. £Euler¤b� E ⊆ Rn§�é?¿� x ∈ E 9 t > 0k tx ∈ E"XJ¼ê
f : E −→ R÷v

f(tx) = tαf(x), ∀ x ∈ E, t > 0,

Ù¥ α´���½�¢ê§K¡ f ´ Eþ��� αgàg¼ê"é Eþ��

� αgàg¼ê f y²

n∑
j=1

xj ·
∂f

∂xj
(x) = αf(x), ∀ x = (x1, · · · , xn) ∈ E. (13.11)

12. � E ⊆ Rn§�é?¿� x ∈ E 9 t > 0k tx ∈ E"q� f : E −→ R���
÷v (13.11)"y² f ´ E þ� αgàg¼ê"

13. � E ⊆ Rn§f � gþ´½Â3 E þ���¼ê§y²3 E þk

grad fg = f · grad g + g · grad f.

14. ïÄ¼ê f(x, y) =
√
|xy|3: (0, 0)T?���5"

15. ïÄ¼ê

f(x, y) =

xy cos
1

x2 + y2
, e x2 + y2 6= 0,

0, e x2 + y2 = 0

3: (0, 0)T?���5"

16. � g(x, y)3 (0, 0)T�,��SëY§y²µf(x, y) = |x−y| ·g(x, y)3 (0, 0)T

?���¿�^�´ g(0, 0) = 0"

17. � f : R −→ R2÷v f(x) = (x, x2)T§y² f 3 Rþ��§�Ø�3 ξ ∈ [0, 1]

¦� f(1)− f(0) = f ′(ξ)"

18. �

f(x, y) =

(x2 + y2) sin
1√

x2 + y2
, e (x, y) 6= (0, 0),

0, e (x, y) = (0, 0).

y² f 3 (0, 0)T?��§�´
∂f

∂x
�

∂f

∂y
þ3 (0, 0)T?ØëY"

19. � E ⊆ Rn§f : E −→ Rm§a´ E ���S:"q��3 a��� U ⊆ E§

¦� f 3 U þ�3� �ê§�ù
 �ê3 U þk."y² f 3 a?ë

Y"
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20. y²~ 2.14¥�¼ê f(x, y)3 R2 þëY��§Ïdù�~f`²ëY��

���� ��3�¼êÙü��� �
∂2f

∂x∂y
�

∂2f

∂y∂x
�7��"

21. b�3 R2þ½Â�¼ê f(x, y)÷v

(1)
∂2f

∂y∂x
�3�3 (x0, y0)

T?ëY¶

(2) é?¿� x§
∂f

∂y
(x, y0)þ�3"

y²
∂2f

∂x∂y
(x0, y0)�3¿�

∂2f

∂x∂y
(x0, y0) =

∂2f

∂y∂x
(x0, y0)"

22. � f ´½Â3«�Dþ���¼ê§�3D�z�:? f �� �þ�u 0§

y² f ´ Dþ�~�¼ê"

23. �D´ Rn¥�«�§f : D −→ Rm3 E þ��"e f ′´~�N�§y²�

3 L ∈ L (Rn,Rm)9 a ∈ Rm¦�é?¿� x ∈ Dk f(x) = Lx+ a"

24. � L ∈ L (Rn,Rm)§·�¡

‖L‖ = sup
|h|=1

|Lh|

� L��ê"y²µ

(1) é?¿� x ∈ Rnk |Lx| 6 ‖L‖ · |x|¶

(2) é?¿� λ ∈ R§‖λL‖ = |λ| · ‖L‖"AO/§‖ − L‖ = ‖L‖¶

(3) é?¿� L1, L2 ∈ L (Rn,Rm)k ‖L1 + L2‖ 6 ‖L1‖+ ‖L2‖¶

(4) é?¿� L1 ∈ L (Rn,Rm)9 L2 ∈ L (Rm,R`)k

‖L2 ◦ L1‖ 6 ‖L2‖ · ‖L1‖.

25. � E ´ Rn ¥�m8§f : E −→ Rm 3 E þ��"y² f 3 E þëY��

�¿�^�´µé?¿� a ∈ E 9?¿� ε > 0§�3 δ > 0§¦�éu÷v

|x− a| < δ�?¿� x ∈ E þk

‖f ′(x)− f ′(a)‖ < ε.
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§ 13.3

kkk���OOOþþþ½½½nnn��� Taylorúúúªªª

3þ!¥·�éõ�¼ê��
¥�½n£½n 2.9ÚíØ 2.10¤§�Ó���

Ñéu�����N�vkaq(Ø",
���3�´§3�½^�e·��±

^ |b− a|��� |f(b)− f(a)|§ù3Nõ¢SA^¥®,v

"�
£ãù«�
�§·�I�^�þ!SK 24¥¤�Ñ��5N���ê§yòÙ½Â­ãXe"

===½½½ÂÂÂ 3.1>>>� L ∈ L (Rn,Rm)§½Â L��ê (norm) ‖L‖�

‖L‖ = sup
|h|=1

|Lh|.

�ê��
Ä�5��¹3
þ!SK 24¥§AOI�J9�´§é?¿�

x ∈ Rnk
|Lx| 6 ‖L‖ · |x|.

===½½½nnn 3.2>>>£££kkk���OOOþþþ½½½nnn¤¤¤ � E ´ Rn ¥�àm8§f : E −→ Rm 3 E

þ��§��3 M > 0 ¦�é?¿� x ∈ E þk ‖f ′(x)‖ 6 M"@oé?¿�

a, b ∈ E k
|f(b)− f(a)| 6M |b− a|.

y². P u = f(b) − f(a)§@o h(x) = 〈u, f(x)〉 = uTf(x)´��¢�¼ê§

¿�d~ 1.10�� h′(x) = uTf ′(x)"u´d¥�½n�§�3 ξ ∈ [a, b]¦�

〈u, f(b)− f(a)〉 = h(b)− h(a) = h′(ξ)(b− a) = uTf ′(x)(b− a).

Ïdd Cauchy−SchwarzØ�ª�

|u|2 = 〈u, f(b)− f(a)〉 = 〈u, f ′(x)(b− a)〉 6 |u| · |f ′(x)(b− a)|

6 |u| ·M |b− a|.

�
 |f(b)− f(a)| = |u| 6M |b− a|" �

�e5·�r��¼ê� Taylorúªí2�õ�¼ê��/"��Bå�§é

�K�ê n�| α = (α1, · · · , αn)P

|α| = α1 + · · ·+ αn, α! = α1! · · ·αn!
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±9
∂αf

∂xα
=

∂|α|f

∂xα1
1 · · · ∂x

αn
n
,

¿é h = (h1, · · · , hn)T ∈ RnP hα = hα1
1 · · ·hαnn "

===½½½nnn 3.3>>>£££��� Lagrange {{{������ Taylor úúúªªª¤¤¤ � E ´ Rn ¥�àm8§
f : E −→ R"XJ f ∈ Cr+1(E)§Ké E¥?¿ü: aÚ a+h§�3 θ ∈ (0, 1)¦

�

f(a+ h) = f(a) +
∑

16|α|6r

1

α!

∂αf

∂xα
(a)hα +

∑
|α|=r+1

1

α!

∂αf

∂xα
(a+ θh)hα. (13.12)

y². - g(t) = f(a+ th)§@odóª{K� g3 [0, 1]þ���

g′(t) = f ′(a+ th)h =
n∑
i=1

∂f

∂xi
(a+ th) · hi.

Ón

g′′(t) =
n∑
j=1

∂

∂xj

( n∑
i=1

∂f

∂xi
(a+ th) · hi

)
· hj

=

n∑
j=1

n∑
i=1

∂2f

∂xj∂xi
(a+ th) · hihj

��/§du f ∈ Cr+1(E)§��8B/y² g 3 [0, 1]þ r + 1���§¿�é

k 6 r + 1k

g(k)(t) =

n∑
j1=1

· · ·
n∑

jk=1

∂kf

∂xj1 · · · ∂xjk
(a+ th) · hj1 · · ·hjk . (13.13)

5¿�d f ∈ Cr+1(E)9½n 2.15�
∂kf

∂xj1 · · · ∂xjk
7��¤X

∂kf

∂xα1
1 · · · ∂x

αn
n
�/

ª§Ù¥ α1+· · ·+αn = k"
é�½��|÷v α1+· · ·+αn = k� α` (1 6 ` 6 k)§

¦�
∂kf

∂xj1 · · · ∂xjk
=

∂kf

∂xα1
1 · · · ∂x

αn
n
� (j1, · · · , jk)��ê�(

k

α1

)(
k − α1

α2

)(
k − α1 − α2

α3

)
· · ·
(
k − α1 − · · · − αn−1

αn

)
=

k!

α1! · · ·αn!
,

Ïdé (13.13)m>Ü¿Óa���

g(k)(t) =
∑
|α|=k

k!

α!

∂αf

∂xα
(a+ th)hα.
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yé g¦^� Lagrange{�� Taylorúª§·�k

g(1) =

r∑
k=0

g(k)(0)

k!
+
g(r+1)(θ)

(r + 1)!
,

Ù¥ θ ∈ (0, 1)§d=

f(a+ h) = f(a) +
r∑

k=1

1

k!

∑
|α|=k

k!

α!

∂αf

∂xα
(a)hα

+
1

(r + 1)!

∑
|α|=r+1

(r + 1)!

α!

∂αf

∂xα
(a+ θh)hα

= f(a) +
∑

16|α|6r

1

α!

∂αf

∂xα
(a)hα +

∑
|α|=r+1

1

α!

∂αf

∂xα
(a+ θh)hα,

l
½n�y" �

(13.12)m> Taylorõ�ª�cn�´é­��§§�´

f(a) +

n∑
j=1

∂f

∂xj
(a)hj +

1

2

n∑
i=1

n∑
j=1

∂2f

∂xi∂xj
(a)hihj

= f(a) + f ′(a)h+
1

2

n∑
i=1

n∑
j=1

∂2f

∂xi∂xj
(a)hihj . (13.14)

eP

Hf (a) =



∂2f

∂x21
(a)

∂2f

∂x1∂x2
(a) · · · ∂2f

∂x1∂xn
(a)

∂2f

∂x2∂x1
(a)

∂2f

∂x22
(a) · · · ∂2f

∂x2∂xn
(a)

...
...

...

∂2f

∂xn∂x1
(a)

∂2f

∂xn∂x2
(a) · · · ∂2f

∂x2n
(a)


.

@o (13.14)�=

f(a) + f ′(a)h+
1

2
hTHf (a)h.

·�¡ Hf (a)� f 3 a?� HesseÝ
"

|^½n 3.3��Xe� Peano{�� Taylorúª"
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===½½½nnn 3.4>>>£££��� Peano {{{������ Taylor úúúªªª¤¤¤ b� E ´ Rn ¥�àm8§
f : E −→ R"XJ f ∈ Cr(E)§Ké?¿� a ∈ E§� h→ 0�k

f(a+ h) = f(a) +
∑

16|α|6r

1

α!

∂αf

∂xα
(a)hα + o(|h|r).

y². d½n 3.3��3 θ ∈ (0, 1)¦�

f(a+ h) = f(a) +
∑

16|α|6r−1

1

α!

∂αf

∂xα
(a)hα +

∑
|α|=r

1

α!

∂αf

∂xα
(a+ θh)hα. (13.15)


d r� ��ëY5�� h→ 0�

∂αf

∂xα
(a+ θh) =

∂αf

∂xα
(a) + o(1).

òù�\ (13.15)��

f(a+ h) = f(a) +
∑

16|α|6r

1

α!

∂αf

∂xα
(a)hα + o

( ∑
|α|=r

|hα|
)
.

5¿�� |α| = r�

|hα| = |hα1
1 · · ·h

αn
n | 6 |h|α1+···+αn = |h|r,

l
á���½n(Ø" �

===555 3.5>>>� a = 0 �§þ¡ü�½n¥� Taylor úª��¡� Maclaurin

úª"

===~~~ 3.6>>>� f(x, y) =
1

1− x− y
§Kd8B{N´�y

∂i+jf

∂xi∂yj
=

(i+ j)!

(1− x− y)i+j+1
,

u´
∂i+jf

∂xi∂yj
(0, 0) = (i+ j)!§¤±� x→ 0§y → 0�k

1

1− x− y
=

∑
06i+j6n

(i+ j)!

i! j!
xiyj + o

(
(x2 + y2)

n
2
)
.
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===555 3.7>>>���J�´§XJ3þ~¥r x + y w����N§@od��

¼ê� Taylorúª�§� x→ 0§y → 0�k

1

1− x− y
=

n∑
k=0

(x+ y)k + o(|x+ y|n)

=
n∑
k=0

∑
i+j=k

k!

i! j!
xiyj + o

(
(x2 + y2)

n
2
)

=
∑

06i+j6n

(i+ j)!

i! j!
xiyj + o

(
(x2 + y2)

n
2
)
.

u´·���
�~ 3.6�Ó�(J"ù¿�|Ü§
´ TaylorÐmª��5�g

,Ny£ë�SK 3¤"

SSS KKK 13.3

1. � E ´ Rn ¥�àm8§f : E −→ E ��§��3 θ ∈ (0, 1)¦�é?¿�

x ∈ Eþk ‖f ′(x)‖ 6 θ"y²µé?¿� x0 ∈ E§d xk+1 = f(xk) (∀ k > 0)

¤½Â�S� {xk}Âñ"

2. � a ∈ Rn§f ´l a��� U � Rm �ëYN�"é U ¥?�Éu a�:

x§f þ3 x?��"q��3 L ∈ L (Rn,Rm)§¦�é?¿� ε > 0§�3

δ > 0÷v

‖f ′(x)− L‖ < ε, ∀ x ∈ B(a, δ) \ {a}. 4©

y² f 3 a?��� f ′(a) = L"

3. £TaylorÐmª���5¤� E ´ Rn ¥�àm8§f ´½Â3 E þ�¼ê

� f ∈ Cr(E)"q� a ∈ E§�� h→ 0�k

f(a+ h) = f(a) +
∑

16|α|6r

Aαh
α + o(|h|r).

y²é?¿� αk Aα =
1

α!

∂αf

∂xα
(a)"

4. � f(x, y) = g(x)h(y)§Ù¥ g ∈ Cr((a, b))§h ∈ Cr((c, d))"y²µé?¿�

x0 ∈ (a, b)× (c, d)§f 3 x0?��1 rg�� Peano{�� Taylorúª�d

g(x)Ú h(y)�g�� Peano{�� Taylorúª�¦��"

4©ù�^���P� lim
x→a

f ′(x) = L"
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5. �Ñe�¼ê� Peano{��Maclaurinúªµ

(1) sin(x2 + y2)¶ (2)
√

1 + x+ y¶

(3) ex sin y¶ (4) log(1 + x) log(1 + y)"

6. ¦e�¼ê f 3�½: a?� Taylorõ�ª�cn�µ

(1) f(x, y) = xαyβ§a = (1, 1)¶

(2) f(x, y) =
1

1 + sinx− y
§a =

(π
2
, 0
)
¶

(3) f(x, y, z) = cos(x+ 2y + 3z)§a = (1,−2, 1)¶

(4) f(x, y, z) =
log(y + z2)

1 + x
§a = (0, 1, 0)"

7. y²µ� |x|Ú |y|¿©��k

arctan
1 + x+ y

1− x+ y
≈ π

4
+ x− xy.

8. O�e��­4�µ

(1) lim
x→0
y→0

(1 + x)y − 1

sinxy
¶ (2) lim

x→0+

y→0+

ex sin y − y√
x2 + xy + y2

"

§ 13.4

���¼¼¼êêê½½½nnn

3�!¥·�ò�Ñ��¼ê��¼ê¦�{K3 Rn¥�í2"

===½½½nnn 4.1>>>£££���¼¼¼êêê½½½nnn¤¤¤�E´Rn¥�m8§f : E −→ Rn� f ∈ C1(E)"

q� a ∈ E"e f ′(a)�ÛÉ§@o7�3 a��� U ¦� V = f(U)´ Rn¥�m
8§� f |U : U −→ V ´V�"d	§e^ gL« f |U �_N�§K g ∈ C1(V )§¿

�é?¿� y ∈ V k
g′(y) = f ′(g(y))−1. (13.16)

y². P f = (f1, · · · , fn)T"y²©±eÊÚ?1"

(1) kò¯K=z� f ′(a)´ð�N���/"

P L = f ′(a)§d~ 1.10� (L−1 ◦ f)′(a) = L−1 ◦ f ′(a)´ð�N�§
XJ·

Ké L−1 ◦ f ¤á§N´�y§�é f ¤á£3�SK¤"ÏdØ�b� f ′(a)´ð

�N�"
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(2) y² f ´ÛÜV�"

dué?¿� x ∈ E k

f ′(x) =



∂f1
∂x1

(x) · · · ∂f1
∂xn

(x)

...
...

∂fn
∂x1

(x) · · · ∂fn
∂xn

(x)


,

¿�z� �
∂fi
∂xj
þ3 E þëY§��3 a��� U§¦�é?¿� x ∈ U 9

1 6 i, j 6 nk ∣∣∣∣ ∂fi∂xj
(x)− ∂fi

∂xj
(a)

∣∣∣∣ < 1

2n
.

Ïd� x ∈ U �§d (12.1)��

‖f ′(x)− In‖ = ‖f ′(x)− f ′(a)‖ 6 1

2n
· n =

1

2
.

u´é f(x)− xA^k�Oþ½n£½n 3.2¤��

|(f(x1)− x1)− (f(x2)− x2)| 6
1

2
|x1 − x2|, ∀ x1, x2 ∈ U. (13.17)

?
dn�/Ø�ª��

|f(x1)− f(x2)| >
1

2
|x1 − x2|, ∀ x1, x2 ∈ U, (13.18)

ù`² f 3 U þ´ü�§l
 f |U : U −→ V = f(U)´V�"

(3) y² V ´ Rn¥�m8"
�d§·�I�é?¿� y0 ∈ V y²�3 r > 0 ¦� B(y0, r) ⊆ V"d

y0 ∈ V = f(U) ��3 x0 ∈ U ¦� y0 = f(x0)"du U ´m8§��3 ε > 0

¦� B(x0, 3ε) ⊆ U§?
 B(x0, 2ε) ⊆ U"e¡5y² B(y0, ε) ⊆ V"é?¿�

y ∈ B(y0, ε)§·��Äd

F (x) = y + x− f(x)

¤½Â�N� F§@od (13.17)�

|F (x1)− F (x2)| 6
1

2
|x1 − x2|, ∀ x1, x2 ∈ B(x0, 2ε) (13.19)

AO/§

|F (x)− F (x0)| 6
1

2
|x− x0| 6 ε, ∀ x ∈ B(x0, 2ε).
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d	§

|F (x0)− x0| = |y − y0| < ε.

u´� x ∈ B(x0, 2ε)�k

|F (x)− x0| 6 |F (x)− F (x0)|+ |F (x0)− x0| < ε+ ε = 2ε,

�= F (x) ∈ B(x0, 2ε)§Ïd F
(
B(x0, 2ε)

)
⊆ B(x0, 2ε)"(Ü (13.19)§B�d

Ø N��n£1��Ù~ 1.18¤���3 z ∈ B(x0, 2ε) ¦� F (z) = z§d=

y = f(z)§l
 y ∈ f(U) = V"ùÒy²
 B(y0, ε) ⊆ V"

(4) �e5y²_N� g3 V þ��� (13.16)¤á"

ÄkI�5¿�´§d f ′(a)��ÛÉ59 f ∈ C1(E)�§�·�/ÀJ U§

¦�é?¿� y ∈ V = f(U)
ó f ′(g(y))þ´�ÛÉ�"yé?¿� b ∈ V§�
k 6= 0÷v b+k ∈ V§Kd g´V�� g(b+k) 6= g(b)"yP h = g(b+k)− g(b)§

@o

k = (b+ k)− b = f(g(b+ k))− f(g(b)) = f(g(b) + h)− f(g(b)),

l
d (13.18)�� |k| > 1

2
|h|§�� k→ 0� h→ 0¿�

|h|
|k|
k."u´

lim
k→0

g(b+ k)− g(b)− f ′(g(b))−1k

|k|
= lim
k→0

f ′(g(b))−1
[
f ′(g(b))h− k

]
|k|

= lim
k→0
−f ′(g(b))−1

(
f(g(b) + h)− f(g(b))− f ′(g(b))h

|h|

)
· |h|
|k|

= 0.

Ïd g3 b?��� g′(b) = f ′(g(b))−1"

(5) ��y g ∈ C1(V )"

P g = (g1, · · · , gn)T§@oé?¿� y ∈ V§d (13.16)�

∂g1
∂x1

(y) · · · ∂g1
∂xn

(y)

...
...

∂gn
∂x1

(y) · · · ∂gn
∂xn

(y)


=



∂f1
∂x1

(g(y)) · · · ∂f1
∂xn

(g(y))

...
...

∂fn
∂x1

(g(y)) · · · ∂fn
∂xn

(g(y))



−1

,

¤±z�
∂gi
∂xj

(y)7�dÃ
∂fk
∂x`

(g(y)) (1 6 k, ` 6 n)ÏLoK$�LÑ§,
d

f ∈ C1(U)9 g�ëY5�
∂fk
∂x`

(g(y))3 V þëY§Ïd g ∈ C1(V )" �
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===555 4.2>>>(1)3½n 4.1�^�e·��� f 3 E¥z�:?kÛÜV�§�

ù¿Ø¿�X f : E −→ f(E)´V�"SK 3�Ñ
��äN�~f 5©"

(2) � E´ Rn¥�m8§f : E −→ RnëY��� f ′(x)é?¿� x ∈ Eþ´
�ÛÉ�§@od�¼ê½n�§é?¿� x ∈ E§�3 x��� U ±9 f(x)�

�� V ⊆ f(E)¦� f |U : U −→ V ´V�"Ïd f(E)7´m8"

(3) 3 (2)�^�e§e E ´ Rn¥�«�§@o f(E)�7´ Rn¥�«�"

(4) 3 (2)�^�e§XJ?�Úb� f : E −→ Rn ´ü�£l
 f : E −→
f(E)´V�¤§@o��¡·��� f(E)´ Rn¥�m8¶,��¡§dué?¿
� x ∈ E§þ�3 x����� U§¦� f �_N� g 3 f(U)þëY��§Ïd

g73 f(E)þëY��"�,§d� (13.16)é?¿� y ∈ f(E)¤á"

(5) ½n 4.1¥�^�/f ∈ C1(E)0ØU~f�/f 3 E þ��0§SK 8�

Ñ
���~"

SSS KKK 13.4

1. � f : (u, v) 7−→ (x, y)d x = u+ v,

y =
u

v

¤½Â§¯ f 3=
:�NC�3�¼êº¿¦�A��¼ê� JacobiÝ


"

2. � f : (ρ, ϕ, θ) 7−→ (x, y, z)d
x = ρ sinϕ cos θ,

y = ρ sinϕ sin θ,

z = ρ cosϕ,

¤½Â§¯ f 3=
:�NC�3�¼êº¿¦�A��¼ê� JacobiÝ


"

3. � E = (0, 1) × (0, a)§� f : E −→ R2 ÷v f(x, y) = (x cos y, x sin y)"y²

f 3 E ¥z�:?kÛÜV�§�� a > 2π� f : E −→ f(E)Ø´V�"

4. �[�Ñ½n 4.1y²L§¥�1�Ú"

5©5¿§XJ n = 1§@o7�íÑ f : E −→ f(E)´V�§ë�18Ù5 1.8"
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5. � E ´ Rn¥�àm8§f : E −→ Rn��§�é?¿� x ∈ E 
ó f ′(x)þ

´�½�§y² f ´ü�"

6. � f : Rn −→ Rn ëY��§¿��3 α > 0§¦�é?¿� x, h ∈ Rn þk
hTf ′(x)h > α|h|2"y²µ
(1) é?¿� x, y ∈ Rnk 〈f(x)− f(y),x− y〉 > α|x− y|2¶
(2) f r48N�48¶

(3) f ´V�"

7. � f : Rn −→ Rn ëY��§é?¿� x ∈ Rn 
ó f ′(x)þ�ÛÉ§¿�e

K ´;8K f−1(K)½´;8"y² f ´÷�"

8. � f = (f1, f2)
T : R2 −→ R2÷v f1(x, y) = x±9

f2(x, y) =


(
x

4
3 + y

4
3

)
sin

1√
x2 + y2

+ y, e x2 + y2 6= 0,

0, e x2 + y2 = 0.

y² f ′(0)´ð�N�§�
∂f2
∂x
�

∂f2
∂y
3 0?�ØëY§¿�3 0�?¿�

�Sþ�3 a 6= b¦� f(a) = f(b)"

§ 13.5

ÛÛÛ¼¼¼êêê½½½nnn

·�5�Ä������z�¯KµXJ E ⊆ Rm+n � f : E −→ Rm ëY�
�§K

f(x1, · · · , xm+n) = 0

´d m��§|¤��§|§@oUÄl x1, · · · , xm+n ¥?¿�½ n���þ§


^§�rÙ{ m���þ��L«Ñ5Qºù�¯KJ���
§Ïd·��

±k�ÄXe�ÛÜz¯K"� a = (a1, · · · , an) ∈ Rn§b = (b1, · · · , bm) ∈ Rm§
·�P

(a, b) = (a1, · · · , an, b1, · · · , bm) ∈ Rm+n

XJ f(a, b) = 0§@o´Ä3 a�,����3���N� g§¦�éuT��¥

�z��: xþk f(x, g(x)) = 0Qº

XJØé f V\�õ�^�§@oþã¯K��Y3���¹e´Ä½�"±

��¼ê

f(x, y) = x2 + y2 − 1
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x

y

O

�~§÷v f(x, y) = 0 � (x, y) �¤
²¡þ�ü

 �"y� (a, b) ÷v f(a, b) = 0§@o� (a, b) 6=
(±1, 0) �§�3 a ���§¦�3T��S�3�

��¼ê y = g(x) ¦� f(x, g(x)) = 0§¯¢þ§�

b > 0��� g(x) =
√

1− x2§� b < 0��� g(x) =

−
√

1− x2",
§éu (a, b) = (1, 0) ½ (−1, 0)
ó§

ù����¼ê g´Ø�3�§± (a, b) = (1, 0)�~§

éu a = 1����S�?¿�: x§þ�3ü� y���éA"

·�I��
)�)þã�É��Ï"Ï�
∂f

∂y
= 2y§¤±� (a, b) 6= (±1, 0)

�
∂f

∂y
(a, b) 6= 0§
� (a, b) = (±1, 0)�

∂f

∂y
(a, b) = 0§Ïdéu (a, b) = (±1, 0)

��/
ó§é�U´du �ê�u 0��
Ø�3���¼ê y = g(x)¦�

f(x, g(x)) = 0"¯¢þ·���±���Ý5?1*	"�
∂f

∂y
(a, b) 6= 0�§7�

3 (a, b)���§¦�3T��S
∂f

∂y
�±ÎÒØC§l
 f �éuCþ y 
ó´

üN�§Ïdéù���S�z� x§�õ�3�� y ÷v f(x, y) = 0"dd�±

wÑ§ �êØ�u 0´���~'��Ï�§3dÄ:þ2V\�
^�B�é

�!mÞJÑ�ÛÜz¯K�Ñ�½�£�"

===½½½nnn 5.1>>>£££ÛÛÛ¼¼¼êêê½½½nnn¤¤¤ � E ´ Rm+n ¥�m8§f = (f1, · · · , fm)T :

E −→ Rm ëY��"q� a ∈ Rn 9 b ∈ Rm§¦� (a, b) ∈ E � f(a, b) = 0"y

ò f � JacobiÝ
�¤Xe©¬Ý
[
∂f

∂x

∂f

∂y

]
�/ª§Ù¥

∂f

∂x
=

(
∂fi
∂xj

)
16i6m, 16j6n

,
∂f

∂y
=

(
∂fi
∂xn+j

)
16i, j6m

. 6© (13.20)

@o�

det
∂f

∂y
(a, b) 6= 0

�§�3 a3 Rn¥��� U ±9���ëY��N� g : U −→ Rm§¦�

(1) g(a) = b¶

6©Õòùp�ÎÒ
∂f

∂x
9

∂f

∂y
����ê· "
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(2) é?¿� x ∈ U k f(x, g(x)) = 0¶

(3) é?¿� x ∈ U k det
∂f

∂y
(x, g(x)) 6= 0§¿�

g′(x) = −
(
∂f

∂y
(x, g(x))

)−1 ∂f
∂x

(x, g(x)). (13.21)

y². 3e¡�?Ø¥§·�o%@ x ∈ Rn§y ∈ Rm"¿��
Ö��B§·
�Ø2î�«©��þ�1�þ§�=´`§z��þÑk�U±��þ�/ªÑ

y§�k�U±1�þ�/ªÑy§�·��&?Û��k²��Ööþ�±ÏL

þe©òÙ«©"yUì

F (x,y) =

 x

f(x,y)

 (13.22)

½ÂN� F : E −→ Rm+n§@o F 3 E þëY��§�

F ′(a, b) =


In On×m

∂f

∂x
(a, b)

∂f

∂y
(a, b)

 .
u´ detF ′(a, b) = det

∂f

∂y
(a, b) 6= 0"yé F A^�¼ê½n§K�3 (a, b) 3

Rm+n ¥���W§¦� F |W : W −→ F (W )´V�� F |W �_N�3 F (W )þ

ëY��"d §12.1SK 6��3 a3Rn¥���U ±9 b3Rm¥��� V ¦�

U × V ⊆W§¤± F |U×V ´V�§¿� F |U×V �_N�H : F (U × V ) −→ U × V
´ëY���"d (13.22)��

H(x, f(x,y)) = (x,y),

Ïd H �±c n��IØC§l
�òþª�¤

H(x, z) = (x, h(x, z)), ∀ (x, z) ∈ F (U × V ),

ùp h : F (U × V ) −→ Rm�´ëY��N�"
e- π : Rm+n −→ Rm´d π(x,y) = y¤½Â�ÝKN�§K f = π ◦ F"u

´

f(x, h(x, z)) = f ◦H(x, z) = (π ◦ F ) ◦H(x, z) = π ◦ (F ◦H)(x, z)

= π(x, z) = z.
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5¿� F (a, b) = (a,0)§Ïd (a,0) ∈ F (U × V )§l
�3þª¥A� z = 0��

f(x, h(x,0)) = 0.

�3 U þ- g(x) = h(x,0)=÷v (1)� (2)"

e¡5y² g ���5"e3 U þ��3��¦� (1)� (2)Ñ¤á� g̃§@

oé?¿� x ∈ U k

F (x, g(x)) = (x, f(x, g(x))) = (x,0) = (x, f(x, g̃(x)))

= F (x, g̃(x)).

u´d F 3 U × V þ´V�� g(x) = g̃(x)"

��§d det
∂f

∂y
(a, b) 6= 09 f ∈ C1(E)�§�À� a��� U ¦�3 U Sk

det
∂f

∂y
(x, g(x)) 6= 0.

yP ϕ(x) =

 x

g(x)

§@o f(x, g(x)) = 0�du

f ◦ ϕ(x) = 0.

|^óª{Kéþª¦�©��

0 = f ′(ϕ(x))ϕ′(x) =

[
∂f

∂x
(ϕ(x))

∂f

∂y
(ϕ(x))

]
·

 In

g′(x)



=

[
∂f

∂x
(x, g(x))

∂f

∂y
(x, g(x))

]
·

 In

g′(x)


=
∂f

∂x
(x, g(x)) +

∂f

∂y
(x, g(x)) · g′(x).

l
 (13.21)�y" �

3þã½n¥§N� g ´/Ûõ03L�ª f(x, g(x)) = 0¥�§Ïd·�¡

y = g(x)´d f(x,y) = 0¤(½�ÛN�§� m = 1� g ´��¼ê§d��¡

§´d f(x,y) = 0¤(½�Û¼ê (implicit function)"

3½n 5.1�^�e§duÛN� g�3§¿� (13.21)�du

∂f

∂x
(x,y) +

∂f

∂y
(x,y) · g′(x) = 0,
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Ïd·��±l�m©ÒòL�ª f(x,y) = 0 ¥� y w�´ x �¼ê¿é

f(x,y) = 0$^óª{K¦�§�,��^ù���ª?�Ú¦p� �"·�5

wA�~f"

===~~~ 5.2>>>� y = y(x)d�§ log(x2 + y2) = xy¤(½§K

2x+ 2yy′

x2 + y2
= y + xy′.

Ïd� x(x2 + y2) 6= 2y�k

y′ =
2x− y(x2 + y2)

x(x2 + y2)− 2y
.

===~~~ 5.3>>>b� z = z(x, y)d�§ x− z + sin(y + z) = 0¤(½§K©Oé x

Ú y¦ ��� 
1− ∂z

∂x
+ cos(y + z) · ∂z

∂x
= 0

−∂z
∂y

+ cos(y + z) ·
(

1 +
∂z

∂y

)
= 0,

l
� cos(y + z) 6= 1�k

∂z

∂x
=

1

1− cos(y + z)
,

∂z

∂y
=

1

1− cos(y + z)
− 1.

?�Ú/§

∂2z

∂x2
= − sin(y + z)

[1− cos(y + z)]2
· ∂z
∂x

= − sin(y + z)

[1− cos(y + z)]3
,

∂2z

∂y2
= − sin(y + z)

[1− cos(y + z)]2
·
(

1 +
∂z

∂y

)
= − sin(y + z)

[1− cos(y + z)]3
.

SSS KKK 13.5

1. O�
∂z

∂x
9

∂z

∂y
§Ù¥µ

(1) z3 − xyz + sin(x+ y) = 10¶ (2) z = exyz¶

(3) z =
(x
y

)z
¶ (4) z sin z = xy + log

z

x
"
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2. � xu− yv = 0§yu+ xv = 1§¦ JacobiÝ

∂u

∂x

∂u

∂y

∂v

∂x

∂v

∂y

 .
3. � x+ y = u+ v§xeu = yv§¦ JacobiÝ


∂u

∂x

∂u

∂y

∂v

∂x

∂v

∂y

 .
4. � F : R2 −→ R��§y²d�§

F
(x− x0
z − z0

,
y − y0
z − z0

)
= 0

�½Â¼ê z = z(x, y)÷v

(x− x0)
∂z

∂x
+ (y − y0)

∂z

∂y
= z − z0.

5. � F : R2 −→ R��§y²d�§

F
(
x+

z

y
, y +

z

x

)
= 0

�½Â¼ê z = z(x, y)÷v

x
∂z

∂x
+ y

∂z

∂y
= z − xy.

6. � x = y+ϕ(y)§Ù¥ ϕ(0) = 0�� y ∈ [−a, a]�k |ϕ′(y)| 6 α < 1"y²�

3 ε > 0§¦�� x ∈ (−ε, ε)�§�3�����¼ê y = y(x)÷vþ¡�§

� y(0) = 0"

7. � f(x, y)´½Â3 [−a, a]× [−b, b]þ���¼ê§÷vµ

(1) f(0, 0) = 0¶

(2) é�½� y ∈ [−b, b]§f(x, y)�� x�¼ê3 [−a, a]þëY¶é�½�

x ∈ [−a, a]§f(x, y)�� y�¼ê3 [−b, b]þëY¶

(3) é?¿� y ∈ [−b, b]k ∂f

∂y
(0, y) > 0"
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y²�3 a0 ∈ (0, a]±9½Â3 [−a0, a0]þ�¼ê g(x)¦�

f(x, g(x)) = 0, ∀ x ∈ [−a0, a0].

8. y²�§ (x2 + y2)2 = a2(x2 − y2) (a > 0)3: x = 0�¿©����SU(

½ü���¼ê y = y(x)"

9. y²Ø�3l R2� R�ëY���V�"

l1 10K�1 12K´�|K§?Ø�Û¯K�)"

10. �E ⊆ Rn§F ´ Rm¥�48§f : E×F −→ F ëY§��3~ê α ∈ (0, 1)

¦�

|f(x,y1)− f(x,y2)| 6 α|y1 − y2|, ∀ x ∈ E, y1, y2 ∈ F.

y²�3���ëYN� g : E −→ F ¦�é?¿� x ∈ E k

f(x, g(x)) = g(x).

11. � E ⊆ R§I ´��«m§f : E × I −→ RëY§�÷vµ

(1) �3 α > 0¦�

∂f

∂y
(x, y) > α, ∀ x ∈ E, y ∈ I.

(2) é?¿� x ∈ E§þ�3 y ∈ I ¦� f(x, y) = 0"

y²�3�����ëY¼ê g : E −→ I ¦�é?¿� x ∈ E k

f(x, g(x)) = 0.

¿`²� I = R�^� (2)´õ{�"

12. y²d�§ xy = log(x + y)���/(½ R>2 þ��KëY¼ê y = y(x)§

Ù÷v

y =
log x

x
+

log x

x3
+O

( log2 x

x5

)
, � x→ +∞�.
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§ 13.6

AAAÛÛÛAAA^̂̂

13.6.1 ���mmm­­­���������������{{{²²²¡¡¡

��m­� C dëê�§
x = x(t)

y = y(t)

z = z(t)

t ∈ [α, β]

�Ñ§Ù¥ x(t)§y(t)9 z(t)þ3 (α, β)þ��"q� t0 ∈ (α, β)÷v

x′(t0)
2 + y′(t0)

2 + z′(t0)
2 6= 0.

·�5¦ C þ�:M0

(
x(t0), y(t0), z(t0)

)
?����§"éu C þ?�ÉuM0

�:M
(
x(t), y(t), z(t)

)

ó§��M0M ����d�þ(
x(t)− x(t0), y(t)− y(t0), z(t)− z(t0)

)
L«§�,��^�þ(

x(t)− x(t0)

t− t0
,
y(t)− y(t0)

t− t0
,
z(t)− z(t0)
t− t0

)
L«"y- t → t0§@o��M0M �4� �B´M0 ?���§l
éþª3

t→ t0�¦4��������d�þ

(x′(t0), y
′(t0), z

′(t0)
)

(13.23)

(½§·�¡ù��þ� C 3M0?���þ"�A/§C 3M0?����§�

x− x(t0)

x′(t0)
=
y − y(t0)

y′(t0)
=
z − z(t0)
z′(t0)

.

XJ·�òLM0��M0?��R��²¡¡�­� C3M0?�{²¡ (normal

plane)§@o��þ (13.23)g,Ò´ù�{²¡�{�þ§u´T{²¡��§�

=

x′(t0)(x− x(t0)) + y′(t0)(y − y(t0)) + z′(t0)(z − z(t0)) = 0.



13.6 AÛA^ 183

===~~~ 6.1>>>� a, b > 0"éu�ÎÚ^�
x = a cos t

y = a sin t

z = bt

t ∈ R


ó§3ëê� t�:?���þ� (−a sin t, a cos t, b)§l
3ëê� t�:?�

���§�
x− a cos t

−a sin t
=
y − a sin t

a cos t
=
z − bt
b

,

�A�{²¡�§�

−(a sin t)(x− a cos t) + (a cos t)(y − a sin t) + b(z − bt) = 0.

yb��m­� C ´±ü�­¡����/ª�Ñ�§Ø��Ù�§�F (x, y, z) = 0,

G(x, y, z) = 0.
(13.24)

q�M0 (x0, y0, z0)´ C þ�:§F � Gþ3M0 �,��SëY��§¿�M0

?� Jacobi1�ª

D(F,G)

D(y, z)

∣∣∣∣
M0

=

∣∣∣∣∣∣∣∣∣
∂F

∂y
(M0)

∂F

∂z
(M0)

∂G

∂y
(M0)

∂G

∂z
(M0)

∣∣∣∣∣∣∣∣∣ 6= 0.

@odÛ¼ê½n�§3M0�,��S�3����é¼ê f(x)§g(x)§¦�

y = f(x), z = g(x)

÷v (13.24)ª§Ï
 C 3M0?���d�§

x− x0
1

=
y − y0
f ′(x0)

=
z − z0
g′(x0)

(13.25)

¤(½"e¡5O� f ′(x0)� g′(x0)"�d§3 (13.24)¥é x¦���
∂F

∂x
+
∂F

∂y
· f ′(x) +

∂F

∂z
· g′(x) = 0,

∂G

∂x
+
∂G

∂y
· f ′(x) +

∂G

∂z
· g′(x) = 0.
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dd)Ñ

f ′(x) =
D(F,G)

D(z, x)

/
D(F,G)

D(y, z)
,

g′(x) =
D(F,G)

D(x, y)

/
D(F,G)

D(y, z)
.

òù�\ (12.25)§·��ª�� C 3M0?����§�

x− x0
D(F,G)

D(y, z)

∣∣∣∣
M0

=
y − y0

D(F,G)

D(z, x)

∣∣∣∣
M0

=
z − z0

D(F,G)

D(x, y)

∣∣∣∣
M0

.

�A/§C 3M0?�{²¡�§�

D(F,G)

D(y, z)

∣∣∣∣
M0

· (x− x0) +
D(F,G)

D(z, x)

∣∣∣∣
M0

· (y − y0) +
D(F,G)

D(x, y)

∣∣∣∣
M0

· (z − z0) = 0.

¦+þã(Ø´3
D(F,G)

D(y, z)

∣∣∣∣
M0

6= 0�cJe���§�dé¡5ØJwÑ§

��
D(F,G)

D(y, z)

∣∣∣∣
M0

§
D(F,G)

D(z, x)

∣∣∣∣
M0

�
D(F,G)

D(x, y)

∣∣∣∣
M0

¥k��Ø�u 0§±þ(ØÒ¤

á"

===~~~ 6.2>>>� a > 0"¦Viviani­�£Xmã¤«¤x
2 + y2 + z2 = a2

x2 + y2 = ax

3:M
(a

2
,
a

2
,
a√
2

)
?����§"

). P F (x, y, z) = x2 + y2 + z2 − a2§
G(x, y, z) = x2 + y2 − ax§K

D(F,G)

D(y, z)
= −4yz,

D(F,G)

D(z, x)
= 2z(2x− a),

D(F,G)

D(x, y)
= 2ay.

ÏdT­�3M ?����§�

x− a
2

−
√

2a2
=
y − a

2

0
=
z − a√

2

a2
,

�= 
x+
√

2z =
3a

2
,

y =
a

2
.

�
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13.6.2 ­­­¡¡¡������²²²¡¡¡���{{{���

�­¡ Γ��§�

F (x, y, z) = 0. (13.26)

M0 (x0, y0, z0)´ Γþ�:§�÷v gradF (M0) 6= 0"q� F 3M0 �,��Së

Y��"y�Ä­¡ ΓþLM0�?¿�^­� C§�Ùdëê�§
x = x(t)

y = y(t)

z = z(t)

t ∈ [α, β]

�Ñ§¿�:M0 éAuëê t0"du C  u Γþ§�
 F
(
x(t), y(t), z(t)

)
= 0§

éù�ªf3 t0?¦���

∂F

∂x
(M0) · x′(t0) +

∂F

∂y
(M0) · y′(t0) +

∂F

∂z
(M0) · z′(t0) = 0,

�= 〈
gradF (M0),

(
x′(t0), y

′(t0), z
′(t0)

)T〉
= 0,

ù`² C 3M0 ?���þ� F 3M0 ?�FÝ�þR�"5¿� gradF (M0)´

��(½��þ§�
­¡ ΓþLM0 �¤k­�3M0 ���´�¡�§·�r

ù�²¡¡� Γ3M0 ?��²¡ (tangent plane)§du gradF (M0)´§�{�

þ§¤±Ù�§�

∂F

∂x
(M0) · (x− x0) +

∂F

∂y
(M0) · (y − y0) +

∂F

∂z
(M0) · (z − z0) = 0.

T�²¡3M0?�{��¡�­¡ Γ3M0?�{� (normal line)§Ù�§�

x− x0
∂F

∂x
(M0)

=
y − y0
∂F

∂y
(M0)

=
z − z0
∂F

∂z
(M0)

.

===~~~ 6.3>>>� p > 0"¦^=�Ô¡ x2 + y2 = 2pz 3:M0 (
√
p,
√
p, 1)?��

²¡Ú{��§"

). P F (x, y, z) = x2 + y2 − 2pz§@oT­¡�§�= F (x, y, z) = 0"N´¦

�
∂F

∂x
(M0) =

∂F

∂y
(M0) = 2

√
p,

∂F

∂z
(M0) = −2p,
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ÏdM0?��²¡�§� x+ y −√pz =
√
p§{��§�

x−√p = y −√p = −z − 1
√
p
.

�

�e5�Ä­¡ Γ´dëê�§
x = x(u, v),

y = y(u, v),

z = z(u, v)

�Ñ��/"�M0 (x0, y0, z0)´ ΓþéAuëê (u0, v0)�:§'u u, v �¼ê

x, y, zþ3M0�,��SëY��"q�
D(x, y)

D(u, v)

∣∣∣∣
M0

§
D(y, z)

D(u, v)

∣∣∣∣
M0

9
D(z, x)

D(u, v)

∣∣∣∣
M0

¥��k��Ø�u 0§Ø��

D(x, y)

D(u, v)

∣∣∣∣
M0

6= 0.

@od�¼ê½n�§|^ x = x(u, v)Ú y = y(u, v)�3M0�,��S��/(

½ü�¼ê

u = u(x, y), v = v(x, y).

l


z = z(u, v) = z
(
u(x, y), v(x, y)

)
,

ù�Òr Γ^/X (13.26)��§L«
Ñ5"Uì�c�?Ø§Γ3M0?��²

¡�3"·�P (a, b, c)T ´T�²¡���{�þ§@o§ÒA�� ΓþLM0 �

?¿­�3M0?���R�"AO/§d
x = x(u, v0),

y = y(u, v0),

z = z(u, v0)

¤�Ñ�­�3M0?���þ�

(
∂x

∂u
(M0),

∂y

∂u
(M0),

∂z

∂u
(M0)

)T

§
d
x = x(u0, v),

y = y(u0, v),

z = z(u0, v)
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¤�Ñ�­�3M0?���þ�

(
∂x

∂v
(M0),

∂y

∂v
(M0),

∂z

∂v
(M0)

)T

§Ïd


∂x

∂u
(M0) · a+

∂y

∂u
(M0) · b+

∂z

∂u
(M0) · c = 0,

∂x

∂v
(M0) · a+

∂y

∂v
(M0) · b+

∂z

∂v
(M0) · c = 0.

dd)�

a = c · D(y, z)

D(u, v)

∣∣∣∣
M0

(
D(x, y)

D(u, v)

∣∣∣∣
M0

)−1
, b = c · D(z, x)

D(u, v)

∣∣∣∣
M0

(
D(x, y)

D(u, v)

∣∣∣∣
M0

)−1
.

l
 Γ3M0?��²¡�§�

D(y, z)

D(u, v)

∣∣∣∣
M0

· (x− x0) +
D(z, x)

D(u, v)

∣∣∣∣
M0

· (y − y0) +
D(x, y)

D(u, v)

∣∣∣∣
M0

· (z − z0) = 0,

�A/§Γ3M0?�{��§�

x− x0
D(y, z)

D(u, v)

∣∣∣∣
M0

=
y − y0

D(z, x)

D(u, v)

∣∣∣∣
M0

=
z − z0

D(x, y)

D(u, v)

∣∣∣∣
M0

.

SSS KKK 13.6

1. ¦e�­�3�½:?���Ú{²¡��§µ

(1) x = a sin2 t§y = b sin t cos t§z = c cos2 t§3 t =
π

4
éA�:?¶

(2) z = x2 + y2§x+ y = 1§3:
(1

2
,
1

2
,
1

2

)
?¶

(3) x2 + y2 + z2 = 9§z = xy§3: (1, 2, 2)?¶

(4) x2 + y2 = a2§x2 + z2 = a2§3:
( a√

2
,
a√
2
,
a√
2

)
?"

2. ¦e�­¡3�½:?��²¡Ú{���§µ

(1) z = x2 − 9y2§3: (4,−1, 5)?¶

(2) z = arctan
x

y
§3:

(
1, 1,

π

4

)
?¶

(3) x = u cos v§y = u sin v§z = av§3ëê (u0, v0)éA�:?¶

(4) x = a cosϕ cos θ§y = b cosϕ sin θ§z = c sin θ§3ëê (ϕ0, θ0)éA�:

?"
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3. � a > 0§y²­¡
√
x +
√
y +
√
z =
√
aþ?�:?��²¡3n��I¶

þ��å�Ú´��~ê"

4. y²­¡ xyz = a3 (a > 0)þ?�:?��²¡�n��I¡�¤�o¡NN

Èþ�
9

2
a3"

5. � f 3 R>0 þ��§��êØ�u 0"y²^=¡ z = f
(√

x2 + y2
)
�{�

�^=¶��"

6. � f ∈ C1(R2)§aÚ b´~ê"y²­¡ f(x− az, y − bz) = 0þ?�:?�

�²¡þ�,½��²1"

7. � f ∈ C1(R2)§a§b§c�~ê"y²­¡ F

(
x− a
z − c

,
y − b
z − c

)
= 0��²¡L

��½:"

§ 13.7

õõõ���¼¼¼êêê���444������^̂̂���444���

13.7.1 444���

===½½½ÂÂÂ 7.1>>>� E ⊆ Rn§f : E −→ R§a´ E �S:"XJ�3 ε > 0§¦

� B(a, ε) ⊆ E§¿�é?¿� x ∈ B(a, ε) þk f(x) > f(a)£�A/§f(x) 6

f(a)¤§@oÒ¡ a� f ���4��:£�A/§4��:¤§¿¡ f(a)´ f �

��4��£�A/§4��¤"

4��:Ú4��:�Ú¡�4�:§4��Ú4���Ú¡�4�"

éAu Fermat½n£18Ù½n 1.3¤§·�keã·K"

===···KKK 7.2>>>� E ⊆ Rn§a´ E �S:§� f : E −→ R3 a?�� �êþ

�3"XJ a´ f �4�:§@o

∂f

∂xj
(a) = 0, j = 1, 2, · · · , n. (13.27)

y². Ø�� a´ f �4��:"Uì½Â§�3 ε > 0§¦� B(a, ε) ⊆ E§

¿�

f(x) > f(a), ∀ x ∈ B(a, ε).

eP a = (a1, · · · , an)T§@oéu÷v |xj − aj | < ε�?¿¢ê xj k

f(a1, · · · , aj−1, xj , aj+1, · · · , an) > f(a).
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ù`²þª�ý'u xj �¼ê3 aj ?��4��§l
d Fermat½n�ù�¼

ê3 aj ?��ê� 0§�=
∂f

∂xj
(a) = 0.

�

===555 7.3>>>e a´ f �4�:� f 3 a?��§K f ′(a) = 0"

·�r÷v (13.27)�:¡� f �7:"Uì·K 7.2§f �4�:��U´7

:½ö��k�� �êØ�3�:"

���¼ê��¹aq§éuõ�¼ê
ó7:��7´4�:§~X (0, 0)

´¼ê f(x, y) = xy�7:§�d z = xy�ã/´êQ¡� (0, 0)Ø´ f �4�:"

e¡·�ò|^ Taylorúª�Ñ�½4�:���¿©^�§£Áå HesseÝ


Hf (a) =



∂2f

∂x21
(a)

∂2f

∂x1∂x2
(a) · · · ∂2f

∂x1∂xn
(a)

∂2f

∂x2∂x1
(a)

∂2f

∂x22
(a) · · · ∂2f

∂x2∂xn
(a)

...
...

...

∂2f

∂xn∂x1
(a)

∂2f

∂xn∂x2
(a) · · · ∂2f

∂x2n
(a)


.

2£Áå�5�ê¥¤J���½Ý
�Vg§@Ò´éuÝ
 A
ó§XJé?

¿� x 6= 0þk xTAx > 0£�A/§xTAx < 0¤§K¡ A´�½Ý
£�A/§

K½Ý
¤¶XJ�3�"�þ x, y¦� xTAx < 0 < yTAy§K¡A´Ø½Ý
"

===···KKK 7.4>>>� E ´ Rn ¥�m8§f : E −→ R´ C2 a�§q� a ∈ E ´ f

�7:"@o

(1) e Hf (a)´�½�§K a´ f �4��:¶

(2) e Hf (a)´K½�§K a´ f �4��:¶

(3) e Hf (a)´Ø½�§K aØ´ f �4�:"

y². d� Peano{�� Taylorúª£½n 3.4¤�§� h→ 0�k

f(a+ h) = f(a) + f ′(a)h+
1

2
hTHf (a)h+ o(|h|2).

Ï� a´ f �7:§� f ′(a) = 0§l
þª�=

f(a+ h) = f(a) +
1

2
hTHf (a)h+ o(|h|2). (13.28)
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y3�Ä½Â3 ∂B(0, 1) = {x ∈ Rn : |x| = 1}þ� n�¼ê

ϕ(x) = xTHf (a)x,

ù´��ëY¼ê£ë� §12.3SK 7¤§�d ∂B(0, 1)´48� ϕ(x)3 ∂B(0, 1)

þU�����Ú���"� Hf (a)´�½Ý
�§du ϕ(x) > 0 (∀ x 6= 0)§Ï

d ϕ(x)3 ∂B(0, 1)þ����m > 0§u´é?¿� h 6= 0k

hTHf (a)h = |h|2 ·
(
h

|h|

)T

Hf (a)
h

|h|
> m|h|2.

l
d (13.28)�� h→ 0�

f(a+ h)− f(a) >
(1

2
m+ o(1)

)
|h|2 > 0,

¤± a´ f �4��:"Ón�y� Hf (a)´K½Ý
� a´ f �4��:"

XJ Hf (a)´Ø½Ý
§@o�3 p, q ∈ Rn¦�

pTHf (a)p < 0 < qTHf (a)q.

u´d (13.28)�§� ε→ 0�k

f(a+ εp)− f(a) =
(1

2
pTHf (a)p

)
· ε2 + o(ε2) < 0,

f(a+ εq)− f(a) =
(1

2
qTHf (a)q

)
· ε2 + o(ε2) > 0,

�
 aØ´ f �4�:" �

AO/§� f ´ C2a���¼ê�§

Hf (a) =


∂2f

∂x2
(a)

∂2f

∂x∂y
(a)

∂2f

∂x∂y
(a)

∂2f

∂y2
(a)

 .

u´ Hf (a) �½��=�
∂2f

∂x2
(a) > 0 � detHf (a) > 0¶Hf (a) K½��=�

∂2f

∂x2
(a) < 0� detHf (a) > 0¶Hf (a)Ø½��=� detHf (a) < 0"ÏdkXeí

Ø"
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===íííØØØ 7.5>>>� E ´ R2 ¥�m8§f : E −→ R´ C2 a�§q� a ∈ E ´ f

�7:"@o

(1) �
∂2f

∂x2
(a) > 0� detHf (a) > 0� a´ f �4��:¶

(2) �
∂2f

∂x2
(a) < 0� detHf (a) > 0� a´ f �4��:¶

(3) � detHf (a) < 0� aØ´ f �4�:"

===~~~ 7.6>>>¦¼ê f(x, y) = x3 + x2 − xy + y2�4�:"

). ´�
∂f

∂x
= 3x2 + 2x− y, ∂f

∂y
= 2y − x,

Ïd-
∂f

∂x
=
∂f

∂y
= 0�¦�7: 0 = (0, 0)T9 a =

(
− 1

2
,−1

4

)T

"?�Ú§

∂2f

∂x2
= 6x+ 2,

∂2f

∂x∂y
= −1,

∂2f

∂y2
= 2,

¤±
∂2f

∂x2
(0) = 2§

∂2f

∂x2
(a) = −1§¿�d detHf = 12x+ 3��

detHf (0) = 3, detHf (a) = −3

�díØ 7.5� (0, 0)T´ f �4��:§
(
− 1

2
,−1

4

)T

Ø´ f �4�:" �

13.7.2 ^̂̂���444���

3¢SA^¥§·�Ï~I�3�½���^�e�¦,�¼ê�4�§~X

3÷v�§| 
g1(x1, · · · , xm+n) = 0

· · · · · · · · · · · ·

gm(x1, · · · , xm+n) = 0

(13.29)

�:8þ��Ä¼ê f(x1, · · · , xm+n) �4�§ù�¡�^�4�"XJP g =

(g1, · · · , gm)T§@oþª���{P�

g(x1, · · · , xm+n) = 0.

·�ÄkÏL��{ü�/5�éuª�?Ø§=�¦¼ê f(x, y) 3��

^� g(x, y) = 0 e�4�§Ù¥ f � g þ3 R2 þëY��"XJ
∂g

∂y
6= 0§@
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odÛ¼ê½n�ÏL g(x, y) = 0 �ò y L¤ x �¼ê§�=�3¼ê h ¦�

g(x, h(x)) = 0§u´þã^�4�¯KÒ=z�¦ f(x, y) = f(x, h(x))�4�"d

�§e a = (x0, y0)´ f 3^� g(x, y) = 0e�4�:§@o x0 7,´ f(x, h(x))

�4�:§l
 x0´ f(x, h(x))�7:§?
dóª{K�

∂f

∂x
(a) +

∂f

∂y
(a) · h′(x0) = 0.

d	§UìÛ¼ê½n§

∂g

∂x
(a) +

∂g

∂y
(a) · h′(x0) = 0.

Ïd 
∂f

∂x
(a)

∂f

∂y
(a)

∂g

∂x
(a)

∂g

∂y
(a)

 ·
 1

h′(x0)

 =

 0

0

 .
ù`² grad f(a) =

(
∂f

∂x
(a)

∂f

∂y
(a)

)
� grad g(a) =

(
∂g

∂x
(a)

∂g

∂y
(a)

)
�5�'§

�=�3 µ¦�

grad f(a) = µ · grad g(a). (13.30)

·�2lAÛ*:5w��eþã¯K§�d§P

Sα = {(x, y) ∈ R2 : f(x, y) = α}

¿¡�� f �Y²8 (level set)"yb� a = (x0, y0) ´¼ê f(x, y) 3��^�

g(x, y) = 0e�4�:§� f(a) = m§·�5é¿©�� ε > 0Ó��	Y²8

a

grad f(a)

grad g(a)

g(x, y) = 0

Sm

Sm+ε

Sm−ε

Sm−ε§Sm ±9 Sm+ε£Xmã¤«¤"Ï�

g(a) = 0§¤± g(x, y) = 0 ¤éA�­��

Sm 3 a:��"5¿� grad f(a)� grad g(a)

©OL«­� f(x, y) = mÚ g(x, y) = 03 a?

���þ§ÏdXJ (13.30)Ø¤á§@oùü

���þØ²1"u´éu a�?��� U§·

�þ�ò ε ��v
�§¦� g(x, y) = 0 ¤é

A�­�3 U S� Sm−ε 9 Sm+ε þk�8"�

é{`§3 U SØ��3XÓ�÷v g(x, y) = 09 f(x, y) = m − ε �:§��
3XÓ�÷v g(x, y) = 09 f(x, y) = m + ε �:§ù¿�X a Ø2´ f 3^�
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g(x, y) = 0e�4�:§l
��Ð�b�gñ"±þ?Ø`²§XJ a´ f 3^

� g(x, y) = 0e�4�:§@o­� g(x, y) = 0� f(x, y) = m3 a?���7,

­Ü§�= (13.30)¤á§^Ï��{`§ùü^­�3 a:?A�[Ü�éÐ"

XJ a = (x0, y0, z0)´¼ê f(x, y, z)3��^� g1(x, y, z) = 0� g2(x, y, z) =

0e�4�:� f(a) = m§@o�þ¡�?Øaq§dg1(x, y, z) = 0

g2(x, y, z) = 0

¤(½�­�3 a?��� `A� u f(x, y, z) = m3 a?��²¡þ"Ï� `

� u gj(x, y, z) = 0 (j = 1, 2)3 a?��²¡þ§¤±n�­¡ f(x, y, z) = m§

gj(x, y, z) = 0 (j = 1, 2)3 a?�n��²¡�{�þ7,�¡£Ï�§�þ� `

R�¤§5¿�ùn�{�þ©O� grad f(a)Ú grad gj(a) (j = 1, 2)§�
�3

µ1, µ2¦�

grad f(a) = µ1 · grad g1(a) + µ2 · grad g2(a).

���/§XJ a´¼ê f(x1, · · · , xm+n)3^� (13.29)e�4�:§@oA

��3 µ1, · · · , µm¦�

grad f(a) =

m∑
j=1

µj · grad gj(a),

eP g = (g1, · · · , gm)T±9 µ = (µ1, · · · , µm)T§@oþª�=

grad f(a) = µT · g′(a).

±þ?Ø(J�^î��ó£ãXg"

===···KKK 7.7>>>� E ´ Rm+n ¥�m8§f : E −→ R9 g : E −→ Rm þ3 E þ

ëY��§�8Ü {z ∈ Rm+n : g(z) = 0}Ø´�8"XJ x0 ∈ Rn§y0 ∈ Rm ÷

v a =

[
x0

y0

]
∈ E±9 det

∂g

∂y
(a) 6= 0 7©§¿� a´ f 3^� g(z) = 0e�4�:§

@o7�3 µ ∈ Rm¦�

grad f(a) = µT · g′(a). (13.31)

7©ùpÎÒ
∂g

∂y
�½Âë� (13.20)"
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y². ÷^ (13.20)¥�PÒ"dÛ¼ê½n�§�3 x0 3 Rn ¥�����
U ±9���ëY��N� h : U −→ Rm¦�

h(x0) = y0 9 g(x, h(x)) = 0 (∀ x ∈ U).

du a´ f 3^� g(x,y) = 0e�4�:§� x0´ f(x, h(x))�4�:"u

´d·K 7.2� x0´ f(x, h(x))�7:§l
�dóª{K��

∂f

∂x
(a) +

∂f

∂y
(a)h′(x0) = 0.

5¿�dÛ¼ê½n� h′(x0) = −
(
∂g

∂y
(a)

)−1 ∂g
∂x

(a)§�
þª�=

∂f

∂x
(a) =

∂f

∂y
(a)

(
∂g

∂y
(a)

)−1 ∂g
∂x

(a). (13.32)

yP µT =
∂f

∂y
(a)

(
∂g

∂y
(a)

)−1
§=

∂f

∂y
(a) = µT · ∂g

∂y
(a),

@od (13.32)�
∂f

∂x
(a) = µT · ∂g

∂x
(a),

nÜþüªB� grad f(a) = µT · g′(a)" �

XJ3þã·K¥P λ = −µ = (λ1, · · · , λm)T§@o (13.31)ª�=

f ′(a) + λT · g′(a) = 0.

Ïde-

F (z) = f(z) + λT · g(z) = f(z) +

m∑
j=1

λjgj(z), (13.33)

K f 3^� g(z) = 0e�4�:7,´ F �7:"�é{`§�
¦ f 3^�

g(z) = 0e�4�:§·��±ÏLÚ\���½ëþ λ5�E/X (13.33)�

¼ê F§,�3 F �7:¥Ï¦¤I�^�4�:§ù��{�¡� Lagrange

¦f{ (Lagrange multiplier method)"·�r§^eã·Ko(Ñ5"
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===···KKK 7.8>>>� E ´ Rm+n ¥�m8§f : E −→ R 9 g = (g1, · · · , gm)T :

E −→ Rm þ3 E þëY��§a ∈ E ÷v g(a) = 0§� g′(a)¤éA�Ý
��

�m 8©"y�

F (z) = f(z) + λ · g(z) = f(z) +
m∑
j=1

λjgj(z),

Ù¥ λ = (λ1, · · · , λm)T´ Rm¥¦� a´ F (z)�7:�,���"@o

(1) XJ a´ F �4��:§K§´ f 3^� g(z) = 0e�4��:¶

(2) XJ a´ F �4��:§K§´ f 3^� g(z) = 0e�4��:"

y². ù´Ï�� g(z) = 0�k f(z) = F (z)" �

|^·K 7.4��Xe(Ø"

===íííØØØ 7.9>>>3·K 7.8�b�^�e§

(1) XJ HF (a)´�½Ý
§@o a´ f 3^� g(z) = 0e�4��:¶

(2) XJ HF (a)´K½Ý
§@o a´ f 3^� g(z) = 0e�4��:"

� HF (a)´Ø½Ý
�£d� aØ´ F �4�:¤§aEk�U´ f 3^�

g(z) = 0e�4�:"¯¢þ§�Iéu÷v g(a + h) = 0�?¿�"� hþk

hTHF (a)h > 0£�A/§hTHF (a)h < 0¤ÒU�y a´ f 3^� g(z) = 0e�

4��:£�A/§4��:¤"Éù�g�éu§·���eã(Ø"

===···KKK 7.10>>>3·K 7.8�b�^�e§

(1) XJéu÷v g′(a)h = 0�?��"� hþk hTHF (a)h > 0§@o a´ f 3

^� g(z) = 0e�4��:¶

(2) XJéu÷v g′(a)h = 0�?��"� hþk hTHF (a)h < 0§@o a´ f 3

^� g(z) = 0e�4��:¶

(3) e�3�"� p, q ∈ Rm+n¦� g′(a)p = g′(a)q = 0¿�

pTHF (a)p < 0 < qTHF (a)q,

@o aØ´ f 3^� g(z) = 0e�4�:"

y². Ï�3^� g(z) = 0ek F (z) = f(z)§Ïdéu÷v a + δ ∈ E 9
g(a+ δ) = 0¿� u 0�¿©���%��S� δ§d� Peano{�� Taylorú

ª£½n 3.4¤�

f(a+ δ)− f(a) = F (a+ δ)− F (a)

8©·�±�rù�^�{P� rank g′(a) = m"
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= F ′(a)δ +
1

2
δTHF (a)δ + o(|δ|2)

=
1

2
δTHF (a)δ + o(|δ|2). (13.34)

Ï� rank g′(a) = m§¤±dÛ¼ê½n�§�3 a����� U§¦�éu

÷v g(z) = 0� z ∈ U§·��±l z�Ã©þ¥ÀÑ n�§¦�§��rÙ{m

�©þ^����ªLÑ"3dØ�P z =

[
x

y

]
§Ù¥ x ∈ Rn§y ∈ Rm§¿b�

y �d x��LÑ"l
�3l Rn �,�mf8� Rm �ëY��N� ϕ§¦�

y = ϕ(x)§�= z =

[
x

ϕ(x)

]
"

yòd aÚ δ�c n�©þ¤�¤��þ©OP� bÚ ξ§K

a =

 b

ϕ(b)

 , (a+ δ) =

 b+ ξ

ϕ(b+ ξ)

 .
Ïd δ → 0��=� ξ → 0§¿�

δ = (a+ δ)− a =

 ξ

ϕ(b+ ξ)− ϕ(b)

 =

 In

ϕ′(b)

 ξ + o(|ξ|),

þ¡���Ú�d�©�½Â��"P

η =

 In

ϕ′(b)

 ξ, (13.35)

Kk δ = η + o(|ξ|) = η + o(|η|)§òù�\ (13.34)Òk

f(a+ δ)− f(a) =
1

2
ηTHF (a)η + o(|η|2).

5¿�dÛ¼ê½n� ϕ′(b) = −
(
∂g

∂y
(a)

)−1
· ∂g
∂x

(a)§�


0 =
∂g

∂x
(a) +

∂g

∂y
(a)ϕ′(b) =

[
∂g

∂x
(a)

∂g

∂y
(a)

]
·

 In

ϕ′(b)

 = g′(a)

 In

ϕ′(b)


l
 (13.35)ª¥� ηA�÷v g′(a)η = 0"�e5�y²L§�·K 7.4�y²a

q§Ø2Kã" �

e¡5wü�~f§§��(J¯¢þþ�d Cauchy−SchwarzØ�ª��§

�·��8�´�
�ã�!��{"
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===~~~ 7.11>>>� ai > 0 (i = 1, · · · , n)"¦¼ê f(x1, · · · , xn) =
n∑
j=1

ajx
2
j 3^�

n∑
j=1

xj = 1e�4�"

). �9Ï¼ê

F (x1, · · · , xn) =
n∑
j=1

ajx
2
j + λ

( n∑
j=1

xj − 1

)
.

d�§| 
∂f

∂xj
= 2ajxj + λ = 0, j = 1, · · · , n,

n∑
j=1

xj = 1

�)�

xj =

(
aj

n∑
k=1

1

ak

)−1
, λ = −2

( n∑
k=1

1

ak

)−1
. (13.36)

5¿� HF =


2a1

. . .

2an

´�½Ý
§Ïd f 3d (13.36)¤�Ñ�Ã xj ?

��^�4��"XJP c =
n∑
k=1

1

ak
§@oT4���

f

(
1

a1c
, · · · , 1

anc

)
=

n∑
j=1

aj

(
1

ajc

)2

=
1

c2

n∑
j=1

1

aj
=

1

c
.

�

===~~~ 7.12>>>¦¼ê f(x, y, z) = x+ 2y + 4z3^� xyz = 1e�4�"

). P g(x, y, z) = xyz − 1§¿�9Ï¼ê

F (x, y, z) = f(x, y, z) + λg(x, y, z) = x+ 2y + 4z + λ(xyz − 1).

)�§| 

∂f

∂x
= 1 + λyz = 0,

∂f

∂y
= 2 + λzx = 0,

∂f

∂z
= 4 + λxy = 0,

xyz = 1
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��

x = 2, y = 1, z =
1

2
, λ = −2.

yP a =
(

2, 1,
1

2

)T

§@od

HF =


0 λz λy

λz 0 λx

λy λx 0


�

HF (a) =


0 −1 −2

−1 0 −4

−2 −4 0

 ,
ù´�Ø½Ý
§�
Ã{��¦^íØ 7.95�½ a´Ä�^�4�:"

Ï� g′(a) =
(1

2
, 1, 2

)
§¤±��"� h = (h1, h2, h3)

T÷v g′(a)h = 0�§·

�k h2 = −1

2
(h1 + 4h3)§éuù�� h§

hTHF (a)h = −2h1h2 − 4h1h3 − 8h2h3

= h1(h1 + 4h3)− 4h1h3 + 4h3(h1 + 4h3)

= h21 + 4h1h3 + 16h23 = (h1 + 2h3)
2 + 12h23 > 0,

l
d·K 7.10� a´¼ê f 3^� xyz = 1e�4��:§¿�^�4���

f(a) = 6" �

SSS KKK 13.7

1. ¦e�¼ê�4�µ

(1) f(x, y) = x2 − (y − 1)2¶

(2) f(x, y) = x4 + y4 − x2 − 2xy − y2¶

(3) f(x, y) = xy log(x2 + y2)¶

(4) f(x, y) = x+
y2

4x
+
z2

y
+

2

z
(x, y, z > 0)"

2. ¦ f(x, y) = x2 + y23^�
x

a
+
y

b
= 1e�4�"
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3. ¦�»� a�¥Säk��NÈ�S���N"

4. £Rolle½n¤� K ´ Rn ¥���;8§f ´½Â3 K þ���ëY¼ê§

�3K◦þ��§3 ∂K þ�~�"y²�3 a ∈ K◦¦� f ′(a) = 0"

5. ¦ f(x, y) =
1

2
(xn + yn)3^� x + y = a (x, y > 0)e�4�§¿ddy²(

x+ y

2

)n
6
xn + yn

2
"

6. £HölderØ�ª¤� xi, yi (1 6 i 6 n)±9 p§qþ´�¢ê§÷v
1

p
+

1

q
= 1"

y²
n∑
i=1

xiyi 6

( n∑
i=1

xpi

) 1
p
( n∑
i=1

yqi

) 1
q

.

7. � A´ n�é¡Ý
§¦ f(x) = xTAx3^� xTx = 1e����Ú��

�"

8. � f(x, y) = x3 − 4x2 + 2xy − y2§y² f(x, y)3D = [−1, 4]× [−1, 1]�SÜ

k���4�:§�T4�:¿� f 3 Dþ���: 9©"

9©5¿rdK� §6.1SK 12�'�"
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¹¹¹ëëëCCCþþþ���ÈÈÈ©©©���222ÂÂÂÈÈÈ©©©

�[U©Æ[ Airy k)�Ñ

dÅÄnØ�±�Ñ��'u1ì

�úª§ù�úª¥�¹
½È©∫ ∞
0

cos
π

2
(w3 −mw) dw�²�§

,,

²Lõg}Á§·ªu¤õ/

�Ñ
 Airyk)�È©���L�

ª§ÏL§�±3 m���4Ù�

B/éù�È©?1ê�O�§,,

d	§TL�ª�3ÃIê�O�

�cJe�Ñ
 m���ù�¼ê

�Cz5Æ"

—— G. G. Stokes

§ 14.1

¹¹¹ëëëCCCþþþ���ÈÈÈ©©©

b� f(x, y) ´½Â3Ý/ [a, b] × [c, d] þ���¼ê§XJé?¿�½�

y ∈ [c, d]§f(x, y)�� x�¼êþ3 [a, b]þ�È§@oÒ�±ÏL

y 7−→
∫ b

a
f(x, y) dx

½Â«m [c, d]þ���¼ê§·�P�

I(y) =

∫ b

a
f(x, y) dx. (14.1)

���/§·���±?ØÈ©þ!e�þ´ y �¼ê��¹"äN5`§XJ g

Ú hþ´l [c, d]� [a, b]�¼ê§¿�é?¿�½� y ∈ [c, d]§f(x, y)þ3«m

[g(y), h(y)]þ�È§@oÒ�½Â«m [c, d]þ���¼ê

J(y) =

∫ h(y)

g(y)
f(x, y) dx. (14.2)

200
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·�r (14.1)Ú (14.2)mý�È©þ¡�¹ëCþ y�È©"

éu¹ëCþÈ©
ó§��Ä�?ÖÒ´�?Ø§'uëCþ y �ëY5!

��59�È5"

===···KKK 1.1>>>� f(x, y) 3 [a, b] × [c, d] þëY§¼ê g : [c, d] −→ [a, b] �

h : [c, d] −→ [a, b]þ3 [c, d]þëY"@o§d (14.2)¤½Â� J(y)3 [c, d]þëY"

AO/§d (14.1)¤½Â� I(y)3 [c, d]þëY"

y². �Ié?¿� y0 ∈ [c, d]y² J(y)3 y0?ëY=�"

d f(x, y)3 [a, b]× [c, d]þëY�TÝ/þk.§=�3M > 0§¦�é?¿

� (x, y) ∈ [a, b] × [c, d]k |f(x, y)| < M"Ó�§dëY5���� f(x, y)3TÝ

/þ���ëY5§u´é?¿� ε > 0§�3 δ > 0§¦�éuÝ/S?¿ü:

(x1, y1)� (x2, y2)§��÷v |x1 − x2| < δ9 |y1 − y2| < δÒk

|f(x1, y1)− f(x2, y2)| < ε.

d	§Ï� g � h þ3 [c, d] þëY§�Ø�b�þã δ �¦�é?¿�

y ∈ (y0 − δ, y0 + δ) ∩ [c, d]k

|g(y)− g(y0)| < ε 9 |h(y)− h(y0)| < ε.

y3ò J(y)�¤Xe/ª

J(y) =

∫ g(y0)

g(y)
f(x, y) dx+

∫ h(y0)

g(y0)
f(x, y) dx+

∫ h(y)

h(y0)
f(x, y) dx,

u´

J(y)− J(y0) =

∫ g(y0)

g(y)
f(x, y) dx+

∫ h(y0)

g(y0)
[f(x, y)− f(x, y0)] dx+

∫ h(y)

h(y0)
f(x, y) dx,

l
� y ∈ (y0 − δ, y0 + δ) ∩ [c, d]�k

|J(y)− J(y0)| 6
∣∣∣∣ ∫ g(y0)

g(y)
|f(x, y)|dx

∣∣∣∣+

∫ b

a
|f(x, y)− f(x, y0)| dx

+

∣∣∣∣ ∫ h(y)

h(y0)
|f(x, y)|dx

∣∣∣∣
6M |g(y)− g(y0)|+ (b− a)ε+M |h(y)− h(y0)|

< (b− a+ 2M)ε.

ùÒy²
 J(y)3 y0?ëY" �
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===555 1.2>>>I(y)3 [c, d]þ�ëY5¿�Xé?¿� y0 ∈ [c, d]k

lim
y→y0

∫ b

a
f(x, y) dx =

∫ b

a

(
lim
y→y0

f(x, y)
)

dx.

�=´`§4�Ò�È©Ò�±��"

===···KKK 1.3>>>� f(x, y) �
∂f

∂y
þ3Ý/ [a, b] × [c, d] þëY§q�¼ê g :

[c, d] −→ [a, b] � h : [c, d] −→ [a, b] þ3 [c, d] þ��"@o§d (14.2) ¤½Â�

J(y)3 [c, d]þ��§�

J ′(y) = f(h(y), y)h′(y)− f(g(y), y)g′(y) +

∫ h(y)

g(y)

∂f

∂y
(x, y) dx.

AO/§
d

dy

∫ b

a
f(x, y) dx =

∫ b

a

∂f

∂y
(x, y) dx,

�=´`§�©$��È©$��±��"

y². é?¿�½� y0 ∈ [c, d]§·�ò J(y)�¤Xe/ª

J(y) =

∫ g(y0)

g(y)
f(x, y) dx+

∫ h(y0)

g(y0)
f(x, y) dx+

∫ h(y)

h(y0)
f(x, y) dx

= J1(y) + J2(y) + J3(y).

e¡5y² Jj 3 y0?��"

Äk§d J3(y0) = 0�

J3(y)− J3(y0)
y − y0

=
J3(y)

y − y0
=

1

y − y0

∫ h(y)

h(y0)
f(x, y) dx,

UìÈ©1�¥�½n£1lÙ½n 4.6¤§�3 u h(y0)Ú h(y)�m� ξ¦�

J3(y)− J3(y0)
y − y0

= f(ξ, y) · h(y)− h(y0)

y − y0
,

u´d h���59 f �ëY5�

lim
y→y0

J3(y)− J3(y0)
y − y0

= f(h(y0), y0)h
′(y0),

ùÒy²
 J33 y0?���

J ′3(y0) = f(h(y0), y0)h
′(y0).
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Ón�y J13 y0?���

J ′1(y0) = −f(g(y0), y0)g
′(y0).

25w J2§·�k

J2(y)− J2(y0)
y − y0

=
1

y − y0

∫ h(y0)

g(y0)
[f(x, y)− f(x, y0)] dx.

d Lagrange¥�½n�§�3 u y0� y�m� η¦�

f(x, y)− f(x, y0) = (y − y0) ·
∂f

∂y
(x, η),

l

J2(y)− J2(y0)

y − y0
=

∫ h(y0)

g(y0)

∂f

∂y
(x, η) dx.

5¿�
∂f

∂y
�ëY5§�d·K 1.1�

lim
y→y0

J2(y)− J2(y0)
y − y0

=

∫ h(y0)

g(y0)

(
lim
y→y0

∂f

∂y
(x, η)

)
dx =

∫ h(y0)

g(y0)

∂f

∂y
(x, y0) dx.

Ïd J23 y0?���

J ′2(y0) =

∫ h(y0)

g(y0)

∂f

∂y
(x, y0) dx.

nþ§·K¼y" �

===~~~ 1.4>>>

d

dy

(∫ y2

1

sin(xy)

x
dx

)
=

2 sin y3

y
+

∫ y2

1
cos(xy) dx

=
2 sin y3

y
+

sin y3 − sin y

y
=

3 sin y3 − sin y

y
.

��·�5�Ä¹ëCþÈ©��È5¯K"� f(x, y)3 [a, b]× [c, d]þëY§

@od·K 1.1�

I(y) =

∫ b

a
f(x, y) dx

3«m [c, d]þëY§l
3 [c, d]þ�È§Ïd·��±��È©∫ d

c

(∫ b

a
f(x, y) dx

)
dy,
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þªÏ~�P� ∫ d

c
dy

∫ b

a
f(x, y) dx.

Ón����È©∫ b

a
dx

∫ d

c
f(x, y) dy =

∫ b

a

(∫ d

c
f(x, y) dy

)
dx.

·�I��
)þ¡üª¥�È©´Ä��"

===···KKK 1.5>>>XJ f(x, y)3 [a, b]× [c, d]þëY§@o

∫ d

c
dy

∫ b

a
f(x, y) dx =

∫ b

a
dx

∫ d

c
f(x, y) dy.

y². ù¢�þ´­È©nØ¥� Fubini½n���{üíØ£ë�1�ÊÙ

íØ 4.2¤§�·���^eã�ª5y²"

P

G1(u) =

∫ u

c
dy

∫ b

a
f(x, y) dx, G2(u) =

∫ b

a
dx

∫ u

c
f(x, y) dy.

·�5y G′1(u) = G′2(u)"��¡§d·K 1.1� I(y) =

∫ b

a
f(x, y) dx3 [c, d]þë

Y§u´

G′1(u) =
d

du

(∫ u

c
I(y) dy

)
= I(u) =

∫ b

a
f(x, u) dx.

,��¡§eP F (x, u) =

∫ u

c
f(x, y) dy§@od

∂F

∂u
= f(x, u)�§3 [a, b]× [c, d]

þëY§u´d·K 1.3��

G′2(u) =
d

du

(∫ b

a
F (x, u) dx

)
=

∫ b

a

∂F

∂u
(x, u) dx =

∫ b

a
f(x, u) dx.

ù�Òy²
 G′1(u) = G′2(u)"Ï
�3~ê C ¦� G1(u) = G2(u) + C"5¿�

G1(c) = 0 = G2(c),

¤± C = 0§l
 G1(u) = G2(u)§2� u = dB�·K(Ø" �
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===~~~ 1.6>>>� b > a > 0§O� I =

∫ 1

0

xb − xa

log x
dx"

). N´wÑ

I =

∫ 1

0
dx

∫ b

a
xy dy,

Ïdd·K 1.5�

I =

∫ b

a
dy

∫ 1

0
xy dx =

∫ b

a

dy

y + 1
= log

b+ 1

a+ 1
.

�

SSS KKK 14.1

1. O�e�4�µ

(1) lim
n→∞

∫ 1

0

dx

1 +
(

1 +
x

n

)n¶ (2) lim
n→∞

n

∫ 1

0
log
(

1 +
sinx

n

)
dx¶

(3) lim
y→0

∫ 1

−1

√
x2 + y2 dx¶ (4) lim

y→0

∫ 1+y

y

dx

1 + x2 + y2
"

2. y²ý�È©

E(k) =

∫ π
2

0

√
1− k2 sin2 ϕdϕ, 0 < k < 1

÷v�©�§ E′′(k) +
1

k
E′(k) +

1

1− k2
E(k) = 0"

3. � f ∈ C([a, b])§y²½Â3 [a, b]þ�¼ê

y(x) =
1

k

∫ x

a
f(t) sin k(x− t) dt

÷v�©�§ y′′ + k2y = f(x)"

4. � n ∈ Z§y² Bessel¼ê

Jn(x) =
1

π

∫ π

0
cos(nϕ− x sinϕ) dϕ

÷v Bessel�§ x2J ′′n(x) + xJ ′n(x) + (x2 − n2)Jn(x) = 0"

5. � α ∈ (−1, 1)§O�È©

I(α) =

∫ π

0
log(1 + α cosx) dx.
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6. � |α| 6= 1§y²∫ π

0
log(1− 2α cosx+ α2) dx =

0, e |α| < 1,

2π log |α|, e |α| > 1.

7. � |α| < 1§O�

I(α) =

∫ π
2

0
log

1 + α cosx

1− α cosx
· 1

cosx
dx.

§ 14.2

¹¹¹ëëëCCCþþþ���222ÂÂÂÈÈÈ©©©

�2ÂÈ©aq§·�Ï~���¹ëCþ�2ÂÈ©kü«�/µ�«´Ã

.«mþ�È©§X

∫ +∞

a
f(x, y) dx¶,�«´k.«mþ�Ã.¼ê�È©§~

X

∫ b

a
f(x, y) dx§Ù¥ a�Û:§�éu,
�½� y
ó¼ê f(x, y)3 (a, b)�

?�4f«mþéuCþ x�È"ÃØ´=«�¹§·�Ñr y¡�ëCþ"�,§

·���±?�Ú?Ø¹õ�ëCþ��/§�ÙïÄ�{��¹��ëCþ�a

q§Ïd3�!¥·�=?Ø¹��ëCþ�2ÂÈ©"

14.2.1 ������ÂÂÂñññ

�¼ê�?ê��/aq§3ïÄ¹ëCþ�2ÂÈ©���4Ù­��Vg

B´��Âñ5"¯¢þ·��±3�����S�?Øù�¯K§�d§·�Ú

\��¼ê'u,�Cþ��Âñ�Vg"

===½½½ÂÂÂ 2.1>>>b� X Ú Y ´ R�ü�f8§f(x, y)´½Â3 X × Y þ�¼
ê§ϕ(y)´½Â3 Y þ���¼ê§x0 ´ X ���à:"eé?¿� ε > 0§�

3�õ�6u ε��¢ê δ§¦�é?¿� x ∈
(

(x0− δ, x0 + δ) \ {x0}
)
∩X 9?¿

� y ∈ Y þk
|f(x, y)− ϕ(y)| < ε,

K¡� x→ x0� f(x, y)3 Y þ��Âñu ϕ(y)"

ϕ(y)�¡�� x÷ X ¥��ªu x0� f(x, y)�4�¼ê§Uì §12.2¥�P

Ò·�P

ϕ(y) = lim
x→x0
x∈X

f(x, y).
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aq�½Â x → +∞Ú x → −∞� f(x, y)��Âñ�Vg§~X§� supX =

+∞ �§eé?¿� ε > 0§�3�õ�6u ε ��¢ê ρ§¦�é?¿� x ∈
(ρ,+∞) ∩X 9 y ∈ Y þk

|f(x, y)− ϕ(y)| < ε,

K¡� x→ +∞� f(x, y)3 Y þ��Âñu ϕ(y)"

~X-X = Z>1§@oéz��½� n ∈ X§f(n, y)´'u y�¼ê§Ïdþ

¡�Ñ�� n→∞� f(n, y)3 Y þ��Âñ�½Â�=´1�Ù½Â 2.1¥¤�

Ñ�¼ê���Âñ�½Â§ù`²¼ê�Ú¼ê�?ê���Âñ5þ´þã�

�¼ê��Âñ5�AÏ�/§¤±1�Ù¥��
(J�´�Ù¥=òJ���

���(J�AÏ�¹"3�!�ÆS¥§�½�5¿ùüö�m�'�"

�e5Ú\¹ëCþ�2ÂÈ©��Âñ5�Vg"

===½½½ÂÂÂ 2.2>>>� E ⊆ R"e2ÂÈ©
∫ +∞

a
f(x, y) dxé?¿� y ∈ E þÂñ§

¿�é?¿� ε > 0§�3�õ�6u ε�¢ê A > a§¦�é?¿� A′ > A9

y ∈ E þk ∣∣∣∣ ∫ +∞

A′
f(x, y) dx

∣∣∣∣ < ε,

K¡

∫ +∞

a
f(x, y) dx3 E þ��Âñ"

===555 2.3>>>�2ÂÈ©

∫ +∞

a
f(x, y) dxé?¿� y ∈ E þÂñ�§·�Ò�Ï

L

y 7−→
∫ +∞

a
f(x, y) dx

½Â E þ���¼ê F"yP

F (A, y) =

∫ A

a
f(x, y) dx,

@o ∫ +∞

A′
f(x, y) dx = F (y)− F (A′, y).

Ïd

∫ +∞

a
f(x, y) dx3 E þ��Âñ�du� A→ +∞� F (A, y)3 E þ��Â

ñu F (y)"
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===~~~ 2.4>>>é?¿� y > 09 A > 1k∫ +∞

A

dx

1 + (xy)2
=

1

y

(π
2
− arctanAy

)
.

Ïd� y =
1

A
=��þªm>�u

π

4
A§l
d½Â�

∫ +∞

1

dx

1 + (xy)2
3 (0,+∞)

þØ��Âñ"�é?¿�½� δ > 0§� y ∈ [δ,+∞)�k∣∣∣∣ ∫ +∞

A

dx

1 + (xy)2

∣∣∣∣ 6 1

δ

(π
2
− arctanAδ

)
−→ 0 £� A→ +∞�¤,

ù`²

∫ +∞

1

dx

1 + (xy)2
3 [δ,+∞)þ��Âñ"

===½½½ÂÂÂ 2.5>>>� E ⊆ R§�2ÂÈ©
∫ b

a
f(x, y) dxé?¿� y ∈ E þÂñ§Ù

¥ a´È©«mþ=k�Û:"XJé?¿� ε > 0§þ�3�õ�6u ε��ê

δ§¦�é?¿� δ′ ∈ (0, δ)9?¿� y ∈ E þk∣∣∣∣ ∫ a+δ′

a
f(x, y) dx

∣∣∣∣ < ε,

K¡

∫ b

a
f(x, y) dx3 E þ��Âñ"

aq�½ÂÛ:3È©«mmà:½SÜ�¹ëCþ2ÂÈ©���Âñ5§

d	§����¼ê�?ê�ÑS4��Âñ�Vg§Öö�g1ò§��Ñ§·

�Ø2��Kã"

e¡50��
��Âñ��O{§�
²(8I§·�=0��¹ëCþ�

2ÂÈ©�'��O{§
r�
�����¼ê�'�(Ø��SK¥"d	§

�
!��Ì§3ùp·��?ØÃ.«mþ�È©§Öö�±ÎØ¤å/ék.

«mþ�Ã.¼ê�È©�Ñ�A(Ø"

===½½½nnn 2.6>>>£££Cauchy ÂÂÂñññOOOKKK¤¤¤

∫ +∞

a
f(x, y) dx 3 E þ��Âñ�¿�

^�´µé?¿� ε > 0§þ�3�õ�6u ε �¢ê A > a§¦�é?¿�

A′, A′′ > A9?¿� y ∈ E k ∣∣∣∣ ∫ A′′

A′
f(x, y) dx

∣∣∣∣ < ε. (14.3)

y². 7�5���d½Â�Ñ§ey¿©5"Äk§d^�91��Ù½

n 1.5�

∫ +∞

a
f(x, y) dx3 E þÅ:Âñ"?
3 (14.3)ª¥- A′′ → +∞=�∫ +∞

a
f(x, y) dx3 E þ��Âñ" �
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===½½½nnn 2.7>>>£££Weierstrass ���OOO{{{¤¤¤ b�é?¿� x ∈ [a,+∞) 9?¿�

y ∈ Ek |f(x, y)| 6 F (x)§¿�2ÂÈ©

∫ +∞

a
F (x) dxÂñ§@o

∫ +∞

a
f(x, y) dx

3 E þ��Âñ"·�¡ F (x)� f(x, y)�`³¼ê"

y². d

∫ +∞

a
F (x) dxÂñ�§é?¿� ε > 0§�3 A > a§¦�é?¿�

A′, A′′ > Ak ∣∣∣∣ ∫ A′′

A′
F (x) dx

∣∣∣∣ < ε.

u´é?¿� y ∈ E ��∣∣∣∣ ∫ A′′

A′
f(x, y) dx

∣∣∣∣ 6 ∣∣∣∣ ∫ A′′

A′
F (x) dx

∣∣∣∣ < ε,

l
d CauchyÂñOK�·K¤á" �

===~~~ 2.8>>>é?¿� y > 0k

∣∣∣∣ sinxy

x2 + y

∣∣∣∣ 6 1

x2
§�

∫ +∞

1

sinxy

x2 + y
dx3 [0,+∞) þ

��Âñ"

===½½½nnn 2.9>>>£££Abel���OOO{{{¤¤¤ b�

(1)

∫ +∞

a
f(x, y) dx3 E þ��Âñ¶

(2) é?¿�½� y ∈ E§g(x, y)´'u x�üN¼ê"¿� g(x, y)3 [a,+∞)×E
þk.§�=�3M > 0§¦�é?¿� x > a9 y ∈ E k |g(x, y)| 6M"

@o

∫ +∞

a
f(x, y)g(x, y) dx3 E þ��Âñ"

y². d (1)�§é?¿� ε > 0§�3 A > a§¦�é?¿� A′, A′′ > A9

y ∈ E k ∣∣∣∣ ∫ A′′

A′
f(x, y) dx

∣∣∣∣ < ε.

u´dÈ©1�¥�½n�§é?¿� y ∈ E§�3 u A′Ú A′′�m� ξ(y)¦�∣∣∣∣ ∫ A′′

A′
f(x, y)g(x, y) dx

∣∣∣∣ =

∣∣∣∣g(A′, y)

∫ ξ(y)

A′
f(x, y) dx+ g(A′′, y)

∫ A′′

ξ(y)
f(x, y) dx

∣∣∣∣
< 2Mε,

Ïd

∫ +∞

a
f(x, y)g(x, y) dx3 E þ��Âñ" �
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===½½½nnn 2.10>>>£££Dirichlet���OOO{{{¤¤¤ b�

(1) é?¿�½� y ∈ E§g(x, y)´'u x�üN¼ê"¿�� x→ +∞�§¼ê
g(x, y)3 E þ��Âñu 0¶

(2) F (A, y) =

∫ A

a
f(x, y) dx3 [a,+∞) × E þk.§�=�3M > 0§¦�é?

¿� A > a9 y ∈ E k |F (A, y)| 6M"

@o

∫ +∞

a
f(x, y)g(x, y) dx3 E þ��Âñ"

y². d (1)�§é?¿� ε > 0§�3 A > a§¦�é?¿� x > A9 y ∈ E
k |g(x, y)| < ε"u´dÈ©1�¥�½n�§é?¿� A′, A′′ > A 9?¿�

y ∈ E§�3 u A′Ú A′′�m� ξ(y)¦�∣∣∣∣ ∫ A′′

A′
f(x, y)g(x, y) dx

∣∣∣∣ =

∣∣∣∣g(A′, y)

∫ ξ(y)

A′
f(x, y) dx+ g(A′′, y)

∫ A′′

ξ(y)
f(x, y) dx

∣∣∣∣
=
∣∣∣g(A′, y)

[
F (ξ(y), y)− F (A′, y)

]
+ g(A′′, y)

[
F (A′′, y)− F (ξ(y), y)

]∣∣∣
< 4Mε,

Ïd

∫ +∞

a
f(x, y)g(x, y) dx3 E þ��Âñ" �

===~~~ 2.11>>>y²

∫ +∞

0
e−xy

sinx

x
dx3 [0,+∞)þ��Âñ"

y². du

∫ +∞

0

sinx

x
dxÂñ§
é?¿�½� y > 0¼ê e−xy ´'u x�

üN¼ê§¿�

0 6 e−xy 6 1, ∀ x > 0, y > 0.

Ïdd Abel�O{�·K¤á" �

14.2.2 ¹¹¹ëëëCCCþþþ222ÂÂÂÈÈÈ©©©���555���

===···KKK 2.12>>>� f(x, y)´½Â3 [a, b]×Eþ�����¼ê§y0´ E�à:

£� supE = +∞�§y0�±´ +∞¶� inf E = −∞�§y0�±´ −∞¤§÷v

(1) é?¿�½� y ∈ E§f(x, y)'uCþ x´ [a, b]þ�ëY¼ê¶

(2) � y → y0� f(x, y)3 [a, b]þ��Âñu ϕ(x)"
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@o ϕ(x)3 [a, b]þëY§�k

lim
y→y0
y∈E

∫ b

a
f(x, y) dx =

∫ b

a
ϕ(x) dx. 1© (14.4)

y². 1�Ü©�y²L§�1�Ù·K 3.1�aq"·�=?Ø y0 ∈ R��
/"

Äk5y² ϕ ∈ C([a, b])"�d§�Ié?¿� x0 ∈ [a, b] y² ϕ(x) 3 x0

?ëY=�"d^� (2) �§é?¿� ε > 0§þ�3 δ > 0§¦�éu?¿�

y ∈
(

(y0 − δ, y0 + δ) \ {y0}
)
∩ E 9?¿� x ∈ [a, b]k

|f(x, y)− ϕ(x)| < ε

3
. (14.5)

y�½ y1 ∈
(

(y0 − δ, y0 + δ) \ {y0}
)
∩ E§u´d f(x, y1)'uCþ x�ëY5�§

�3 η > 0§¦�� x ∈ (x0 − η, x0 + η) ∩ [a, b]�

|f(x, y1)− f(x0, y1)| <
ε

3
.

?
�é?¿� x ∈ (x0 − η, x0 + η) ∩ [a, b]��

|ϕ(x)− ϕ(x0)| 6 |ϕ(x)− f(x, y1)|+ |f(x, y1)− f(x0, y1)|+ |f(x0, y1)− ϕ(x0)|

<
ε

3
+
ε

3
+
ε

3
= ε.

ùÒy²
 ϕ(x)3 x0?ëY"

d	§d (14.5)��é?¿� y ∈
(

(y0 − δ, y0 + δ) \ {y0}
)
∩ E ��

∣∣∣∣ ∫ b

a
f(x, y) dx−

∫ b

a
ϕ(x) dx

∣∣∣∣ 6 ∫ b

a
|f(x, y)− ϕ(x)| dx < b− a

3
ε.

Ïd (14.4)¤á" �

===555 2.13>>>3þã·K� E = Z>1§¿�Ä4�L§ y → +∞§K���1
�Ù·K 3.2Ú 3.6"

e¡�Ñ·K 2.12éAu2ÂÈ©�/ª"

1©�
¦�ù�ªf¤á§¯¢þ�Ié?¿�½� y ∈ E�¦ f(x, y)'uCþ x3 [a, b]þ�È
=�§ë�SK 5"
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===···KKK 2.14>>>� f(x, y)´½Â3 [a,+∞)× E þ�����¼ê§y0´ E �

à:£� supE = +∞�§y0 �±´ +∞¶� inf E = −∞�§y0 �±´ −∞¤§
÷v

(1) é?¿�½� y ∈ E§f(x, y)'uCþ x´ [a,+∞)þ�ëY¼ê¶

(2) é?¿� b > a§� y → y0� f(x, y)3 [a, b]þ��Âñu ϕ(x)¶

(3)

∫ +∞

a
f(x, y) dx3 E þ��Âñ"

@o

lim
y→y0
y∈E

∫ +∞

a
f(x, y) dx =

∫ +∞

a
ϕ(x) dx. (14.6)

y². ky

∫ +∞

a
ϕ(x) dxÂñ"d^� (3)�§é?¿� ε > 0§�3 A > a§

¦�é?¿� A′, A′′ > A9?¿� y ∈ E k∣∣∣∣ ∫ A′′

A′
f(x, y) dx

∣∣∣∣ < ε.

5¿�d^� (2)�§� y → y0 � f(x, y)3 [A′, A′′]þ��Âñu ϕ(x)§u´3

þª¥- y → y0B�d·K 2.12��∣∣∣∣ ∫ A′′

A′
ϕ(x) dx

∣∣∣∣ 6 ε.
2d CauchyÂñOK�

∫ +∞

a
ϕ(x) dxÂñ"

�e5y² (14.6)"d

∫ +∞

a
f(x, y) dx���Âñ59

∫ +∞

a
ϕ(x) dx�Âñ5

�§é?¿� ε > 0§�3 A > a¦�∣∣∣∣ ∫ +∞

A
f(x, y) dx

∣∣∣∣ < ε

3
(∀ y ∈ E) 9

∣∣∣∣ ∫ +∞

A
ϕ(x) dx

∣∣∣∣ < ε

3
. (14.7)

d	§^� (2)¿�X�3 δ > 0§¦�é?¿� y ∈
(

(y0 − δ, y0 + δ) \ {y0}
)
∩ E

9?¿� x ∈ [a,A]k

|f(x, y)− ϕ(x)| < ε

3(A− a)
,

?
é?¿� y ∈
(

(y0 − δ, y0 + δ) \ {y0}
)
∩ E k∣∣∣∣ ∫ A

a
f(x, y) dx−

∫ A

a
ϕ(x) dx

∣∣∣∣ 6 ∫ +∞

A
|f(x, y)− ϕ(x)|dx < ε

3
.
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(Ü (14.7)B�é?¿� y ∈
(

(y0 − δ, y0 + δ) \ {y0}
)
∩ E ��∣∣∣∣ ∫ +∞

a
f(x, y) dx−

∫ +∞

a
ϕ(x) dx

∣∣∣∣ < ε.

u´·K�y" �

k
±þO�ó�§·��±5?�ÚïÄ¹ëCþ2ÂÈ©��'5�
"

===···KKK 2.15>>>b�

(1) f(x, y)3 [a,+∞)× [b, c]þëY¶

(2) F (y) =

∫ +∞

a
f(x, y) dx3 [b, c]þ��Âñ"

@o F (y)3 [b, c]þëY"

y². é?¿�½� A > a§d·K 1.1� F (A, y) =

∫ A

a
f(x, y) dx'uCþ y

3«m [b, c]þëY"£Áå5 2.3§d^� (2)�� A→ +∞� F (A, y)3 [b, c]þ

��Âñu F (y)§Ïdd·K 2.12�� F (y)�ëY5" �

aqu¼ê�?ê� Dini½n§·�keã(Ø"

===½½½nnn 2.16>>>(Dini) � f(x, y)´½Â3 [a,+∞) × [b, c]þ��KëY¼ê§

�é?¿� y ∈ [b, c]
ó§

∫ +∞

a
f(x, y) dxÂñu F (y)"XJ F (y)3 [b, c]þë

Y§@o

∫ +∞

a
f(x, y) dx3 [b, c]þ��Âñ"

y². P un(y) =

∫ a+n

a+n−1
f(x, y) dx§K

F (y) =

∫ +∞

a
f(x, y) dx =

∞∑
n=1

un(y).

d f ¤÷v�^�9·K 1.1�z� un(y)þ3 [b, c]þ�KëY§l
d¼ê�?

ê� Dini½n£1�Ù½n 3.5¤�
∞∑
n=1

un(y)3 [b, c]þ��Âñu F (y)"u´é

?¿� ε > 0§�3��ê N§¦�é?¿ y ∈ [b, c]k

∞∑
n=N

un(y) < ε.

?
é?¿� A > a+N − 19?¿� y ∈ [b, c]k

0 6
∫ +∞

A
f(x, y) dx 6

∫ +∞

a+N−1
f(x, y) dx =

∞∑
n=N

un(y) < ε.
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l
·K�y" �

e¡5wÈ©Ò���¯K"

===···KKK 2.17>>>b�

(1) f(x, y)3 [a,+∞)× [b, c]þëY¶

(2)

∫ +∞

a
f(x, y) dx3 [b, c]þ��Âñ"

@o ∫ c

b
dy

∫ +∞

a
f(x, y) dx =

∫ +∞

a
dx

∫ c

b
f(x, y) dy.

y². d·K 1.5�§é?¿� A > ak∫ c

b
dy

∫ A

a
f(x, y) dx =

∫ A

a
dx

∫ c

b
f(x, y) dy. (14.8)


35 2.3¥·�J�L§^� (2)¿�X� A → +∞� F (A, y) =

∫ A

a
f(x, y) dx

3 [b, c]þ��Âñu

∫ +∞

a
f(x, y) dx"5¿�é?¿�½� y ∈ [b, c]§F (A, y)´

'u A�ëY¼ê§Ïdd·K 2.12��

lim
A→+∞

∫ c

b
F (A, y) dy =

∫ c

b
dy

∫ +∞

a
f(x, y) dx.

(Ü (14.8)B�

lim
A→+∞

∫ A

a
dx

∫ c

b
f(x, y) dy =

∫ c

b
dy

∫ +∞

a
f(x, y) dx,

l
·K�y" �

===···KKK 2.18>>>b�

(1) f(x, y)3 [a,+∞)× [b,+∞)þëY¶

(2)

∫ +∞

a
f(x, y) dxÚ

∫ +∞

b
f(x, y) dy ©O3 [b,+∞)9 [a,+∞)�?�k.4f

«mþ��Âñ¶

(3)

∫ +∞

b
dy

∫ +∞

a
|f(x, y)| dxÚ

∫ +∞

a
dx

∫ +∞

b
|f(x, y)| dy¥��k��Âñ"

@o ∫ +∞

b
dy

∫ +∞

a
f(x, y) dx =

∫ +∞

a
dx

∫ +∞

b
f(x, y) dy.
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y². Ø�b�

∫ +∞

b
dy

∫ +∞

a
|f(x, y)| dx Âñ"d·K 2.17 �§é?¿�

A > ak ∫ +∞

b
dy

∫ A

a
f(x, y) dx =

∫ A

a
dx

∫ +∞

b
f(x, y) dy. (14.9)

yP F (A, y) =

∫ A

a
f(x, y) dx§K

|F (A, y)| 6
∫ A

a
|f(x, y)|dx 6

∫ +∞

a
|f(x, y)|dx.

duýkb�


∫ +∞

b
dy

∫ +∞

a
|f(x, y)|dx Âñ§¤±d Weierstrass �O{�∫ +∞

b
F (A, y) dy 3 [a,+∞) þ��Âñ"d	§^� (2) ¿�X� A → +∞ �

F (A, y) 3 [b,+∞) �?�k�4f«mþ��Âñu

∫ +∞

a
f(x, y) dx"u´3

(14.9)¥- A→ +∞§d·K 2.14B�∫ +∞

b
dy

∫ +∞

a
f(x, y) dx =

∫ +∞

a
dx

∫ +∞

b
f(x, y) dy.

�

3þã·K¥·�w�§�
�yü�Ã.«mþ�È©���§Ù^�´¹

��,�"�´3 f(x, y)�K��¹e§|^ Dini½n�òÙ¥�^� (2)Ñ�

{z§ùéu,
¢SA^
óB$
Nõ£ë�~ 2.24Ú 2.25¤"

===íííØØØ 2.19>>>b�

(1) f(x, y)3 [a,+∞)× [b,+∞)þëY��K¶

(2) ¼ê

F (y) =

∫ +∞

a
f(x, y) dx � G(x) =

∫ +∞

b
f(x, y) dy

©O3 [b,+∞)Ú [a,+∞)þëY¶

(3)

∫ +∞

b
dy

∫ +∞

a
f(x, y) dxÚ

∫ +∞

a
dx

∫ +∞

b
f(x, y) dy¥��k��Âñ"

@o ∫ +∞

b
dy

∫ +∞

a
f(x, y) dx =

∫ +∞

a
dx

∫ +∞

b
f(x, y) dy.

y². d^� (1)§(2)9 Dini½n�

∫ +∞

a
f(x, y) dxÚ

∫ +∞

b
f(x, y) dy ©O

3 [b,+∞)9 [a,+∞)�?�k�4f«mþ��Âñ§l
d·K 2.18�(Ø¤

á" �



216 1�oÙ ¹ëCþ�È©�2ÂÈ©

��5?ØÈ©Òe¦��¯K"

===···KKK 2.20>>>b�

(1) f(x, y)�
∂f

∂y
þ3 [a,+∞)× [b, c]þëY¶

(2) é?¿�½� y ∈ [b, c]§2ÂÈ©

∫ +∞

a
f(x, y) dxÂñ¶

(3)

∫ +∞

a

∂f

∂y
(x, y) dx3 [b, c]þ��Âñ"

@o
d

dy

∫ +∞

a
f(x, y) dx =

∫ +∞

a

∂f

∂y
(x, y) dx. (14.10)

y². ��Bå�§P

F (y) =

∫ +∞

a
f(x, y) dx, ψ(y) =

∫ +∞

a

∂f

∂y
(x, y) dx.

d·K 2.15� ψ(y)3 [b, c]þëY§u´Cþ�È©

∫ y

b
ψ(t) dt3 [b, c]þ��§�

Ù�ê� ψ(y)"d	§d·K 2.17��∫ y

b
ψ(t) dt =

∫ y

b
dt

∫ +∞

a

∂f

∂t
(x, t) dx =

∫ +∞

a
dx

∫ y

b

∂f

∂t
(x, t) dt

=

∫ +∞

a

[
f(x, y)− f(x, b)

]
dx = F (y)− F (b).

Ïd F (y)���� F ′(y) = ψ(y)§d= (14.10)" �

14.2.3 333222ÂÂÂÈÈÈ©©©OOO���¥¥¥���AAA^̂̂

��þ��!¥�nØ�A^§·�5O��
AÏ�2ÂÈ©§Ù¥~ 2.22§

2.249 2.25�(J�~­�§I�OP"

===~~~ 2.21>>>|^1��Ù~ 3.8¥¤O�� FroullaniÈ©�����∫ +∞

0

e−ax − e−bx

x
dx = log

b

a
, ∀ b > a > 0.

y3·���«�ª5O�§"òþª�>P� I§@o

I =

∫ +∞

0

(∫ b

a
e−xy dy

)
dx. (14.11)
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��¡§e−xy 3 [0,+∞)× [a, b]þëY¶,��¡§� x > 0� y ∈ [a, b]�

0 6 e−xy 6 e−ax,




∫ +∞

0
e−ax dxÂñ§ÏddWeierstrass�O{�

∫ +∞

0
e−xy dx3 [a, b]þ��Â

ñ§u´d·K 2.17� (14.11)¥�È©Ò�±��§l
k

I =

∫ b

a
dy

∫ +∞

0
e−xy dx =

∫ b

a

1

y
dy = log

b

a
.

===~~~ 2.22>>>O� DirichletÈ©

∫ +∞

0

sinx

x
dx"

). Ú\ÂñÏf e−αx¿�ÄÈ©

I(α) =

∫ +∞

0
e−αx

sinx

x
dx.

P

f(x, α) =

e−αx
sinx

x
, e x 6= 0,

1, e x = 0,

K
∂f

∂α
= −e−αx sinx§N´�y f �

∂f

∂α
þ3 [0,+∞)× [0,+∞)þëY"d	§d

|e−αx sinx| 6 e−αx 9Weierstrass�O{�§

∫ +∞

0

∂f

∂α
(x, α) dx3 (0,+∞)þS4

��Âñ"Uì·K 2.20§3 (0,+∞)�?�4f«mþk

I ′(α) =

∫ +∞

0

∂f

∂α
(x, α) dx = −

∫ +∞

0
e−αx sinx dx

=
e−αx(α sinx+ cosx)

1 + α2

∣∣∣∣+∞
0

= − 1

1 + α2
.

?
é?¿� α > 0��

I(α)− lim
A→+∞

I(A) = −
∫ +∞

α
I ′(u) du =

π

2
− arctanα. (14.12)

5¿�é?¿� α > 0k

|I(α)| =
∣∣∣∣ ∫ +∞

0
e−αx

sinx

x
dx

∣∣∣∣ 6 ∫ +∞

0
e−αx dx =

1

α

Ïd lim
A→+∞

I(A) = 0"òù�\ (14.12)B�

I(α) =
π

2
− arctanα, ∀ α > 0. (14.13)
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��§Ï�|^ Abel�O{��

∫ +∞

0
e−αx

sinx

x
dx3 [0,+∞)þ��Âñ£ë�

~ 2.11¤§�
d·K 2.15� I(α)3 [0,+∞)þëY§u´3 (14.13)��ª¥-

α→ 0+B� ∫ +∞

0

sinx

x
dx = I(0) = lim

α→0+
I(α) =

π

2
.

�

===555 2.23>>>ÏLCþO�N´íÑ

∫ +∞

0

sin ax

x
dx =


π

2
, e a > 0,

0, e a = 0,

−π
2
, e a < 0.

===~~~ 2.24>>>O�2ÂÈ© I =

∫ +∞

0
e−x

2
dx"

). |^ëê y > 0�CþO� x 7−→ xy��

I = y

∫ +∞

0
e−x

2y2 dx.

3þªü>Ó¦ e−y
2
¿é yl 0� +∞È©§·�k

I2 = I

∫ +∞

0
e−y

2
dy =

∫ +∞

0
e−y

2 · y
(∫ +∞

0
e−x

2y2 dx

)
dy

=

∫ +∞

0

(∫ +∞

0
e−y

2(x2+1)y dx

)
dy. (14.14)

��¡§ ∫ +∞

0
e−y

2(x2+1)y dx = e−y
2
I

´'u y > 0�ëY¼ê¶,��¡§é?¿� δ > 0§∫ +∞

δ
e−y

2(x2+1)y dy =
1

2

∫ +∞

δ
e−y

2(x2+1) dy2 =
e−δ

2(x2+1)

2(x2 + 1)

´'u x > 0�ëY¼ê§ÏddíØ 2.19�∫ +∞

δ

(∫ +∞

0
e−y

2(x2+1)y dx

)
dy =

∫ +∞

0

(∫ +∞

δ
e−y

2(x2+1)y dy

)
dx

=

∫ +∞

0

e−δ
2(x2+1)

2(x2 + 1)
dx.
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y- δ → 0+§@od (14.14)9·K 2.15��

I2 = lim
δ→0+

∫ +∞

0

e−δ
2(x2+1)

2(x2 + 1)
dx =

∫ +∞

0

dx

2(x2 + 1)
=
π

4
.

Ïd I =

√
π

2
" �

===~~~ 2.25>>>·�½Â B¼ê 2©

B(p, q) =

∫ 1

0
xp−1(1− x)q−1 dx, (14.15)

K§3 p > 0 � q > 0 �Âñ§¿�é?¿� ε1, ε2 > 0§B(p, q) 3 [ε1,+∞) ×
[ε2,+∞)þ��Âñ§�
§3 R2

>0þëY"e¡5y²'Xª

B(p, q) =
Γ(p)Γ(q)

Γ(p+ q)
, ∀ p > 0, q > 0. (14.16)

£Áå31��Ù~ 3.9¥·�é s > 0y²


Γ(s) =

∫ +∞

0
e−xxs−1 dx.

k�Ä p > 1� q > 1��/§·�k

Γ(p)Γ(q) = Γ(q)

∫ +∞

0
e−xxp−1 dx =

∫ +∞

0
e−xxp−1

(∫ +∞

0
e−yyq−1 dy

)
dx

=

∫ +∞

0

(∫ +∞

0
e−(x+y)xp−1yq−1 dy

)
dx.

éS�È©�CþO� y 7−→ xy��

Γ(p)Γ(q) =

∫ +∞

0

(∫ +∞

0
e−x(1+y)xp+q−1yq−1 dy

)
dx. (14.17)

yP f(x, y) = e−x(1+y)xp+q−1yq−1§Kd p > 1� q > 1� f(x, y)3 R2
>0þ�K�

ëY"d	§ ∫ +∞

0
f(x, y) dx =

Γ(p+ q)yq−1

(1 + y)p+q

3 R>0þ'uCþ y�ëY¼ê¶∫ +∞

0
f(x, y) dy = Γ(q)e−xxp−1

2©ùp� B´F1i1 β ���"
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3 R>0þ'uCþ x�ëY¼ê"ÏddíØ 2.19� (14.17)¥�È©Ò�±��§

l
��

Γ(p)Γ(q) =

∫ +∞

0
dy

∫ +∞

0
e−x(1+y)xp+q−1yq−1 dx

= Γ(p+ q)

∫ +∞

0

yq−1

(1 + y)p+q
dy.

Ïd�I`²

B(p, q) =

∫ +∞

0

yq−1

(1 + y)p+q
dy

=�§
ù�±3 (14.15)¥- x =
1

1 + y
��"

�e5y² p > 0§q > 0��/"|^©ÜÈ©��£3�öS¤

B(p+ 1, q + 1) =
pq

(p+ q + 1)(p+ q)
B(p, q).

5¿� p+ 1 > 19 q + 1 > 1§�
|^þ¡�ã�(Ø�íÑ

B(p, q) =
(p+ q + 1)(p+ q)

pq
B(p+ 1, q + 1)

=
(p+ q + 1)(p+ q)

pq
· Γ(p+ 1)Γ(q + 1)

Γ(p+ q + 2)
=

Γ(p)Γ(q)

Γ(p+ q)
,

Ù¥���Ú^�
 Γ(s+ 1) = sΓ(s)"

===~~~ 2.26>>>3ù�~f¥§·�|^ (14.16)5­#y²∫ +∞

0
e−x

2
dx =

√
π

2
. (14.18)

¯¢þ§3 (14.16)¥� p = q =
1

2
��

B
(1

2
,
1

2

)
= Γ

(1

2

)2
.

��¡§3 B¼ê�½Âª (14.15)¥�CþO� x = cos2 θ�íÑ

B
(1

2
,
1

2

)
=

∫ 1

0

dx√
x(1− x)

=

∫ 0

π
2

−2 cos θ sin θ√
cos2 θ sin2 θ

dθ = π.

,��¡§

Γ
(1

2

)
=

∫ +∞

0
e−xx−

1
2 dx = 2

∫ +∞

0
e−x d

√
x = 2

∫ +∞

0
e−x

2
dx.

nþB� (14.18)"
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SSS KKK 14.2

1. � X Ú Y ´ R�ü�f8§f(x, y)´½Â3 X × Y þ�¼ê§x0 ´ X �

��à:"Á�Ñ�½ x÷ X ¥��ªu x0 � f(x, y)3 Y þ��Âñ�

CauchyOK¿y²�"

2. �äe�¹ëCþ2ÂÈ©3�½8Üþ´Ä��Âñµ

(1)

∫ +∞

1

y2 − x2

(x2 + y2)2
dx§y ∈ R¶

(2)

∫ 1

0

y2 − x2

(x2 + y2)2
dx§y ∈ [0, 1]¶

(3)

∫ +∞

0
e−xy sinx dx§y ∈ [a,+∞)§Ù¥ a > 0¶

(4)

∫ +∞

0
e−xy sinx dx§y ∈ (0,+∞)¶

(5)

∫ +∞

0

x cosxy

x2 + 1
dx§y ∈ [a,+∞)§Ù¥ a > 0¶

(6)

∫ +∞

0

x cosxy

x2 + 1
dx§y ∈ (0,+∞)¶

(7)

∫ +∞

0

√
ye−yx

2
dx§y ∈ (0,+∞)¶

(8)

∫ 1

0

1

xy
sin

1

x
dx§y ∈ (0, 2)"

3. � f(x)3 R>0þëY§eÈ©
∫ +∞

0
xyf(x) dx3 y = aÚ y = b (a < b)�þ

Âñ§y²

∫ +∞

0
xyf(x) dx3 [a, b]þ��Âñ"

4. y²È© ∫ +∞

1
e
− 1
y2

(x− 1
y
)2

dx

3 (0, 1)þ��Âñ§�Ø�3� y Ã'�¼ê��þã�È¼ê�`³¼

ê"

5. � f(x, y)´½Â3 [a, b]× E þ���¼ê§y0´ E �à:§÷vµ

(1) é?¿�½� y ∈ E§f(x, y)�� x�¼ê3 [a, b]þ�È¶

(2) � y → y0� f(x, y)3 [a, b]þ��Âñu ϕ(x)"
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y² ϕ(x)3 [a, b]þ�È¿�

lim
y→y0
y∈E

∫ b

a
f(x, y) dx =

∫ b

a
ϕ(x) dx.

6. � a 6= 0§g(y) =

∫ +∞

0

1

x
(1− e−xy) cos axdx"y²µ

(1) g(y)3 R>0þëY¶
(2) g(y)3 R>0þ��"

7. ïÄ¼ê g(y) =

∫ +∞

0

arctanx

xy(3 + x3)
dx�½Â�9ëY5"

8. O� I(α) =

∫ +∞

0
e−x

2
cosαxdx"

9. � α > 0§O�

I(α) =

∫ +∞

0

arctanαx

x(1 + x2)
dx.

10. � a > 0§b > 0§O� ∫ +∞

0

1− cos ax

x
e−bx dx.

11. |^
arctanx

x
=

∫ 1

0

1

1 + x2y2
dy (x 6= 0)O�È©

I =

∫ 1

0

arctanx

x
√

1− x2
dx.

12. |^
1√
x

=
2√
π

∫ +∞

0
e−xy

2
dy§¿Ú\ÂñÏf5y² FresnelÈ©

∫ +∞

−∞
sinx2 dx =

∫ +∞

−∞
cosx2 dx =

√
π

2
.

13. |^~ 2.22Ú 2.24¥�(JO�e�È©µ

(1)

∫ 1

0

1

x
sin

1

x
dx¶ (2)

∫ +∞

0

sin4 x

x2
dx¶

(3)

∫ +∞

−∞
e−(ax

2+bx+c) dx (a > 0)¶

(4)

∫ +∞

−∞
e−x

2− a
2

x2 dx (a > 0)¶
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(5)

∫ +∞

0

cos ax− cos bx

x2
dx (0 < a < b)¶

(6)

∫ +∞

0

e−ax
2 − e−bx2

x2
dx (0 < a < b)"

14. � p > 0§q > 0"y²

B(p+ 1, q + 1) =
pq

(p+ q + 1)(p+ q)
B(p, q).

15. O�

∫ +∞

0
e−x log x dx"

/X

∫ +∞

0
cos(x3 − 3xy) dx �È©�¡� Airy È©§§´d G. B. Airy u

1838cÚ\�§AiryéÙ?1
�
ê�O�"'uù�È©�ìC5��ïÄ©

u G. G. Stokes[45]"l1 16K�1 20K´�|K§�Ñ
 y → +∞�ù�È©�
��ìCúª§ùp¤^��{
u G. H. Hardy[20]"

16. � y > 1§|^CþO� t =
x−√y
√
y
9 §11.1SK 13y²

∫ +∞

0
cos(x3 − 3xy) dx =

√
y

∫ 1

−1
cos
(
(t3 + 3t2 − 2)y

3
2
)

dt+O

(
1

y

)
.

17. - s = t3 + 3t2§y²
1

3t2 + 6t
− 1

2
√

3s
3 t ∈ (0, 1] �©ãüN��3~ê

α, β < 0¦�

α 6
1

3t2 + 6t
− 1

2
√

3s
6 β.

18. |^CþO� s = t3 + 3t29 §11.1SK 13y²∫ 1

0
cos
(
(t3 + 3t2 − 2)y

3
2
)
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√
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√
s
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3
2 ).

19. |^SK 12¥� FresnelÈ©y²∫ 1
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√
π
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3 y
3
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2y
3
2 +

π

4

)
+O(y−

3
2 ).

20. é y > 1y²∫ +∞

0
cos(x3 − 3xy) dx =

√
π

3
y−

1
4 sin

(
2y

3
2 +

π

4

)
+O

(
1

y

)
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