
 

答案 5.4 
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此几乎线性系统可等效为线性系统 

奇点类型是：稳定焦点 

2) 0lim
22

22

)0,0(),(
=

+

+
→ yx

yx
yx

，奇点类型：不稳定结点 

3) 同 1),2)  0)(lim
22

22

)0,0(),(
=

+

+
> yx

yxx
yx

      0)(lim
22

22

)0,0(),(
=

+

+
→ yx

yxy
yx

 

奇点类型：稳定焦点 
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奇点类型：鞍点 

5) 用极坐标代换 θθ sin,cos ryrx ==  
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>⎧
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，不稳定结点

，不稳定退化结点

，不稳定焦点

  

 
restart:with(DEtools):  a:=0.001;  
ODES:=[diff(x(t),t)=y(t),  
diff(y(t),t)=-x(t)+2*y(t)*(1-x(t)^2)]: 
DEplot(ODES,[x(t),y(t)], t=-10..10, 
[[x(0)=-8*a,y(0)=-8*a],[x(0)=-8*a,y(0)=-6*a], 
[x(0)=-8*a,y(0)=-4*a],[x(0)=-8*a,y(0)=-2*a], 



[x(0)=-8*a,y(0)=0],[x(0)=-8*a,y(0)=2*a], 
[x(0)=-8*a,y(0)=4*a],[x(0)=-8*a,y(0)=6*a], 
[x(0)=-8*a,y(0)=8*a],[x(0)=8*a,y(0)=-8*a], 
[x(0)=8*a,y(0)=-6*a],[x(0)=8*a,y(0)=-4*a], 
[x(0)=8*a,y(0)=-2*a],[x(0)=8*a,y(0)=0], 
[x(0)=8*a,y(0)=2*a],[x(0)=8*a,y(0)=4*a], 
[x(0)=8*a,y(0)=6*a],[x(0)=8*a,y(0)=8*a], 
[x(0)=-6*a,y(0)=-8*a],[x(0)=-4*a,y(0)=-8*a], 
[x(0)=-2*a,y(0)=-8*a],[x(0)=0,y(0)=-8*a], 
[x(0)=2*a,y(0)=-8*a],[x(0)=4*a,y(0)=-8*a], 
[x(0)=6*a,y(0)=-8*a],[x(0)=-8*a,y(0)=-8*a], 
[x(0)=-6*a,y(0)=8*a],[x(0)=-4*a,y(0)=8*a], 
[x(0)=-2*a,y(0)=8*a],[x(0)=0,y(0)=8*a], 
[x(0)=2*a,y(0)=8*a],[x(0)=4*a,y(0)=8*a], 
[x(0)=6*a,y(0)=8*a]], 
x=-8*a..8*a,y=-8*a..8*a, stepsize=0.05, 
dirgrid=[21,21], color=red,linecolor=blue, 
arrows=SLIM); 
 

:= a .001  

 
 

6）由等价无穷小的公式   xxxe x ~sin,~1 −−

奇点类型：不稳定焦点 

7）同 6） yyyy ~sin,
2

~cos1
2

−  

奇点类型：中心点 



  方程组有积分 
2cos ( 1) ln( 1)

1
y x x C

x
⎛ ⎞= + + + +⎜ ⎟+⎝ ⎠

 

> restart:with(DEtools):  a:=0.001;  
ODES:=[diff(x(t),t)=(1+x(t))*sin(y(t)),  
diff(y(t),t)=1-x(t)-cos(y(t))]: 
DEplot(ODES,[x(t),y(t)], t=-10..10, 
[[x(0)=0,y(0)=a],[x(0)=0,y(0)=2*a], 
[x(0)=0,y(0)=3*a],[x(0)=0,y(0)=4*a], 
[x(0)=0,y(0)=5*a],[x(0)=0,y(0)=6*a], 
[x(0)=0,y(0)=7*a],[x(0)=0,y(0)=8*a]], 
x=-8*a..8*a,y=-8*a..8*a, stepsize=0.05, 
dirgrid=[21,21], color=red,linecolor=blue, 
arrows=SLIM); 

:= a .001  

 
 

8) 由等价无穷小  yxeyy yx +−+−+ + ~1,2~244  

                  yyxaax 4~)41ln(,~sin −−  

2 ( , ), 4 ( ,dx dy ),x y x y ax y x y
dt dt

ϕ ψ= − − + = − +  

           

8,
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鞍点

（ ） ，稳定结点

稳定焦点

a=-10 

restart:with(DEtools):  a:=0.001:aa:=-10: 
DE931:=[diff(x(t),t)=sqrt(4+4*y(t))-2*exp(x(t)+y(t)),  
diff(y(t),t)=sin(aa*x(t))+ln(1-4*y(t))]; 



DEplot(DE931,[x(t),y(t)], t=-10..10, 
[[x(0)=-8*a,y(0)=-8*a],[x(0)=-8*a,y(0)=-6*a], 
[x(0)=-8*a,y(0)=-4*a],[x(0)=-8*a,y(0)=-2*a], 
[x(0)=-8*a,y(0)=0],[x(0)=-8*a,y(0)=2*a], 
[x(0)=-8*a,y(0)=4*a],[x(0)=-8*a,y(0)=6*a], 
[x(0)=-8*a,y(0)=8*a],[x(0)=8*a,y(0)=-8*a], 
[x(0)=8*a,y(0)=-6*a],[x(0)=8*a,y(0)=-4*a], 
[x(0)=8*a,y(0)=-2*a],[x(0)=8*a,y(0)=0], 
[x(0)=8*a,y(0)=2*a],[x(0)=8*a,y(0)=4*a], 
[x(0)=8*a,y(0)=6*a],[x(0)=8*a,y(0)=8*a], 
[x(0)=-6*a,y(0)=-8*a],[x(0)=-4*a,y(0)=-8*a], 
[x(0)=-2*a,y(0)=-8*a],[x(0)=0,y(0)=-8*a], 
[x(0)=2*a,y(0)=-8*a],[x(0)=4*a,y(0)=-8*a], 
[x(0)=6*a,y(0)=-8*a],[x(0)=-8*a,y(0)=-8*a], 
[x(0)=-6*a,y(0)=8*a],[x(0)=-4*a,y(0)=8*a], 
[x(0)=-2*a,y(0)=8*a],[x(0)=0,y(0)=8*a], 
[x(0)=2*a,y(0)=8*a],[x(0)=4*a,y(0)=8*a], 
[x(0)=6*a,y(0)=8*a]], 
x=-8*a..8*a,y=-8*a..8*a, stepsize=0.05, 
dirgrid=[21,21], color=red,linecolor=blue, 
arrows=SLIM); 

DE931 := 

⎡
⎣
⎢⎢

⎤
⎦
⎥⎥, = 

∂
∂
t ( )x t  − 2  + 1 ( )y t 2 e

( ) + ( )x t ( )y t
 = 

∂
∂
t ( )y t −  + ( )sin 10 ( )x t ( )ln  − 1 4 ( )y t  

 



a=-8 

restart:with(DEtools):  a:=0.001:aa:=-8: 
DE931:=[diff(x(t),t)=sqrt(4+4*y(t))-2*exp(x(t)+y(t)),  
diff(y(t),t)=sin(aa*x(t))+ln(1-4*y(t))]; 
DEplot(DE931,[x(t),y(t)], t=-10..10, 
[[x(0)=-8*a,y(0)=-8*a],[x(0)=-8*a,y(0)=-6*a], 
[x(0)=-8*a,y(0)=-4*a],[x(0)=-8*a,y(0)=-2*a], 
[x(0)=-8*a,y(0)=0],[x(0)=-8*a,y(0)=2*a], 
[x(0)=-8*a,y(0)=4*a],[x(0)=-8*a,y(0)=6*a], 
[x(0)=-8*a,y(0)=8*a],[x(0)=8*a,y(0)=-8*a], 
[x(0)=8*a,y(0)=-6*a],[x(0)=8*a,y(0)=-4*a], 
[x(0)=8*a,y(0)=-2*a],[x(0)=8*a,y(0)=0], 
[x(0)=8*a,y(0)=2*a],[x(0)=8*a,y(0)=4*a], 
[x(0)=8*a,y(0)=6*a],[x(0)=8*a,y(0)=8*a], 
[x(0)=-6*a,y(0)=-8*a],[x(0)=-4*a,y(0)=-8*a], 
[x(0)=-2*a,y(0)=-8*a],[x(0)=0,y(0)=-8*a], 
[x(0)=2*a,y(0)=-8*a],[x(0)=4*a,y(0)=-8*a], 
[x(0)=6*a,y(0)=-8*a],[x(0)=-8*a,y(0)=-8*a], 
[x(0)=-6*a,y(0)=8*a],[x(0)=-4*a,y(0)=8*a], 
[x(0)=-2*a,y(0)=8*a],[x(0)=0,y(0)=8*a], 
[x(0)=2*a,y(0)=8*a],[x(0)=4*a,y(0)=8*a], 
[x(0)=6*a,y(0)=8*a]], 
x=-8*a..8*a,y=-8*a..8*a, stepsize=0.05, 
dirgrid=[21,21], color=red,linecolor=blue, 
arrows=SLIM); 

 := DE931 ⎡
⎣
⎢⎢

⎤
⎦
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∂
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t ( )x t  − 2  + 1 ( )y t 2 e

( ) + ( )x t ( )y t
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∂
∂
t ( )y t −  + ( )sin 8 ( )x t ( )ln  − 1 4 ( )y t  

 



a=0 

restart:with(DEtools):  a:=0.001:aa:=0: 
DE931:=[diff(x(t),t)=sqrt(4+4*y(t))-2*exp(x(t)+y(t)),  
diff(y(t),t)=sin(aa*x(t))+ln(1-4*y(t))]; 
DEplot(DE931,[x(t),y(t)], t=-10..10, 
[[x(0)=-8*a,y(0)=-8*a],[x(0)=-8*a,y(0)=-6*a], 
[x(0)=-8*a,y(0)=-4*a],[x(0)=-8*a,y(0)=-2*a], 
[x(0)=-8*a,y(0)=0],[x(0)=-8*a,y(0)=2*a], 
[x(0)=-8*a,y(0)=4*a],[x(0)=-8*a,y(0)=6*a], 
[x(0)=-8*a,y(0)=8*a],[x(0)=8*a,y(0)=-8*a], 
[x(0)=8*a,y(0)=-6*a],[x(0)=8*a,y(0)=-4*a], 
[x(0)=8*a,y(0)=-2*a],[x(0)=8*a,y(0)=0], 
[x(0)=8*a,y(0)=2*a],[x(0)=8*a,y(0)=4*a], 
[x(0)=8*a,y(0)=6*a],[x(0)=8*a,y(0)=8*a], 
[x(0)=-6*a,y(0)=-8*a],[x(0)=-4*a,y(0)=-8*a], 
[x(0)=-2*a,y(0)=-8*a],[x(0)=0,y(0)=-8*a], 
[x(0)=2*a,y(0)=-8*a],[x(0)=4*a,y(0)=-8*a], 
[x(0)=6*a,y(0)=-8*a],[x(0)=-8*a,y(0)=-8*a], 
[x(0)=-6*a,y(0)=8*a],[x(0)=-4*a,y(0)=8*a], 
[x(0)=-2*a,y(0)=8*a],[x(0)=0,y(0)=8*a], 
[x(0)=2*a,y(0)=8*a],[x(0)=4*a,y(0)=8*a], 
[x(0)=6*a,y(0)=8*a]], 
x=-8*a..8*a,y=-8*a..8*a, stepsize=0.05, 
dirgrid=[21,21], color=red,linecolor=blue, 
arrows=SLIM); 

 := DE931 ⎡
⎣
⎢⎢

⎤
⎦
⎥⎥, = 

∂
∂
t ( )x t  − 2  + 1 ( )y t 2 e

( ) + ( )x t ( )y t
 = 

∂
∂
t ( )y t ( )ln  − 1 4 ( )y t  

 
 



a=1 

restart:with(DEtools):  a:=0.001:aa:=1: 
DE931:=[diff(x(t),t)=sqrt(4+4*y(t))-2*exp(x(t)+y(t)),  
diff(y(t),t)=sin(aa*x(t))+ln(1-4*y(t))]; 
DEplot(DE931,[x(t),y(t)], t=-10..10, 
[[x(0)=-8*a,y(0)=-8*a],[x(0)=-8*a,y(0)=-6*a], 
[x(0)=-8*a,y(0)=-4*a],[x(0)=-8*a,y(0)=-2*a], 
[x(0)=-8*a,y(0)=0],[x(0)=-8*a,y(0)=2*a], 
[x(0)=-8*a,y(0)=4*a],[x(0)=-8*a,y(0)=6*a], 
[x(0)=-8*a,y(0)=8*a],[x(0)=8*a,y(0)=-8*a], 
[x(0)=8*a,y(0)=-6*a],[x(0)=8*a,y(0)=-4*a], 
[x(0)=8*a,y(0)=-2*a],[x(0)=8*a,y(0)=0], 
[x(0)=8*a,y(0)=2*a],[x(0)=8*a,y(0)=4*a], 
[x(0)=8*a,y(0)=6*a],[x(0)=8*a,y(0)=8*a], 
[x(0)=-6*a,y(0)=-8*a],[x(0)=-4*a,y(0)=-8*a], 
[x(0)=-2*a,y(0)=-8*a],[x(0)=0,y(0)=-8*a], 
[x(0)=2*a,y(0)=-8*a],[x(0)=4*a,y(0)=-8*a], 
[x(0)=6*a,y(0)=-8*a],[x(0)=-8*a,y(0)=-8*a], 
[x(0)=-6*a,y(0)=8*a],[x(0)=-4*a,y(0)=8*a], 
[x(0)=-2*a,y(0)=8*a],[x(0)=0,y(0)=8*a], 
[x(0)=2*a,y(0)=8*a],[x(0)=4*a,y(0)=8*a], 
[x(0)=6*a,y(0)=8*a]], 
x=-8*a..8*a,y=-8*a..8*a, stepsize=0.05, 
dirgrid=[21,21], color=red,linecolor=blue, 
arrows=SLIM); 

 := DE931 ⎡
⎣
⎢⎢

⎤
⎦
⎥⎥, = 

∂
∂
t ( )x t  − 2  + 1 ( )y t 2 e

( ) + ( )x t ( )y t
 = 

∂
∂
t ( )y t  + ( )sin ( )x t ( )ln  − 1 4 ( )y t  

 



a=10 
 restart:with(DEtools):  a:=0.001:aa:=10: 
DE931:=[diff(x(t),t)=sqrt(4+4*y(t))-2*exp(x(t)+y(t)),  
diff(y(t),t)=sin(aa*x(t))+ln(1-4*y(t))]; 
DEplot(DE931,[x(t),y(t)], t=-10..10, 
[[x(0)=-8*a,y(0)=-8*a],[x(0)=-8*a,y(0)=-6*a], 
[x(0)=-8*a,y(0)=-4*a],[x(0)=-8*a,y(0)=-2*a], 
[x(0)=-8*a,y(0)=0],[x(0)=-8*a,y(0)=2*a], 
[x(0)=-8*a,y(0)=4*a],[x(0)=-8*a,y(0)=6*a], 
[x(0)=-8*a,y(0)=8*a],[x(0)=8*a,y(0)=-8*a], 
[x(0)=8*a,y(0)=-6*a],[x(0)=8*a,y(0)=-4*a], 
[x(0)=8*a,y(0)=-2*a],[x(0)=8*a,y(0)=0], 
[x(0)=8*a,y(0)=2*a],[x(0)=8*a,y(0)=4*a], 
[x(0)=8*a,y(0)=6*a],[x(0)=8*a,y(0)=8*a], 
[x(0)=-6*a,y(0)=-8*a],[x(0)=-4*a,y(0)=-8*a], 
[x(0)=-2*a,y(0)=-8*a],[x(0)=0,y(0)=-8*a], 
[x(0)=2*a,y(0)=-8*a],[x(0)=4*a,y(0)=-8*a], 
[x(0)=6*a,y(0)=-8*a],[x(0)=-8*a,y(0)=-8*a], 
[x(0)=-6*a,y(0)=8*a],[x(0)=-4*a,y(0)=8*a], 
[x(0)=-2*a,y(0)=8*a],[x(0)=0,y(0)=8*a], 
[x(0)=2*a,y(0)=8*a],[x(0)=4*a,y(0)=8*a], 
[x(0)=6*a,y(0)=8*a]], 
x=-8*a..8*a,y=-8*a..8*a, stepsize=0.05, 
dirgrid=[21,21], color=red,linecolor=blue, 
arrows=SLIM); 

 := DE931 ⎡
⎣
⎢⎢

⎤
⎦
⎥⎥, = 

∂
∂
t ( )x t  − 2  + 1 ( )y t 2 e

( ) + ( )x t ( )y t
 = 

∂
∂
t ( )y t  + ( )sin 10 ( )x t ( )ln  − 1 4 ( )y t  
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      奇点(0,0)  (-1,1) 
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        000 ><=Δ qp  (0,0)为不稳定的临界-退化结点 

令 X=x+1，Y=y-1 代入则

22dX X Y Y
dt
dY X Y
dt

⎧ = + +⎪⎪
⎨
⎪ = +
⎪⎩

  可求得 p=1，q=-1, (-1,1)是鞍点
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① 作平移变换, 令 1,1 −=−= yYxX , 有 
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有(1,1)处 000 =Δ>> qp  稳定结点(退化-临界) 

②在（-1，1）处，奇点是鞍点 

3）           
⎩
⎨
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0)23(
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① （0，0）为奇点， 不稳定结点 



② 
2
3,0( ） 令

2
3

−= yY  代入 
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   可判断 )
2
3,0( 是稳定结点 

③令  yYxX =−= ,1

    

2 2

2

2 2

( 1) ( 1) ( 1) 1 2 1

3 ( 1) 2 3 2 2 2

dx

2

x x x y x x x xy
dt

x y x xy
dy y x y y y y xy y y xy y
dt

⎧ = + − + − + = + − − − − −⎪
⎪⎪ = − − − −⎨
⎪
⎪ = − + − = − − − = − −
⎪⎩

y

 

可判断（1，0）是 鞍点 

④令  代入 2,1 −=+= yYxX
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可判断（-1，2）是 鞍点 

4）            
⎩
⎨
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22 yx
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1
1
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⎩
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y
x

与前面方法类似，（1，1）稳定焦点；（-1，1）  鞍点 

3．解：1）           
⎩
⎨
⎧

=−−
=−−

0)(
0)(

222

111

xyy
yxx

βαγ
βαγ

⎩
⎨
⎧

=
=

0
0

y
x

⎪
⎩

⎪
⎨

⎧

=

=

2

2

0

α
γ

y

x
    

⎪
⎩

⎪
⎨

⎧

=

=

0
1

1

y

x
α
γ

 

       正平衡点 =*x
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2）代换验证即可（略） 

3）令 ， 则代入即可知平衡点是稳定的结点 
** yyYxxX −=−=



4．解：1）
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)()( xgyxC
dt
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2）            
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⎨
⎧
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     系统奇点为（0，0），令 ),()()( yxbyaxxgyxC ϕ++=−− ，用泰勒公式 

     
2

)(
1 )(),()( RCxgRCxC ∈∈−

    1 2''( )(0) ( ) ( (0) '(0) ) ( , )
2!

gC C x y g g x x ax by x yθξ ϕ⎡ ⎤− + − + + = + +⎣ ⎦  

       ),()0()(' yxyCxxg
dt
dy ϕ+−−=  

    易证  0),(lim
)0,0(),(

=
→

yx
yx

ϕ  

    

⎪
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dt
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3）证明： )0(')0(
)0()0('

1 2 gC
Cg

++=
−−−

−
λλ

λ
λ

 

          )0('),0()0('4)0(2 gqCpgC ==−=Δ

         若  即 ，则奇点是渐近稳定点. ,0)0(',0)0( >> gC 0,0 >> qp

         若 或 0)0( <C ,0)0(' <g 即 0<p 或 0<q ，奇点均为不稳定奇点. 

5 

证明:1) (充分性) 

           由于  )()()( 0txttx Φ=

            Kt <Φ )( ,即 ,∀ 0>ε [ ) ,)(,,,0/, 00 δεδ <∞+∈∀>=∃ txttK ,

则有 ε<<Φ )()()( 00 txKtxt ， 所以零解稳定. 

    必要性： 设系统零解稳定,即 [ ) δδε <∞+∈∀>∃>∀ )(,,,0,0 00 txtt , 

ε<Φ )()( 0txt 。 若 Kt <Φ )( 不成立，则对任意的自然数 m, 必有 ，使得)( +∞→mm tt



,)( mtm >Φ  这与 ε<Φ )()( 0txtm 矛盾。 

     2) 系统零解渐近稳定等价于零解稳定，且 

        0)(lim0)()(lim 0 =Φ⇔=Φ
+∞→+∞→

ttxt
tt
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解: 1) 令 yyyyyy ==′′=′ 132  
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 特征方程  )2(2)(
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          若 零解稳定，若0, 2 0a ab> − > 0 2a ab 0< − <或 零解不稳定. 

     2) 令  '
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  特征方程是：  a+++ 234 32 λλλ

         

⎟⎟
⎟
⎟
⎟

⎠

⎞

⎜⎜
⎜
⎜
⎜

⎝

⎛

=Δ

a
a

000
300
1230
0012

                 021 >=Δ 062 >=Δ a43 −=Δ  



        04)4(
00
230
012

2
4 ≤−=−==Δ aaa

a
a  

        ∴ 零解不稳定 

   3）原方程组在（0，0）点处的线性近似方程组的系数矩阵为 

         特征方程是  
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          ∴  零解不稳定 

   4）  且  0)0( =F 0
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         1=λ             i2±=λ  

         非线性系统显然是不稳定的.                         
 

 


