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§ 15.1

JordanÿÿÿÝÝÝ

3�ÆÚ¥Æ§·�ÆS
XÛ�O��
AÏ�²¡AÛã/�¡ÈÚ�m

AÛN�NÈ"�´ÃØ´¡È�´NÈ§3·��M°¥Ñ�k���
�<�§


vk(��½Â"ùü�Vg±9§�3 Rn¥�g,í2�Ú¡�ÿÝ"
UìÏ~��{§·�F"é Rn�?�f8 A½ÂÙÿÝ µ(A)§¿F"¤½

Â�ÿÝ÷ve�5�µ

(1) µ3�K¢ê8þ��¶

(2) e A ⊆ B§K µ(A) 6 µ(B)¶

(3) e A ∩B = ∅§K µ(A ∪B) = µ(A) + µ(B)¶

(4) µ3fNC� 1©e�±ØC§�=´`§e T ´fNC�§K µ(TA) = µ(A)¶

(5) �
AÏAÛN�ÿÝ�·��AÛ@���§~XR2¥�4Ý/ [a, b]× [c, d]

�ÿÝ� (b− a)(d− c)"

,
ùÙ¢´J±���§~X S. BanachÚ A. Tarski[4]3 1924c|^ÀJún 2©

y²
Xe¯¢µ�òü ¥ {(x, y, z) ∈ R3 : x2 + y2 + z2 6 1}©¤k�õ¬£¯

1©¤¢fNC� (rigid transformation)§=��±ålØC�C�§�¡��åC�§§�d²£
9��C�)¤"

2©ÀJún (axiom of choice)´8ÜØ¥���­�ún§§`�´µe X = (Sλ)λ∈Λ ´��8
x§Ù¥ Sλ 6= ∅ (∀ λ ∈ Λ)§K�3X þ���N� f§¦� f(Sλ) ∈ Sλ (∀ λ ∈ Λ)"�=´`�3
�«�ª§¦�U
lz� Sλ ¥�ÀÑ����"

1
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¢þ§5¬v°¤§ù
¬�ÏLfNC�|Ü¤ R3 ¥�ü�ü ¥§ù�¡�

Banach−Tarski�Ø (Banach−Tarski paradox)"Uìù�(Ø§�olü ¥©

Ñ�k�õ¬¥��k�¬vkÿÝ§�o±þÊ^(ØØU�Ü¤á"

Ïd·�¡�XÀJ§�oØ�J¦é Rn �z�f8þ½ÂÿÝ§�oí�
þ¡ (1) ∼ (5)¥�,
^�"·�Ï~ÀJ1�«�ª§@ÒI���ÄÀJ=


8Ü5½ÂÿÝ§½ö`3õ����S�½ÂÿÝ�¯K"ù�¯KvkÚ�

��Y§�´kü«�ª�±AGý�õê�A^§�«´ JordanÿÝ§�«´

LebesgueÿÝ"3�Ö¥·��'5cö§
�ö±9���ÿÝnØò¬3/¢

©Û0�§¥ÆS"

�
ïáÿÝnØ§·�Äk£Á�e31lÙÚ\½È©�Vg�¤J��

O�­>F/¡È��{§3@p´|^eZ�Ý/5%C­>F/"ùéu·�

Äk�?ØÝ/±9@
�L�Ý/�¿�8Ü�ÿÝ§±d�Ä:2�?�Ú?

Ø�
����8Ü�ÿÝ"

15.1.1 {{{üüü888ÜÜÜ���ÿÿÿÝÝÝ

===½½½ÂÂÂ 1.1>>>� Ij (1 6 j 6 n)´ R¥�k.«m§·�¡ I1× I2× · · · × In�
Rn ¥�Ý/ (rectangle)"XJ Rn �f8 E �L�k�õ�Ý/�¿§K¡ E ´

Rn¥�{ü8Ü (elementary set)"

ÄkI�`²{ü8Üx3Ä��8Ü$�e�µ45"

===···KKK 1.2>>>� E§F ´ Rn¥�{ü8Ü§K E ∪ F§E ∩ F§E \ F§E4F
�þ´ Rn ¥�{ü8Ü"d	§é?¿� a ∈ Rn§E + a = {x + a : x ∈ E}´
Rn¥�{ü8Ü"

y². �

E =

m⋃
i=1

Qi, F =

k⋃
j=1

Q′j ,

Ù¥ Qi§Q′j þ´Ý/§@o

E ∪ F =

( m⋃
i=1

Qi
)
∪
( k⋃
j=1

Q′j
)

´{ü8Ü"qdu

E ∩ F =

m⋃
i=1

k⋃
j=1

(Qi ∩Q′j),
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¿�ü�Ý/��E´Ý/§�
 E ∩ F ´{ü8Ü"
�
`² E \ F ´{ü8Ü§·�ky²ü�Ý/��87´{ü8Ü"¯

¢þ§e Q = I1 × I2 × · · · × In � Q′ = I ′1 × I ′2 × · · · × I ′n ´ü�Ý/§@o

x = (x1, · · · , xn) ∈ Q \ Q′ ��=�éz� j þk xj ∈ Ij ¿��3 j ¦� xj /∈ I ′j§
Ïd

Q \ Q′ =
(

(I1 \ I ′1)× I2 × · · · × In
)
∪
(
I1 × (I2 \ I ′2)× · · · × In

)
∪ · · ·

∪
(
I1 × I2 × · · · × (In \ I ′n)

)
.

5¿� R¥ü�«m��7��¤�
«m�¿§l
þªm>z�)ÒS�8Ü
þ´{ü8Ü§u´ Q \ Q′�´{ü8Ü"|^ù�¯¢9

E \ F =

k⋂
j=1

( m⋃
i=1

(Qi \ Q′j)
)

B�í� E \ F ´{ü8Ü"?
� E4F = (E \ F ) ∪ (F \ E)´{ü8Ü"

��§E + a =

m⋃
i=1

(Qi + a)§
 Qi + a´d Qi ÏL²£¤���Ý/§�


E + a´{ü8Ü" �

·�^ |I| 5L« R ¥�k�«m I ��Ý£=T«müà:��¤"XJ

Q = I1 × I2 × · · · × In´ Rn¥���Ý/§@o·�½ÂÙNÈ |Q|�

|Q| =
n∏
j=1

|Ij |.

dù�½Â�§éuz�Ý/ Qk |Q| = |Q|"

===···KKK 1.3>>>� E ´ Rn¥���{ü8Ü§@o

(1) E �L�k�õ�üüØ���Ý/�¿¶

(2) XJ E �^Xeü«�ª�¤pØ���Ý/�¿

E =

m⋃
i=1

Qi =

k⋃
j=1

Q′j ,

K
m∑
i=1

|Qi| =
k∑
j=1

|Q′j |.
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y². (1) Äk?Ø n = 1��/"� E = I1 ∪ · · · ∪ Im"yò Ij (1 6 j 6 m)

�à:U��üS§P� a1 < a2 < · · · < a`"@o

E =

( `−2⋃
j=1

(
E ∩ [aj , aj+1)

))
∪
(
E ∩ [a`−1, a`]

)
Ò´ò E �¤üüØ���«m�¿��«�ª"

2?Ø���/"� E = Q1 ∪ · · · ∪ Qm§Ù¥ Qi = Ii,1 × · · · × Ii,n ´Ý/"
éu 1 6 j 6 n§Uìc¡�?Ø��ò I1,j ∪ · · · ∪ Im,j �¤pØ���«m
J1,j , · · · , Jkj ,j �¿§=

I1,j ∪ · · · ∪ Im,j = J1,j ∪ · · · ∪ Jkj ,j , 1 6 j 6 n.

w,§¤k�Ý/

Ji1,1 × · · · × Jin,n, 1 6 ij 6 kj , 1 6 j 6 n

üüØ��§¿�

E =
n⋃
j=1

kj⋃
ij=1

(
E ∩ (Ji1,1 × · · · × Jin,n)

)
,

l
 (1)�y"

(2) ��Bå�§·�r E L�k�õ�üüØ���Ý/�¿��ª¡� E

�y©"�±y²µéu E �?¿ü�y©
ó§�3��'§�ü�Ñ/[0�

y©"3dÄ:þB�y² (2)§äNL§�ë� [32] §8.5"

e¡·�æ^ [46]¥��\¤�{'�y²§§Äukn:8�È�5"éu

¢ê α9 Rn �f8 A§P αA = {αx : x ∈ A}§@oN´y²µé R¥�?�k
�«m I k

|I| = lim
N→∞

1

N
·#
(
I ∩ 1

N
Z
)
, (15.1)

Ù¥#L«8Ü����ê"u´é Rn¥�Ý/ Qk

|Q| = lim
N→∞

1

Nn
·#
(
Q∩ 1

N
Zn
)
.

u´

m∑
i=1

|Qi| = lim
N→∞

1

Nn
·
m∑
i=1

#
(
Qi ∩

1

N
Zn
)

= lim
N→∞

1

Nn
·#
(
E ∩ 1

N
Zn
)

=
k∑
j=1

|Q′j |.

l
·K�y" �

Uì·K 1.3§·��±�ÑXe½Â"
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===½½½ÂÂÂ 1.4>>>� E ´ Rn ¥���{ü8Ü§E = Q1 ∪ · · · ∪ Qm ´ E ���

y©§KP

µ(E) =

m∑
i=1

|Qi|,

¿¡�� E �ÿÝ (measure)"

d½Â� µ´½Â3{ü8Üxþ��K¼ê§� µ(∅) = 0"d	§Ï�éu

z�Ý/ Qk |Q| = |Q|§¤±éu{ü8Ü E �k

µ(E) = µ(E).

e¡·�50�{ü8ÜÿÝ��
Ä�5�"

===···KKK 1.5>>>� E, F þ´ Rn¥�{ü8Ü§K

(1) £k��\5¤e E ∩ F = ∅§K µ(E ∪ F ) = µ(E) + µ(F )¶

(2) £üN5¤e E ⊆ F§K µ(E) 6 µ(F )¶

(3) £g�\5¤µ(E ∪ F ) 6 µ(E) + µ(F )¶

(4) £²£ØC5¤é?¿� a ∈ Rnk µ(E + a) = µ(E)"

y². d·K 1.2�§�·K¥¤�9�8Üþ´{ü8Ü"

(1) � E = Q1 ∪ · · · ∪ Qm � F = Q′1 ∪ · · · ∪ Q′k ©O´ E Ú F �y©§d

E ∩ F = ∅�
E ∪ F = Q1 ∪ · · · ∪ Qm ∪Q′1 ∪ · · · ∪ Q′k

´ E ∪ F ���y©§u´

µ(E ∪ F ) =
m∑
i=1

|Qi|+
k∑
j=1

|Q′j | = µ(E) + µ(F ).

(2) � E ⊆ F �k F = E ∪ (F \E)§¿�d·K 1.2� F \E ´{ü8Ü§Ï
d|^ (1)�� µ(F ) = µ(E) + µ(F \ E) > µ(E)"

(3) Ï� E ∪ F = E ∪ (F \ E)§¿�ù�ªfm>�ü�8ÜØ��§¤±d

(1)Ú (2)��

µ(E ∪ F ) = µ(E) + µ(F \ E) 6 µ(E) + µ(F ).

(4) � E = Q1 ∪ · · · ∪ Qm´ E ���y©§K

E + a = (Q1 + a) ∪ · · · ∪ (Qm + a),



6 1�ÊÙ ­È©

�þªm>�8ÜüüØ��§5¿� Qj + aE´Ý/¿�dÝ/NÈ�½ÂØ

J�y |Qj + a| = |Qj |§l


µ(E + a) =
m∑
i=1

|Qi + a| =
m∑
i=1

|Qi| = µ(E).

�

15.1.2 JordanÿÿÿÝÝÝ

y3·�®²é{ü8Ü½Â
ÿÝ§�´{ü8Ü�+N¢3´��
§�

�¡§$�éõ/G5K�«�ÑØ´{ü8Ü§~X R2 ¥dn�/�¤�«�

ÒØ´{ü8Ü¶,��¡§{ü8Üx3fNC�eØµ4§~X R2 ¥�Ý/

²L^=C��¤���8Ü�7´{ü8Ü"¤±k7�é�õ�8Ü5½Âÿ

Ý"y3·�¡��¯K´µA�ÀJ=
8Ü���½

ÂÿÝ�8ÜQº��{ü��{´µéu Rn ¥�½�
,�8Ü§·�|^{ü8Ül	%CÚlS%Cù�8

Ü£Xmã¤«¤§XJùü«%C�ªU�¤��§@

oùÒ´·����8Ü"ù��{ÚÑ
eã½Â"

===½½½ÂÂÂ 1.6>>>� S ´ Rn¥�k.8§·�¡d

µ∗(S) = sup{µ(A) : A ⊆ S � A´{ü8Ü}

½Â� µ∗(S)� S � JordanSÿÝ (Jordan inner measure)¶¡d

µ∗(S) = inf{µ(B) : B ⊇ S � B ´{ü8Ü}

½Â� µ∗(S)� S� Jordan	ÿÝ (Jordan outer measure)"e µ∗(S) = µ∗(S)§K

¡ S � Jordan�ÿ8 (Jordan measurable set)§¿òù�ú��P� µ(S)§¡�

� S � JordanÿÝ (Jordan measure)½NÝ (content)"

XJ µ(S) = 0§K¡ S ´ Jordan"ÿ8½"NÝ8"

� n = 1§2§3 �§Jordan ÿÝ��©O¡��Ý (length)§¡È (area) Ú

NÈ (volume)"

dþã½Â�±á=wÑ{ü8Ü7´ Jordan�ÿ8§�Ù JordanÿÝ�=

´½Â 1.4¥¤�Ñ�{ü8Ü�ÿÝ"d	§é?�k.8 S k

0 6 µ∗(S) 6 µ∗(S). (15.2)
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Ïd S ´ Jordan"ÿ8��=� µ∗(S) = 0"

e¡·��Ñ Jordan�ÿ��
�d£ã"

===½½½nnn 1.7>>>� S ´ Rn¥�k.8§Ke�·K�dµ

(1) S ´ Jordan�ÿ8¶

(2) é?¿� ε > 0§�3{ü8Ü A, B ÷v A ⊆ S ⊆ B ±9 µ(B \A) < ε¶

(3) ∂S � Jordan"ÿ8"

y². (1)⇒ (2)µXJ S ´ Jordan�ÿ8§@od½Â�§é?¿� ε > 0§

�3{ü8Ü A, B ÷v A ⊆ S ⊆ B ±9

µ(A) > µ(S)− ε

2
, µ(B) < µ(S) +

ε

2
.

2d·K 1.5 (1)B� µ(B \A) = µ(B)− µ(A) < ε"

(2)⇒ (3)µé?¿� ε > 0§d (2)��3{ü8Ü A§B ÷v A ⊆ S ⊆ B ±

9 µ(B \A) < ε"5¿� AÚ BÑ�±�¤k�õ�Ý/�¿§
mÝ/�Ù4�

äk�Ó�ÿÝ§ÏdØ�b� A´m8§B ´48§l
 A ⊆ S◦ ⊆ S ⊆ B"u

´ ∂S ⊆ B \A§?
�� µ∗(∂S) = 0§ù`² ∂S ´ Jordan"ÿ8"

(3)⇒ (1)µd ∂S ´ Jordan"ÿ8�§é?¿� ε > 0§�3{ü8Ü E ¦�

∂S ⊆ E ±9 µ(E) < ε"5¿� E ��¤k�õ�Ý/�¿§Ïd·��±rz�

Ý/·�/*�¤���mÝ/§¿�¦�¤k�mÝ/�ÿÝ�Ú < 2ε"ù¿�

X·��±3�m©Ò@½ E ´m8"

d	§é?¿� x ∈ S◦§�3mÝ/ Qx ¦� x ∈ Qx ⊆ S◦§u´|^

S = S◦ ∪ ∂S£ë�1��Ù·K 1.14¤��

S ⊆ E ∪
( ⋃

x∈S◦
Qx

)
.

Ï� S´;8§�lþªm>�±ÀÑk��8ÜCX S§=�3 x1, · · · ,xm ∈ S◦

¦�

S ⊆ E ∪
( m⋃
j=1

Qxj

)
. (15.3)

yP

A =

m⋃
j=1

Qxj , B = E ∪A,
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@o A, B þ´{ü8Ü§¿�d Qx �À��ª9 (15.3)� A ⊆ S◦ ⊆ S ⊆ B"u

´

µ∗(S) 6 µ(B) � µ∗(S) > µ(A).

qdu µ(B)− µ(A) = µ(B \A) 6 µ(E) < ε§¤±

µ∗(S) < µ∗(S) + ε.

2d ε�?¿5B� µ∗(S) 6 µ∗(S)"(Ü (15.2)=� µ∗(S) = µ∗(S)§Ïd S ´

Jordan�ÿ8" �

===~~~ 1.8>>>S = [0, 1] ∩ QØ´ R¥� Jordan�ÿ8§ù´Ï�d ∂S = [0, 1]

� µ(∂S) = 1"¯¢þ�±y² µ∗(S) = 0§µ∗(S) = 1£ë�SK 9¤"

e¡�Ñ Jordan�ÿ8��
5�"

===···KKK 1.9>>>� E, F ´ Rn¥� Jordan�ÿ8§K

(1) E ∪ F§E ∩ F§E \ F§E4F þ´ Rn¥� Jordan�ÿ8¶

(2) £k��\5¤e E � F Ãú�S:§K µ(E ∪ F ) = µ(E) + µ(F )§AO/§

ù�ªf� E ∩ F = ∅�¤á¶

(3) £üN5¤e E ⊆ F§K µ(E) 6 µ(F )¶

(4) £g�\5¤µ(E ∪ F ) 6 µ(E) + µ(F )¶

(5) £²£ØC5¤é?¿� a ∈ Rnk µ(E + a) = µ(E)"

y². (1) ùo�8Ü�>.þ´ ∂E ∪ ∂F �f8£ë� §12.1SK 8¤§�d

½n 1.7�§�þ´ Jordan�ÿ8"

(2) du E, F þ´ Jordan�ÿ8§�é?¿� ε > 0§�3m�{ü8Ü A1§

A2÷v A1 ⊆ E§A2 ⊆ F ±9

µ(A1) > µ(E)− ε, µ(A2) > µ(F )− ε.

5¿� E◦ ∩ F ◦ = ∅§l
 A1 ∩A2 = ∅§u´d·K 1.5 (1)�

µ(A1 ∪A2) = µ(A1) + µ(A2) > µ(E) + µ(F )− 2ε.

Ï� A1 ∪A2 ⊆ E ∪ F§¤±

µ∗(E ∪ F ) > µ(E) + µ(F )− 2ε.
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2d ε�?¿5B� µ∗(E ∪ F ) > µ(E) + µ(F )"

,��¡§é?¿� ε > 0§�3{ü8Ü B1§B2÷v E ⊆ B1§F ⊆ B29

µ(E) > µ(B1)− ε, µ(F ) > µ(B2)− ε.

Ï� E ∪ F ⊆ B1 ∪B2§�d·K 1.5 (3)�

µ∗(E ∪ F ) 6 µ(B1 ∪B2) 6 µ(B1) + µ(B2) < µ(E) + µ(F ) + 2ε.

2d ε�?¿5�� µ∗(E ∪F ) 6 µ(E) +µ(F )"nÜ±þü�¡(J±9 (15.2)=

� µ(E ∪ F ) = µ(E) + µ(F )"

(3) d F = E ∪ (F \ E)9 (2)� µ(F ) = µ(E) + µ(F \ E) > µ(E)"

(4) d (2)§(3)� µ(E ∪ F ) = µ(E) + µ(F \ E) 6 µ(E) + µ(F )"

(5) Ï�{ü8Ü²L²£�E´{ü8Ü§¤± B ´���¹ E �{ü8Ü

��=� B + a´�¹ E + a�{ü8Ü§ddB� µ∗(E + a) = µ∗(E)"Ónk

µ∗(E + a) = µ∗(E)"Ïd E + a´ Jordan�ÿ8� µ(E + a) = µ(E)" �

þã·K¥¤�Ñ�Ã5��·��ýÏ´���§��k�^vky²§@

Ò´ JordanÿÝ3��C�e�ØC5§§��3
Ún 5.4¥"

·K 1.9�,Jø
 Jordan�ÿ8��
Ä�5�§�¿�/�/w�·�=


8Ü´ Jordan�ÿ�"·�Ù¢é���²~¤�>����5K�AÛN´

ÄÑ´ Jordan�ÿ�§
ù�´8cI�)û�Ä�¯K"

===···KKK 1.10>>>� F ´ Rn−1 ¥�;8§f : F −→ R´��ëY¼ê§@o8
Ü

S = {(x, f(x)) : x ∈ F}

´ Rn¥� Jordan"ÿ8"

y². Ï� F k.§��3 Rn−1 ¥�Ý/ Q ¦� F ⊆ Q"qd·K^�
� f 3 F þ��ëY§u´é?¿� ε > 0§�3 δ > 0§¦�éu F ¥÷v

|x1 − x2| < δ�?¿ü: x1Ú x2þk

|f(x1)− f(x2)| < ε

µ(Q)
.

yò Q y©¤k�õ�pØ���fÝ/ Q1, · · · ,Qm§¦�z�fÝ/��»
< δ"u´� Qj ∩ F 6= ∅�§dþª�

{(x, f(x)) : x ∈ Qj} ⊆ Qj × Ij ,



10 1�ÊÙ ­È©

Ù¥ Ij ´ R¥�,��Ý�
ε

µ(Q)
�«m"u´

S ⊆
⋃

16j6m

∗
Qj × Ij ,

ùp ∗L«Cþ j ÷v Qj ∩ F 6= ∅"¿�

µ

( ⋃
16j6m

∗
Qj × Ij

)
6

m∑
j=1

µ(Qj × Ij) =

m∑
j=1

µ(Qj) ·
ε

µ(Q)

=
ε

µ(Q)
· µ(Q) = ε.

Ïd S ´ Rn¥� Jordan"ÿ8" �

===555 1.11>>>(1) 3·K 1.10�^�e§aq�y8Ü

{(x1, · · · , xi−1, f(x), xi+1, · · · , xn) : x = (x1, · · · , xi−1, xi+1, · · · , xn) ∈ F} (15.4)

�´ Rn¥� Jordan"ÿ8"

(2) Ï� (15.4)¥�8Ü�=´ Rn¥�dëY¼ê f 9wª�§

xi = f(x1, · · · , xi−1, xi+1, · · · , xn), (x1, · · · , xi−1, xi+1, · · · , xn) ∈ F

¤(½�­¡§¤±d½n 1.7�§Rn¥dk�õ�Xþª�Ñ�­¡¤�¤�«
�´ Rn¥� Jordan�ÿ8§ù¿�XNõ~��AÛN£~X²¡þ�õ>/¤

�¤�«�!�m¥�õ¡N!Rn¥�¥��¤Ñ´ Jordan�ÿ8"

½Nk<¬?�Ú/¯µXJ f ´��l$��m¥�,;8�p��m�ë

YN�§@o f ��8´Ä´p��m¥� Jordan"ÿ8Qº~X§e F ´ Rn−1

¥�;8§f = (f1, · · · , fn)T : F −→ Rn ´��ëYN�§@o f(F )´Ä�½´

Rn ¥� Jordan"ÿ8Qºù�¯K��Y´Ä½�"± n = 2��/�~§·

�Ù¢�±�EÑëY÷N� f : [0, 1] −→ [0, 1]2§d=Í¶� Peano­�£ë�

§10.8SK 9 ∼ 11¤",
§XJb� f ´ëY��N�§@o f(F )7´ Rn ¥�
Jordan"ÿ8£�ë�½n 5.1e¡�ã¥�?Ø¤"

�����J�´§JordanÿÝ�,éäN¿�N´n)§�§Ù¢¿Ø´�

�-<é÷¿�ÿÝ"¯¢þ§k.�m8½48Ñ�7´ Jordan�ÿ8£ë�

SK 12¤"
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SSS KKK 15.1

1. y² (15.1)"

2. � E ´ Rn ¥���{ü8Ü"y²µé?¿� ε > 09 δ > 0§�3k�õ

� Rn¥�>� < δ���/£=�>����Ý/¤Q1, · · · ,Qk§¦�

E ⊆
k⋃
i=1

Qi 9 µ(E) >
k∑
i=1

|Qi| − ε.

Ó���3k�õ� Rn¥�>� < δ���/ Q′1, · · · ,Q′`§¦�

E ⊇
⋃̀
i=1

Q′i 9 µ(E) <
∑̀
i=1

|Q′i|+ ε.

3. y²þK(Øéu Jordan�ÿ8 E �¤á"

4. � E, F þ´ Rn¥�k.8� E ⊆ F§y²

µ∗(E) 6 µ∗(F ) ±9 µ∗(E) 6 µ∗(F ).

5. � S ´ Rn ¥�k.8§y² S ´ Jordan�ÿ8�¿�^�´µé?¿�

ε > 0§�3 Jordan�ÿ8 E, F ÷v E ⊆ S ⊆ F ±9 µ(F \ E) < ε"

6. y²µ�»� r���¡È� πr2"

7. � E = {n−1 : n ∈ Z>0}§y² E ´ R¥� Jordan"ÿ8"

8. � E ´ Rn¥�k.8§¿� E �kk�õ�à:§y² µ(E) = 0"

9. � E ´ Rn¥�k.8§y² µ∗(E) = µ∗(E)±9 µ∗(E) = µ∗(E
◦)"

10. y²z�vkS:� Jordan�ÿ87´ Jordan"ÿ8"

11. � E ´ Rn¥�k.8§y² µ∗(E)− µ∗(E) > µ∗(∂E)"

12. r Q ∩ [0, 1]¥���ü¤��§P� a1, a2, · · · , am, · · ·§q- ε =
1

4
"y²

8Ü

S =

∞⋃
m=1

(
am −

ε

2m
, am +

ε

2m

)
´ R¥��� JordanØ�ÿ�m8§¿dd�EÑ R¥��� JordanØ�

ÿ�48"

13. � E ´ Rn ¥�k.8§y² E ´ Jordan�ÿ8�¿�^�´µé?¿�

ε > 0§�3 Rn¥�{ü8Ü F ¦� µ∗(E4F ) < ε"
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14. � E Ú F þ´ Rn¥� Jordan�ÿ8§

(1) UÄd µ(E \ F ) = µ(E)− µ(F )¤áíÑ F ⊆ Eº
(2) y² µ(E \ F ) = µ(E)− µ(F )¤á�¿�^�´ F ◦ ⊆ E"

15. � E ´ Rn¥�k.8§F ´ Rn¥�{ü8Ü§y²

µ∗(E) = µ∗(E ∩ F ) + µ∗(E \ F ).

16. � m ´���½���ê§f : [0, 1) −→ [0, 1) ÷v f(x) = {mx}§ùp
{t} = t− [t]L« t��êÜ©"y²µ

(1) e E ´��{ü8Ü� E ⊆ [0, 1)§K f−1(E)�´{ü8Ü�

µ(f−1(E)) = µ(E);

(2) e S ´ [0, 1)��� Jordan�ÿf8§K f−1(S)�´ Jordan�ÿ8�

µ(f−1(S)) = µ(S).

§ 15.2

444ÝÝÝ///þþþ���ÈÈÈ©©©

�Ù�8�´ïáõ�¼ê� RiemannÈ©nØ§·�ò÷X�1lÙaq

�g´5?1"ùüö�m�Ì��O3uµ����/eÈ©«�´«m§�é

uõ���/
óÈ©«���E,"Ïd�
Bua'§·�3�!¥k?ØÈ

©«��Ý/��¹§
r���¹��e�!?Ø"

� Q ´ Rn ¥���4Ý/§yò Q �¤ k �Ãú�S:�4fÝ/�¿

Q =
⋃

16i6k

Qi§·�¡ Q1, · · · ,Qk �¤
 Q���©y"

===½½½ÂÂÂ 2.1>>>� Q´ Rn ¥���4Ý/§f : Q −→ R"XJ�3¢ê A§¦

�é?¿� ε > 0§þ�3 δ > 0§Ùé Q�÷v max
16i6k

diam (Qi) < δ�?�©y

Q =
k⋃
i=1

Qi

±9?¿� ξi ∈ Qi (1 6 i 6 k)þk∣∣∣∣ k∑
i=1

f(ξi)|Qi| −A
∣∣∣∣ < ε, (15.5)
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K¡¼ê f 3 Qþ Riemann�È§{¡�È"¡ A� f 3Ý/ Qþ� Riemann

È©½ n­È©§P�

A =

∫
Q
f, (15.6)

�P� ∫
Q
f(x) dx ½

∫
· · ·
∫

Q

f(x1, · · · , xn) dx1 · · · dxn.

·�¡ (15.5)ª¥�¦Ú�RiemannÚ§©O¡ (15.6)ª¥�QÚ f �È©«�Ú

�È¼ê"� n = 2Ú 3�§(15.6)¥�È©�©O��¤∫∫
Q

f(x, y) dx dy Ú

∫∫∫
Q

f(x, y, z) dx dy dz.

aqu����/§·��±���È5�eã7�^�"

===···KKK 2.2>>>e f 3 Qþ�È§K f 3 Qþk."
y². ^ AL« f 3 Qþ� RiemannÈ©§@o�3 δ > 0§¦�é Q�÷

v max
16i6k

diam (Qi) < δ�?�©y

Q =
k⋃
i=1

Qi

±9?¿� ξi ∈ Qi (1 6 i 6 k)þk∣∣∣∣ k∑
i=1

f(ξi)|Qi| −A
∣∣∣∣ < 1.

ù`² RiemannÚ
k∑
i=1

f(ξi)|Qi|k."y�½ ξ2, · · · , ξk§4 ξ13Q1¥?¿��§

u´d RiemannÚ�k.5� f 3 Q1þk."Ón�y f 3 Qi (2 6 i 6 k) þþ

k.§Ïd f 3 Qþk." �

�
?�ÚïÄ¼ê3Ý/þ��È5§·��ì����/�Ñ Darbouxþ

Ú� DarbouxeÚ�Vg"

===½½½ÂÂÂ 2.3>>>� Q´ Rn¥�Ý/§f ´½Â3 Qþ�k.¼ê"q�

α : Q =
k⋃
i=1

Qi
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´ Q���©y"é 1 6 i 6 k§P

Mi = sup{f(x) : x ∈ Qi}, mi = inf{f(x) : x ∈ Qi}. (15.7)

·�ò

S(α) =
k∑
i=1

Mi|Qi| � S(α) =
k∑
i=1

mi|Qi|

©O¡� DarbouxþÚ£½{¡�þÚ¤� DarbouxeÚ£½{¡�eÚ¤§Ú¡

� DarbouxÚ"

===½½½ÂÂÂ 2.4>>>b�

α : Q =

k⋃
i=1

Qi � β : Q =
⋃̀
j=1

Q′j

´Ý/ Q�ü�©y"eé?¿� i ∈ [1, k]§�3 j ∈ [1, `]¦� Qi ⊆ Q′j§K¡ α

' β ["

aqu1lÙ·K 2.2Ú 2.3§·�k

===···KKK 2.5>>>� αÚ β ´Ý/ Q�ü�©y§

(1) XJ α' β [§Kk S(β) 6 S(α) 6 S(α) 6 S(β)¶

(2) S(α) 6 S(β)"

Ïd§8Ü {S(α)}ke.§l
ke(.¶8Ü {S(α)}kþ.§l
kþ(
."·�P ∫

Q
f = inf{S(α)},

∫
Q
f = sup{S(α)},

¿©O¡§��DarbouxþÈ©ÚDarbouxeÈ©£½ö©OòÙ{¡�þÈ©Ú

eÈ©¤"w,§éu Q�?�©y αk

S(α) 6
∫
Q
f 6

∫
Q
f 6 S(α). (15.8)

===½½½nnn 2.6>>>� Q´ Rn ¥�Ý/§f ´½Â3 Qþ�k.¼ê§Ke�·K
�dµ

(1) f 3 Qþ Riemann�È¶

(2)

∫
Q
f =

∫
Q
f¶
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(3) é?¿� ε > 0§�3 Q�©y Q =
k⋃
i=1
Qi¦�

k∑
i=1

ωi|Qi| < ε,

Ù¥ ωi = Mi−mi (1 6 i 6 k)´ f 3Qiþ��Ì£ùp�Mi�miX (15.7)

¤½Â¤"

y². (1)⇒ (2)µ� f 3 Qþ�È©� A§Ké?¿� ε > 0§�3 δ > 0§¦

�éu Q�÷v max
16i6k

diam (Qi) < δ�?�©y

α : Q =
k⋃
i=1

Qi

±9?¿� ξi ∈ Qi (1 6 i 6 k)þk∣∣∣∣ k∑
i=1

f(ξi)|Qi| −A
∣∣∣∣ < ε.

u´

0 6 S(α)− S(α) 6 2ε.

2|^ (15.8)B�

0 6
∫
Q
f −

∫
Q
f 6 2ε.

?
d ε�?¿5�

∫
Q
f =

∫
Q
f"

(2)⇒ (3)µP A =

∫
Q
f =

∫
Q
f"dþ!eÈ©�½Â�§é?¿� ε > 0§�

3 Q�©y β 9 γ ¦�

S(β) < A+
ε

2
, S(γ) > A− ε

2
.

y^ αL«,�' β Ú γ Ñ[�©y§Kd·K 2.5�

S(α) 6 S(β) < A+
ε

2
� S(α) > S(γ) > A− ε

2
,

u´éu©y α
ók

k∑
i=1

ωi|Qi| = S(α)− S(α) < ε.
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(3)⇒ (1)µÏ� f 3Qþk.§��3M > 0¦� |f(x)| 6M (∀ x ∈ Q)"y

P A =

∫
Q
f"é?¿� ε > 0§d (3)��3 Q�©y

α : Q =
k⋃
i=1

Qi

¦�

S(α)− S(α) < ε.

d	§Uì·K 2.5 (1)±9eÈ©�½Â§�Ø�� αÓ�÷v

A− ε < S(α) 6 A. (15.9)

yé¿©�� δ > 0§^ Q′i L«òÝ/ Qi �z�ý¡�  δ ål�¤��Ý/

£Xmã¤«¤§¿P

Pδ = Q \
( k⋃
i=1

Q′i
)
.

@o µ(Pδ) = |µ(Q)| −
k∑
i=1
|Q′i| −→ 0 £� δ → 0

�¤§l
�3 δ¦�

µ(Pδ) <
ε

M
.

y3�Ä Q�?�÷v max
16j6`

diam (Bj) < δ�©y

Q =
⋃̀
j=1

Bj ,

@oz� Bj �o3,� QiS§�o3 Pδ S£��Uüö�¤á¤"Ïdé?¿�
ξj ∈ Bj§RiemannÚ��
¤Xeü�Ü©

∑̀
j=1

f(ξj)|Bj | =
∑

1
+
∑

2
,

Ù¥
∑

1´é÷v Bj ⊆ Pδ � j ?1¦Ú§
∑

2´éÙ{� j ?1¦Ú"��¡§∣∣∣∣∑1

∣∣∣∣ 6M · µ(Pδ) < ε.
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,��¡§XJ Bj ¤éA��I3
∑

2¦Ú¥§K Bj Ø�¹u Pδ§l
7�,�
Q′i��§2d max

16j6`
diam (Bj) < δ� Bj ⊆ Qi§d	§

∑
2¦Ú¥��Ü Bj �¿7

,òz� Q′iCX§u´∣∣∣∣∑2
− S(α)

∣∣∣∣ 6 S(α)− S(α) +M · µ(Pδ) < 2ε.

nþB� ∣∣∣∣ ∑̀
j=1

f(ξj)|Bj | − S(α)

∣∣∣∣ < 3ε,

2(Ü (15.9)=� ∣∣∣∣ ∑̀
j=1

f(ξj)|Bj | −A
∣∣∣∣ < 4ε.

ùÒy²
 f 3 Qþ Riemann�È" �

�,§|^½n 2.6¥�(Ø5�½¼ê3Ý/þ� Riemann�È53éõ�

ÿ´¹Ø�B�"�
�Ñ���B��O{§·�Ú\ Lebesgue"ÿ8�Vg"

===½½½ÂÂÂ 2.7>>>� S ⊆ Rn"eé?¿� ε > 0§�3�õ�ê�4Ý/ Qi (i =

1, 2, · · · )§¦�

S ⊆
∞⋃
i=1

Qi �
∞∑
i=1

|Qi| < ε,

K¡ S � Rn¥� Lebesgue"ÿ8"

===···KKK 2.8>>>

(1) Rn¥��õ�ê8´ Rn¥� Lebesgue"ÿ8"

(2) Rn¥�õ�ê� Lebesgue"ÿ8�¿E´ Rn¥� Lebesgue"ÿ8"

Lebesgue"ÿ8� Jordan"ÿ8�mkXe'X§·�òÙy²3�SK"

===···KKK 2.9>>>

(1) Jordan"ÿ87´ Lebesgue"ÿ8"

(2) k.4� Lebesgue"ÿ8´ Jordan"ÿ8"

===555 2.10>>>Ï�>.87´48£ë� §12.1SK 11¤§�d½n 1.7�§Rn

¥�k.8 S ´ Jordan�ÿ8��=� ∂S ´ Lebesgue"ÿ8"

��½��¼ê�È5� Lebesgue½naq§·�keã(Ø§Ùy²L§

������/��§�
Ñ�"
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===½½½nnn 2.11>>>£££Lebesgue¤¤¤ � Q´ Rn¥�Ý/§@o½Â3 Qþ�k.¼
ê f 3 Qþ Riemann�È�¿�^�´ f ��Nmä:�¤ Lebesgue"ÿ8"

===íííØØØ 2.12>>>� Q´ Rn¥�Ý/§f 3 Qþ�È"
(1) XJ f Ø
3�� Lebesgue"ÿ8þ±	þ� 0§K

∫
Q
f = 0"

(2) XJ f �K�

∫
Q
f = 0§K f Ø
3�� Lebesgue"ÿ8þ±	þ� 0"

y². y²L§�1lÙ·K 3.14�y²aq§·�r§3�SK" �

SSS KKK 15.2

1. y²·K 2.5"

2. y²·K 2.8"

3. y²·K 2.9"

4. y²íØ 2.12"

5. �Q = [a1, b1]× · · · × [an, bn]´ Rn¥���4Ý/§f : Q −→ R"y² f 3

Qþ�È�
∫
Q
f = A�¿�^�´µé?¿� ε > 0§�3 δ > 0§¦�éz

�«m [aj , bj ]�÷v∆x
(ij)
j = x

(ij)
j − x(ij−1)

j < δ�?�©y

aj = x
(0)
j < x

(1)
j < · · · < x

(mj)
j = bj (1 6 j 6 n)

±9?¿� ξij ∈
[
x

(ij−1)
j , x

(ij)
j

]
(1 6 j 6 n, 1 6 ij 6 mj)þk∣∣∣∣ m1∑

i1=1

· · ·
mn∑
in=1

f(ξi1 , · · · , ξin)∆x
(i1)
1 · · ·∆x(in)

n −A
∣∣∣∣ < ε.

6. � f(x)3 [a, b]þ�È§g(y)3 [c, d]þ�È"y² f(x)g(y)3 [a, b]× [c, d]þ

�È� ∫∫
[a,b]×[c,d]

f(x)g(y) dx dy =

(∫ b

a
f(x) dx

)
·
(∫ d

c
g(y) dy

)
.

7. O�e�È©µ

(1)

∫∫
[0,1]2

(x3 + 1) tan y dx dy¶ (2)

∫∫
[1,2]2

log y

x2
dx dy¶

(3)

∫∫
[0,1]×[0,π

2
]

sin y

1 + x2
dx dy¶ (4)

∫∫
[0,1]×[0,2]

x|1− y|
(1 + x)2

dx dy¶
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8. � Q´ Rn¥���4Ý/§f : Q −→ R´��k.¼ê§� f 3 QþØ�
u 0�:�¤��4� Lebesgue"ÿ8"y² f 3 Qþ�È�

∫
Q
f = 0"

9. � Q´ Rn ¥���4Ý/§f : Q −→ R"y² f 3 Qþ�È�
∫
Q
f = A

�¿�^�´µé?¿� ε > 0§�3 δ > 0§¦� Rn ¥üüÃú�S:�
Jordan�ÿ8 J1, · · · , Jk ��÷v max

16i6k
diam (Ji) < δ±9

Q =

k⋃
i=1

Ji,

Òé?¿� ξi ∈ Ji (1 6 i 6 k)k

∣∣∣∣ k∑
i=1

f(ξi)µ(Ji)−A
∣∣∣∣ < ε.

§ 15.3

kkk...888þþþ���ÈÈÈ©©©

� E ´ Rn ¥�k.8§f : E −→ R"·�ÏL½Âeã fE ò f òÿ� Rn

þ�¼êµ

fE(x) =

f(x), e x ∈ E,

0, e x ∈ Rn \ E.

===ÚÚÚnnn 3.1>>>� E ´ Rn ¥�k.8§f ´½Â3 E þ�k.¼ê"e Q1 �

Q2´�¹ E�ü�4Ý/§K fE �oÓ�3ùü�Ý/þ�È§�oÓ�3§�

þØ�È"¿�� f Ó�3 Q1� Q2þ�È�k∫
Q1

fE =

∫
Q2

fE .

y². Ï� E ⊆ Q1 ∩Q2§
 Q1 ∩Q2�´Ý/§�Ø�� Q1 ⊆ Q2"

3db�e fE 3 Q2 \ Q1 þð�u 0§ù`² fE 3 Q2 þ�ØëY:�=´

fE 3 Q1 þ�ØëY:§l
d Lebesgue½n� fE 3ùü�Ý/þ�oÓ��

È§�oÓ�Ø�È"
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y� fE 3ùü�Ý/þþ�È§@oéu Q1Ú Q2 \ Q1�?�©y
3©

Q1 =

k⋃
i=1

Q′i � Q2 \ Q1 =
⋃̀

i=k+1

Q′i,

d Q1 ⊆ Q2�

Q2 =
⋃̀
i=1

Q′i

´ Q2���©y"�5¿� fE 3 Q2 \ Q1þð�u 0§Ïdé?¿� ξi ∈ Q′ik

k∑
i=1

fE(ξi)|Q′i| =
∑̀
i=1

fE(ξi)|Q′i|.

ù¿�X3ù«AÏ�©ye§fE 3Q1þ� RiemannÚ�Ù3Q2þ� Riemann

Ú��§l
 ∫
Q1

fE =

∫
Q2

fE .

�

ù�Ún�y
eã½Â�Ün5"

===½½½ÂÂÂ 3.2>>>� E ´ Rn ¥�k.8§f ´½Â3 E þ�k.¼ê§Q´ Rn

¥�¹ E �,�4Ý/"XJ fE 3 Qþ�È§K¡ f 3 E þ�È§P∫
E
f =

∫
Q
fE ,

¿¡�� f 3 E þ� RiemannÈ©"

===···KKK 3.3>>>� E ´ Rn¥�k.8§f � g3 E þ�È§K

(1) af + bg (∀ a, b ∈ R)§fg±9 |f |þ3 E þ�È"e f 3 E þØ�u 0 � 1/f

3 E þk.§@o 1/f �3 E þ�È"

(2) é?¿� a, b ∈ Rk ∫
E

(af + bg) = a

∫
E
f + b

∫
E
g.

(3) eé?¿� x ∈ E þk f(x) 6 g(x)§K∫
E
f 6

∫
E
g.

3©Ï� Q2 \ Q1 ´{ü8Ü§�
��òÙ�¤�
vkú�S:�4Ý/�¿"
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AO/§ ∣∣∣∣ ∫
E
f

∣∣∣∣ 6 ∫
E
|f |.

(4) e F ⊆ E§f 3 F þ�È§� f 3 E þ�K§K∫
F
f 6

∫
E
f.

y². � Q´ Rn¥�¹ E ���4Ý/§@o fE � gE þ3 Qþ�È"

(1) ^ DfE L« fE 3 Qþ��Nmä:¤¤�8§K

D(af+bg)E = DafE+bgE ⊆ DfE ∪DgE ,

D(fg)E = DfEgE ⊆ DfE ∪DgE ,

D|f |E = D|fE | ⊆ DfE .

d	§� f 3 E þØ�u 0� 1/f 3 E þk.�§é?¿� a ∈ ∂E k

lim
x→a
x∈E

f(x) 6= 0,

ù¿�X E �>.:Ó�´ fE Ú (1/f)E �mä:§Ïd D(1/f)E = DfE"nþ§

d Lebesgue½n�(Ø¤á"

(2) �Iy ∫
Q

(afE + bgE) = a

∫
Q
fE + b

∫
Q
gE ,


ù�d½Â 2.1���Ñ"

(3) Ï�é?¿� x ∈ Q þk gE(x) − fE(x) > 0§�d gE − fE ¤éA�
RiemannÚ��K5� ∫

Q
(gE − fE) > 0.

2|^ (2)B�

∫
Q
gE >

∫
Q
fE§ùÒy²
1�ª"1�ª�d −|f | 6 f 6 |f |�

�"

(4) ù´Ï�é?¿� x ∈ Rnk fF (x) 6 fE(x)" �
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===···KKK 3.4>>>� EÚ F ´ Rn¥�ü�k.8§f 3 EÚ F þþ�È§@o f

3 E ∪ F 9 E ∩ F þ��È§�k∫
E∪F

f =

∫
E
f +

∫
F
f −

∫
E∩F

f. (15.10)

AO/§XJ µ(E ∩ F ) = 0§K∫
E∪F

f =

∫
E
f +

∫
F
f. (15.11)

y². � Q´�¹ E ∪ F ���4Ý/§K fE � fF þ3 Qþ�È"
k�Ä f ´�K¼ê��¹"dué?¿� x ∈ Rnk

fE∪F = max(fE , fF ) =
fE + fF + |fE − fF |

2
,

fE∩F = min(fE , fF ) =
fE + fF − |fE − fF |

2
,

�d·K 3.3 (1)� fE∪F � fE∩F �þ3Qþ�È§l
 f 3 E ∪ F 9 E ∩ F þ�
È"

éu���¼ê f§P

f+ =
|f |+ f

2
, f− =

|f | − f
2

,

Kd f 3 E Ú F þþ�È� f+ Ú f− þ3 E Ú F þ�È"5¿� f+ � f− ��

K§¤±dþ�ã� f+Ú f−þ3 E ∪ F 9 E ∩ F þ�È§?
d

f = f+ − f−

� f 3 E ∪ F Ú E ∩ F þ�È"
d	§N´�y

fE∪F + fE∩F = fE + fF ,

u´3 QþÈ©=� (15.10)"

�
y² (15.11)§·�Jc¦^e¡·K 3.6¥�(Ø"Ï� f 3 E ∩ F þ�
È§�§3 E ∩ F þk.§=�3M > 0¦�é?¿� x ∈ E ∩ F k |f(x)| 6M"
u´ ∣∣∣∣ ∫

E∩F
f

∣∣∣∣ 6M · ∫
E∩F

1 = M · µ(E ∩ F ) = 0.

�d§·K�y" �
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·K 3.4���­��AÏ�/´ E � F �ü�Ãú�S:� Jordan�ÿ8

� f 3 E Ú F þþ�È§d� E ∩ F ⊆ ∂E ∩ ∂F§l
d µ(∂E) = µ(∂F ) = 0 �

µ(E ∩ F ) = 0§Ïd3ù«�¹e7k (15.11)¤á"

3���¹e§f 3 E ∪ F þ�È´ØU�y f 3 E ½ F þ�È�§�´�

E � F þ´ Jordan�ÿ8�ù%´¤á�§·�rù3�SK"

Ï�·�²�¤���8Ü�õÑ´ Jordan�ÿ8§Ïd�e5·��?Ø

Ñò��3 Jordan�ÿ8þ"

===½½½nnn 3.5>>>£££Lebesgue¤¤¤ � E ´ Rn ¥� Jordan�ÿ8§f ´½Â3 E þ

�k.¼ê§@o f 3 E þ�È��=�§3 E þ��Nmä:�¤ Rn ¥�
Lebesgue"ÿ8"

y². � Q ´���¹ E �Ý/§K f 3 E þ�È��=� fE 3 Q þ�
È§� fE � f �'§��U3 ∂E þõÑ#�mä:§
d E ´ Jordan�ÿ8�

µ(∂E) = 0§Ïdd½n 2.11�á=�Ñ�½n�(Ø" �

===···KKK 3.6>>>� E ´ Rn¥� Jordan�ÿ8§K∫
E

1 = µ(E).

y². � Q´���¹ E �Ý/§¿^ χE L«8Ü E �A�¼ê"Ï�∫
Q
χE = µ∗(E),

∫
Q
χE = µ∗(E),

�d E � Jordan�ÿ5� χE 3 Qþ�È�∫
Q
χE = µ(E),

l
·K�y" �

===½½½nnn 3.7>>>£££ÈÈÈ©©©¥¥¥���½½½nnn¤¤¤� E´ Rn¥� Jordan�ÿ8§f � g3 Eþ

�È� g3EþØCÒ"yPm = inf
x∈E

f(x)§M = sup
x∈E

f(x)§@o�3 κ ∈ [m,M ]

¦� ∫
E
fg = κ ·

∫
E
g.

AO/§�3 λ ∈ [m,M ]¦� ∫
E
f = λ · µ(E).
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y². Ø�� g3 E þ�K§u´é?¿� x ∈ E k

mg(x) 6 f(x)g(x) 6Mg(x).

l
d·K 3.3� (2)Ú (3)�

m

∫
E
g 6

∫
E
fg 6M

∫
E
g.

Ïd�3 κ ∈ [m,M ]¦� ∫
E
fg = κ ·

∫
E
g.

ùÒy²
1��ªf"AO/§� g �ð�u 1�¼ê§(Ü·K 3.6��1�

�ªf" �

===íííØØØ 3.8>>>� E ´ Rn¥Q;�ëÏ� Jordan�ÿ8§f 3 E þëY§g3

E þ�È�ØCÒ§K�3 ξ ∈ E ¦�∫
E
fg = f(ξ) ·

∫
E
g.

AO/§�3 η ∈ E ¦� ∫
E
f = f(η) · µ(E).

y². ù�d½n 3.79ëY¼ê�0�½n£1��ÙíØ 3.11¤��" �

SSS KKK 15.3

1. � E´ Rn¥�k.8§f � gþ3 Eþ�È§y²max(f, g)�min(f, g)�

3 E þ�È"

2. � E � F þ´ Rn¥�k.8§� f 3 E ∪ F þ�È"

(1) Þ~`² f �73 E ½ F þ�È"

(2) XJ E Ú F þ´ Jordan�ÿ8§y² f 3 E Ú F þþ�È"

3. � S X §15.1SK 12¤½Â§y²ð�u 1�¼ê3 S þØ�È"

4. � E� F þ´ Rn¥�k.8§� f 3 EÚ F þþ�È§y² f 3 E \ F þ
�È� ∫

E\F
f =

∫
E
f −

∫
E∩F

f.
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5. � A, B þ´ Rn¥� Jordan�ÿ8§

f(x) =

1, e x ∈ B,

0, e x ∈ A \B.

¯ f ´Ä3 Aþ�Èº

6. £Cauchy−SchwarzØ�ª¤� E ´ Rn ¥�k.8§f � g þ3 E þ�È§

y² ∣∣∣∣ ∫
E
fg

∣∣∣∣2 6 (∫
E
f2

)
·
(∫

E
g2

)
.

7. � f(x, y)3: (0, 0)�,��Sk½Â§�3 (0, 0)?ëY§O�

lim
r→0+

1

r2

∫∫
x2+y26r2

f(x, y) dx dy.

8. P

I =

∫∫
|x|+|y|610

dx dy

100 + cos2 x+ cos2 y
,

y² 1.96 6 I 6 2"

9. � E ´ Rn¥� Jordan�ÿ8� µ(E) > 0§f 3 E þ�È�é?¿� x ∈ E
k f(x) > 0"y² ∫

E
f > 0.

§ 15.4

Fubini½½½nnn

3�e5�ü!¥·�ò0�O�­È©�ü�­��{§��´ò­È©z

�\gÈ©§,��´CþO�"3�!¥·�?Øcö§ÙÄ�g�´ò­È©

z��
$��È©§�E|^ù�L§Ò�3�½^�eò­È©z��X��

�È©§l
�^½È©�O��{5?n"

·�Äk?ØÈ©«�´Ý/��¹"
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===½½½nnn 4.1>>>£££Fubini½½½nnn¤¤¤ � Q = Q1 ×Q2´ Rn¥�4Ý/§Ù¥ Q1 Ú

Q2 ©O´ Rk Ú R` ¥�4Ý/� k + ` = n"q� f 3 Q þ�È"eò f �¤

f(x,y)�/ª§Ù¥ x ∈ Q1§y ∈ Q2§@o∫
Q2

f(x,y) dy �

∫
Q2

f(x,y) dy

�� x�¼êþ3 Q1þ�È§�k∫
Q
f =

∫
Q1

(∫
Q2

f(x,y) dy

)
dx =

∫
Q1

(∫
Q2

f(x,y) dy

)
dx. (15.12)

þª¥�ü�È©�¡�\gÈ© (iterated integral)"

y². ��Bå�§P

I(x) =

∫
Q2

f(x,y) dy, J(x) =

∫
Q2

f(x,y) dy.

Ï� f 3 Qþ�È§�é?¿� ε > 0§�3 Q���©y§·�Ø�òÙP�

Q =
s⋃
i=1

t⋃
j=1

Q1,i ×Q2,j ,

Ù¥

Q1 =

s⋃
i=1

Q1,i � Q2 =

t⋃
j=1

Q2,j

©O´ Q1� Q2�©y§¦�

s∑
i=1

t∑
j=1

(Mi,j −mi,j)|Q1,i ×Q2,j | < ε, (15.13)

þª¥

Mi,j = sup
x∈Q1,i, y∈Q2,j

f(x,y), mi,j = inf
x∈Q1,i, y∈Q2,j

f(x,y).

UìeÈ©�½Â§∫
Q1

I(x) dx >
s∑
i=1

(
inf

x∈Q1,i

I(x)

)
· |Q1,i|

>
s∑
i=1

(
inf

x∈Q1,i

t∑
j=1

(
inf

y∈Q2,j

f(x,y)

)
· |Q2,j |

)
· |Q1,i|
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>
s∑
i=1

t∑
j=1

mi,j |Q1,i| · |Q2,j | =
s∑
i=1

t∑
j=1

mi,j |Q1,i ×Q2,j |.

aq�y ∫
Q1

I(x) dx 6
s∑
i=1

t∑
j=1

Mi,j |Q1,i ×Q2,j |.

Ïdd (15.13)�

0 6
∫
Q1

I(x) dx−
∫
Q1

I(x) dx < ε,

ù`² I(x)3 Q1þ�È"Ó�5¿�

s∑
i=1

t∑
j=1

mi,j |Q1,i ×Q2,j | 6
∫
Q
f 6

s∑
i=1

t∑
j=1

Mi,j |Q1,i ×Q2,j |,

¤± ∫
Q
f =

∫
Q1

I(x) dx.

Ón�y J(x)3 Q1þ�È�ÙÈ©�u

∫
Q
f" �

(15.12)¥��ü�È©�~~©O��¤∫
Q1

dx

∫
Q2

f(x,y) dy 9

∫
Q1

dx

∫
Q2

f(x,y) dy

�/ª"

7L5¿�´§ØUr (15.12)�¤∫
Q
f =

∫
Q1

(∫
Q2

f(x,y) dy

)
dx.

ù´Ï�¦+ f 3 Qþ�È§�é�½� x ∈ Q1 
ó f(x,y)�73 Q2 þ�È§

�=´`§þªm>�SýÈ©�7�3"~X¼ê

f(x, y) =

1, e x = 1, y ∈ Q,

0, Ù¦�¹

3 [0, 2]2 þ�È§�´ f(1, y)�� y�¼ê3 [0, 2]þØ�È",
§¦� f(x,y)

3 Q2þØ�È�@
 x¿Ø¬�õ§ë�SK 9"

|^k.4Ý/þ�ëY¼ê��È5§·��±á=��XeíØ"
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===íííØØØ 4.2>>>XJ f(x, y)3 [a, b]× [c, d]þëY§@o∫ d

c
dy

∫ b

a
f(x, y) dx =

∫ b

a
dx

∫ d

c
f(x, y) dy.

e¡5?ØÈ©«�´����8Ü��¹"b� F ´ Rn−1 ¥k.4�

Jordan �ÿ8§ϕ � ψ ´½Â3 F þ�ü�ëY¼ê§�é?¿� x ∈ F k

ϕ(x) 6 ψ(x)§@o8Ü

E =
{

(x, y) : x ∈ F, y ∈ [ϕ(x), ψ(x)]
}

(15.14)

´ Rn¥� Jordan�ÿ8"�
`²ù�:§�Iy² µ(∂E) = 0=�"¯¢þ§

∂E ⊆
{

(x, ϕ(x)) : x ∈ F
}
∪
{

(x, ψ(x)) : x ∈ F
}

∪
{

(x, y) : x ∈ ∂F � y ∈ [ϕ(x), ψ(x)]
}
.

(15.15)

y

y = ϕ(x)

y = ψ(x)

F x

d·K 1.10�þªm>cü�8Üþ´ Rn ¥�
Jordan"ÿ8"éu����8Ü
ó§��¡

d ϕÚ ψ �ëY5�§�3M > 0¦�é?¿

� x ∈ F k

−M 6 ϕ(x) 6 ψ(x) 6M ;

,��¡§d F � Jordan�ÿ5� µ(∂F ) = 0§

l
é?¿� ε > 0§�3Ý/ Q1, · · · ,Qk ¦�

∂F ⊆
k⋃
i=1

Qi �
k∑
i=1

|Qi| <
ε

2M
.

u´ (15.15)m>1n�8Ü�¹u

k⋃
i=1

Qi × [−M,M ],

¿�
k∑
i=1

|Qi × [−M,M ]| =
k∑
i=1

|Qi| · 2M < ε.

nþB� µ(∂E) = 0"
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===½½½nnn 4.3>>>£££Fubini ½½½nnn¤¤¤ � F ´ Rn−1 ¥k.4� Jordan�ÿ8§ϕ�

ψ´½Â3 F þ�ü�ëY¼ê§¿�é?¿� x ∈ F k ϕ(x) 6 ψ(x)"P

E =
{

(x, y) : x ∈ F, y ∈ [ϕ(x), ψ(x)]
}
.

q� f(x, y)3 E þëY§K∫
E
f =

∫
F

dx

∫ ψ(x)

ϕ(x)
f(x, y) dy.

y². � Q1 ´ Rn−1 ¥�¹ F ���4Ý/"d ϕÚ ψ3;8 F þ�ëY5

�§�3M > 0¦�é?¿� x ∈ F k

−M 6 ϕ(x) 6 ψ(x) 6M,

Ïd Q = Q1 × [−M,M ]´ Rn¥�¹ E ���Ý/"

Ï� E ´ Jordan�ÿ8§¤±dëY5b�� f 3 E þ�È§�éz��½

� x ∈ F 
ó fE(x, y)3 [−M,M ]þ�È§�d½n 4.1�∫
E
f =

∫
Q
fE =

∫
Q1

dx

∫ M

−M
fE(x, y) dy.

5¿�þªm>SýÈ©� x /∈ F �þ�u 0§�
∫
E
f =

∫
F

dx

∫ M

−M
fE(x, y) dy =

∫
F

dx

∫ ψ(x)

ϕ(x)
f(x, y) dy.

�

O x

y===~~~ 4.4>>>� E ´ R2 ¥d�� y = x Ú�Ô�

y = x2¤�¤�4«�£Xmã¤«¤§ÁO�

I =

∫∫
E

(x2 + y) dx dy.

). du

E =
{

(x, y) ∈ R2 : x ∈ [0, 1], y ∈ [x2, x]
}

=
{

(x, y) ∈ R2 : y ∈ [0, 1], x ∈ [y,
√
y]
}
,

Ïd3|^ Fubini½n�§XJké y�é xÈ©§Kk

I =

∫ 1

0
dx

∫ x

x2

(x2 + y) dy =

∫ 1

0

(
− 3

2
x4 + x3 +

1

2
x2
)

dx =
7

60
.
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XJké x�é yÈ©§Kk

I =

∫ 1

0
dy

∫ √y
y

(x2 + y) dx =

∫ 1

0

(4

3
y

3
2 − 1

3
y3 − y2

)
dy =

7

60
.

�

x

y

z

O

===~~~ 4.5>>>� E ´ R3 ¥dn��I¡Ú²¡

x+ 2y + 3z = 1¤�¤�4«�§O�

I =

∫∫∫
E

x2 dx dy dz.

). ´�

E =
{

(x, y, z) : x, y, z > 0, x+ 2y + 3z 6 1
}
,

Ïdd Fubini½n�

I =

∫ 1

0
x2 dx

∫ 1−x
2

0
dy

∫ 1−x−2y
3

0
dz

=

∫ 1

0
x2 dx

∫ 1−x
2

0

1− x− 2y

3
dy =

∫ 1

0

x2(1− x)2

12
dx =

1

360
.

�

===~~~ 4.6>>>£££n���üüü///��� JordanÿÿÿÝÝÝ¤¤¤ � a > 0§·�¡ Rn�f8

∆n(a) =
{

(x1, · · · , xn) : xj > 0 (1 6 j 6 n), x1 + · · ·+ xn 6 a
}

� n�ü/ (simplex)"@o

µ(∆n(a)) =

∫
∆n(a)

1 =

∫ a

0
dx1

∫ a−x1

0
dx2 · · ·

∫ a−x1−···−xn−1

0
dxn

=

∫ a

0
dx1

∫ a−x1

0
dx2 · · ·

∫ a−x1−···−xn−2

0
(a− x1 − · · · − xn−2 − xn−1) dxn−1

=

∫ a

0
dx1

∫ a−x1

0
dx2 · · ·

∫ a−x1−···−xn−3

0

1

2
(a− x1 − · · · − xn−3 − xn−2) dxn−2

= · · · =
∫ a

0

1

(n− 1)!
(a− x1)n−1 dx1 =

an

n!
.

��§�� Fubini½n�A^§·�5?Ø�
AÏ²¡ã/�¡ÈÚp��

mAÛN�NÈ"
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O x

y

y = f(x)

a b

===···KKK 4.7>>>� f : [a, b] −→ RëY��K§
@o­>F/

S = {(x, y) ∈ R2 : x ∈ [a, b], y ∈ [0, f(x)]}

�¡È�

∫ b

a
f(x) dx"

y². d·K 1.10� S ´ R2¥� Jordan�

ÿ8§d	§

µ(S) =

∫
S

1 =

∫ b

a
dx

∫ f(x)

0
dy =

∫ b

a
f(x) dx.

�

===···KKK 4.8>>>b� n > 2§V ´ Rn ¥� Jordan�ÿ8§�Ù¹uÝ/ Q =

[−M,M ]nS"é?¿� xn ∈ R§P

Vxn =
{

(x1, · · · , xn−1) : (x1, · · · , xn−1, xn) ∈ V
}
. (15.16)

eé?¿� xn ∈ [−M,M ] 
ó Vxn þ´ Rn−1 ¥� Jordan �ÿ8§@o V �

JordanÿÝ� ∫ M

−M
µ(Vxn) dxn,

þª¥� µ(Vxn)´ Vxn 3 Rn−1¥� JordanÿÝ"

y². ^ χV L« V �A�¼ê§@o Vxn �ÿ¿�X χV (x1, · · · , xn−1, xn)3

[−M,M ]n−1þéc n− 1�Cþ�È§u´d Fubini½n�∫
V

1 =

∫
Q
χV =

∫ M

−M
dxn

∫
· · ·
∫

[−M,M ]n−1

χV (x1, · · · , xn−1, xn) dx1 · · · dxn−1

=

∫ M

−M
dxn

∫
· · ·
∫

Vxn

dx1 · · · dxn−1 =

∫ M

−M
µ(Vxn) dxn.

�

dù�·K�á=��eãÍ¶(Ø"

===½½½nnn 4.9>>>£££yyy333���nnn 4©¤¤¤ � n > 2§A� B´ Rn¥�ü� Jordan�ÿ8"

4©y3�n�1uy3�ÙIyÀ�¤Í5Mâ6�Ö¥§TÖy®�D§�´/�oWº3Ù¤
55ÊÙ�â6/�20Ù¥Ú^
ù��nµ/��³QÓ§KÈØNÉ0"§�¿g´µéü�á
N��.²1��¡§XJz�éA��¡¡Èþ�Ó§@oùü�áN�NÈ��"ù�Ò´�í
Ø n = 3��/"y3�n3I	�¡� Cavalieri�n"



32 1�ÊÙ ­È©

é xn ∈ R§� Axn � Bxn X (15.16)��½Â"XJé?¿� xn ∈ R§Axn � Bxn

þ3 Rn−1¥ Jordan�ÿ�k�Ó�ÿÝ§@o A� B � JordanÿÝ�Ó"

y

x

z

a b

===~~~ 4.10>>>£££^̂̂===NNN���NNNÈÈÈ¤¤¤ b�¼ê f :

[a, b] −→ R�K�ëY§y²d²¡4«�{
(x, y) ∈ R2 : x ∈ [a, b], y ∈ [0, f(x)]

}
7 x¶^=¤��^=N�NÈ�

π

∫ b

a
f(x)2 dx.

y². ^ V L«ù�^=N"3 (15.16) �PÒe§·���é?¿� x ∈
[a, b]§Vx ´���»� f(x)��§Ù¡È� πf(x)2 5©§l
d·K 4.8�(Ø¤

á" �

SSS KKK 15.4

1. b� f 3È©«�þëY§Á��e�È©�gSµ

(1)

∫ 2

0
dx

∫ 2x

x
2

f(x, y) dy¶

(2)

∫ 1

−1
dx

∫ x+1

x2+x
f(x, y) dy¶

(3)

∫ 1

−1
dx

∫ √1−x2

−
√

1−x2

dy

∫ 1

√
x2+y2

f(x, y, z) dz¶

(4)

∫ 1

0
dx

∫ x

0
dy

∫ xy

0
f(x, y, z) dz"

2. � f(x, y)3 [0, a]2þëY§y² Dirichletúª∫ a

0
dx

∫ x

0
f(x, y) dy =

∫ a

0
dy

∫ a

y
f(x, y) dx.

3. O�4�

lim
n→∞

1

n3

∫∫
[0,n]2

(
[x] + [y]

)
dx dy,

Ù¥ [x]L«Ø�L x����ê"

5©��¡È®3 §15.1SK 6¥O�L§�,����^·K 4.75O�§d	��ë�e!�5
5.14"
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4. O�e�²¡ã/�¡Èµ

(1) d xy = a2Ú x+ y =
5

2
a (a > 0)¤�¤�k.4«�¶

(2) d y2 = 2px+p2 (p > 0)Ú y2 = −2qx+ q2 (q > 0)¤�¤�k.4«�¶

(3) d x
2
3 + y

2
3 = a

2
3 (a > 0)¤�¤�k.4«�"

O xt

y
A

B

5. � t > 1§y²V­� x2−y2 = 1þü:A(t,
√
t2 − 1)§

B(t,−
√
t2 − 1)�m�­�ã��ã OA§OB ¤�¤

�4«��¡È� cosh−1 t 6©"

6. O�e�áN�NÈµ

(1) d z = x2 + y2§z = 2(x2 + y2)§y = xÚ y = x2¤�¤�k.4«�¶

(2) d z = x+ y§z = xy§x+ y = 1§x = 0Ú y = 0¤�¤�k.4«�"

7. O�e�^=N�NÈµ

(1) ²¡4«�
{

(x, y) : x ∈ [0, 1], y ∈ [0, x
2
3 ]
}
7 x¶^=¤��^=N¶

(2) ²¡þ�� x2 + y2 6 a27�� y = b (b > a > 0)^=¤��^=N"

8. |^ Fubini�nO�e�­È©µ

(1)

∫∫
D

xy2 dx dy§Ù¥D´d y2 = 2px (p > 0)Ú x =
p

2
¤�¤�k.4«

�¶

(2)

∫∫
D

(x + 2y) dx dy§Ù¥ D ´d x2 +
y2

4
= 131���S�­�ãÚ

y = 2− 2x¤�¤�k.4«�¶

(3)

∫∫
D

xp−1yq−1 dx dy (p, q > 1)§Ù¥ D´d x+ y = 1Úü��I¶¤�

¤�k.4«�¶

(4)

∫∫∫
V

dx dy dz

(1 + x+ y + z)3
§Ù¥ V ´d x+ y+ z = 1Ún��I²¡¤�¤

�k.4«�"

9. � Q = Q1 ×Q2´ Rn¥�4Ý/§Ù¥ Q1Ú Q2©O´ Rk Ú R`¥�4Ý
/� k + ` = n"q� f 3Qþ�È§y²µ¦� f(x,y)3Q2þ'uCþ y

Ø�È�@
 x ∈ Q1�¤ Rk ¥� Lebesgue"ÿ8"

6©¡È�=©´ area§ù��<�~¦^ù�üc�cü�i1
ò cosh−1 �¤ arcosh§Ù§�
�V­¼ê�kaq�Ö��ª£ë�1�Ù�5 4¤"
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10. � E ´ R2 ¥�m8� f ∈ C2(E)§|^ Fubini½ny²µé?¿� a ∈ E

k
∂2f

∂x∂y
(a) =

∂2f

∂y∂x
(a)"

11. rz�knê x �¤Q�©ê
px
qx
�/ª§Ù¥ qx > 0§¿3��/ Q =

[0, 1]2þ½Â¼ê f Xeµ

f(x, y) =

1, XJ x� yþ´knê� qx = qy,

0, Ù¦�/.

y²µ

(1) f 3 Qþ�ü�\gÈ©∫ 1

0
dy

∫ 1

0
f(x, y) dx �

∫ 1

0
dx

∫ 1

0
f(x, y) dy

þ�3���¶

(2) f 3 Qþ??ØëY§l
3 QþØ�È"

§ 15.5

CCCþþþOOO���

15.5.1 éééuuuªªª���???ØØØ

CþO�´­È©O�¥���­��{§3�
�ÿ·��±|^CþO�

òÈ©«�{z§l
éO��54��B|"·�Äk3����¹eÏL��

éuª�?Ø5ww­È©�CþO�ATäk�o��/ª"

� G´ R2 ¥���k.m8§ϕ : G −→ ϕ(G)´��ëY���V�§E ´

R2¥��� Jordan�ÿ8� E ⊆ G"q� f 3 ϕ(E)þ�È"·�5O�È©∫
ϕ(E)

f.

y� Q´���¹ ϕ(E)�Ý/§�
�Bå�§·��?Ø��{ü�/§

=b� Q ⊆ ϕ(G)§@oþãÈ©�=∫
Q
fϕ(E).

éu Q�?�©y

Q =
k⋃
i=1

Qi
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�Ä�A� RiemannÚ
k∑
i=1

fϕ(E)(ξi)|Qi|,

Ù¥ ξi ∈ Qi (1 6 i 6 k)"du ϕ ´V�§��3��� ηi ∈ ϕ−1(Qi) ¦�
ϕ(ηi) = ξi§u´

k∑
i=1

fϕ(E)(ξi)|Qi| =
k∑
i=1

fϕ(E) ◦ ϕ(ηi)|Qi|. (15.17)

Ï� ηi ∈ ϕ−1(Qi)§¤±�
¦�þªm>¤���aqu Riemann Ú�ªf§

·�I�ò |Qi| ^ µ(ϕ−1(Qi)) L«Ñ5£3ùp·�Ø\y²/@½ ϕ−1(Qi)
´ Jordan �ÿ8§î��í�¬3��!(å��Ñ¤"�d§b�é?¿�

u ∈ G 
ó ϕ′(u)þ´�ÛÉ�§@od�¼ê½n� ϕ−1 ëY��¿�é?¿�

z ∈ ϕ(G)k

(ϕ−1)′(z) = ϕ′(ϕ−1(z))−1. (15.18)

b� Qi ´± (a, b)§(a + h, b)§(a, b + `)§(a + h, b + `)�º:�Ý/§§3 ϕ−1

��^eC¤
��/­>o>/0ABCD£Xeã¤«¤"|^� Peano{��

Taylorúª��

(a, b) (a+ h, b)

(a, b+ ℓ) (a + h, b+ ℓ)

A = ϕ−1(a, b)
B = ϕ−1(a + h, b)

C = ϕ−1(a + h, b+ ℓ)
D = ϕ−1(a, b+ ℓ)

ϕ−1

ξi
ηi

−−→
AB = ϕ−1(a+ h, b)− ϕ−1(a, b) =

∂ϕ−1

∂x
(a, b)h+ o(|h|),

−−→
AD = ϕ−1(a, b+ `)− ϕ−1(a, b) =

∂ϕ−1

∂y
(a, b)`+ o(|`|),

−−→
DC = ϕ−1(a+ h, b+ `)− ϕ−1(a, b+ `) =

∂ϕ−1

∂x
(a, b+ `)h+ o(|h|),

−−→
BC = ϕ−1(a+ h, b+ `)− ϕ−1(a+ h, b) =

∂ϕ−1

∂y
(a+ h, b)`+ o(|`|),

Ïd� |h|Ú |`|Ñ¿©��§d ϕ−1 ∈ C1(G)��ò/­>o>/0ABCDCqw

�±�þ
∂ϕ−1

∂x
(a, b)hÚ

∂ϕ−1

∂y
(a, b)`���>¤/¤�²1o>/§¤± ϕ−1(Qi)
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�¡È�Cq�uù�²1o>/�¡È"eP ϕ−1 = (g1, g2)T§@o

∂ϕ−1

∂x
(a, b) =

(
∂g1

∂x
(a, b),

∂g2

∂x
(a, b)

)T

,

∂ϕ−1

∂y
(a, b) =

(
∂g1

∂y
(a, b),

∂g2

∂y
(a, b)

)T

.

l
±
∂ϕ−1

∂x
(a, b)hÚ

∂ϕ−1

∂y
(a, b)`��>�²1o>/�¡È�=∣∣∣∣∣∣∣∣det


∂g1

∂x
(a, b)

∂g2

∂x
(a, b)

∂g1

∂y
(a, b)

∂g2

∂y
(a, b)


∣∣∣∣∣∣∣∣ · |h`| = | det(ϕ−1)′(a, b)| · |Qi|

= | detϕ′(ϕ−1(a, b))|−1 · |Qi|,

þ¡���Ú^�
 (15.18)"5¿� ηi  u/­>o>/0S§Ïd� |h|Ú |`|
¿©�� ϕ−1(a, b)� ηié�C§2(Ü ϕ ∈ C1(G)B�

µ(ϕ−1(Qi)) ≈ |detϕ′(ηi)|−1 · |Qi|,

�=

|Qi| ≈ | detϕ′(ηi)| · µ(ϕ−1(Qi)).

òù�\ (15.17)=�

k∑
i=1

fϕ(E)(ξi)|Qi| ≈
k∑
i=1

fϕ(E) ◦ ϕ(ηi)| detϕ′(ηi)| · µ(ϕ−1(Qi)). (15.19)

þªm>3Ï~�¹e¿Ø´�� RiemannÚ£Ï� ϕ−1(Qi)�7´Ý/¤§�´
duÃ ϕ−1(Qi)üüÃú�S:§¿�

E ⊆ ϕ−1(Q) ⊆
k⋃
i=1

ϕ−1(Qi),

Ïd·�kv
�nd�&� max
16i6k

diam (Qi)¿©�� (15.19)m>�Úª�±�

± fϕ(E) ◦ ϕ(x, y) · | detϕ′(x, y)|��È¼ê�È©�~�C§u´r (15.19)ü>�

¦Ú©O^È©�OB� ∫
ϕ(E)

f =

∫
E

(f ◦ ϕ)| detϕ′|.

d=�­È©�CþO�úª"

þ¡�?Ø¦·�aú�éu n­È©�A�kXeaq�(Ø"
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===½½½nnn 5.1>>> � G´ Rn ¥�k.m8§ϕ : G −→ ϕ(G)´��ëY���V

�§¿�é?¿� x ∈ G
ó ϕ′(x)þ´�ÛÉ�"q� E ´ Rn¥��� Jordan

�ÿ8� E ⊆ G"XJ f 3 ϕ(E)þ�È§@o∫
ϕ(E)

f =

∫
E

(f ◦ ϕ)|detϕ′|. (15.20)

·�6�r§�y²3�e��!§
3ùpk?Ø�e (15.20)mýÈ©�

�35¯K"Ï� ϕ′(x)é?¿� x ∈ G
óþ´�ÛÉ�§�d�¼ê½n� ϕ

òm8N�m8"?
d ϕ´V��

∂ϕ(E) = ϕ(∂E), (15.21)

e¡·�5�	 ϕ(∂E)"du ∂E´48§¤±�3m8 G1÷v ∂E ⊆ G1 ⊆ G1 ⊆
G§u´d ϕ �ëY��59 (12.1) � M = sup

z∈G1

‖ϕ′(z)‖ ´���¢ê"d	§

Ï� E ´ Jordan �ÿ8§¤± µ(∂E) = 0§l
é?¿� ε > 0§�34Ý/

Q′1, · · · ,Q′`÷v

∂E ⊆
⋃̀
i=1

Q′i ⊆ G1

±9 ∑̀
i=1

|Q′i| < ε,

Uì §15.1SK 2§·�Ø�b� Q′i þ���/"dk�Oþ½n£1�nÙ½n
3.2¤�§é?¿� x, y ∈ Q′i§

|ϕ(x)− ϕ(y)| 6M · |x− y| 6M · diamQ′i.

Ïd ϕ(Q′i)7�¹3,� JordanÿÝ 6 (
√
nM)n|Q′i|���/S"l
 ϕ(∂E)�

k�õ���/CX§�ù
��/� JordanÿÝ�Ú

6 (
√
nM)n

∑̀
i=1

|Q′i| < (
√
nM)nε.

ù�Òy²
 ϕ(∂E)´ Jordan"ÿ8§u´d (15.21)� ϕ(E)´ Jordan�ÿ8"

5¿� ϕ´ëY�V�§¤±|^ Lebesgue½n£½n 3.5¤B�l (15.20)�ý

È©��35íÑmýÈ©��35"

·�òþ¡?Ø�(Jo(Xeµ
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===···KKK 5.2>>>� G´ Rn ¥�k.m8§ϕ : G −→ ϕ(G)´��ëY���V

�§¿�é?¿� x ∈ G
ó ϕ′(x)þ�ÛÉ"XJ E´ Rn¥��� Jordan�ÿ

8� E ⊆ G§@o ϕ(E)�´ Jordan�ÿ8"

15.5.2 ÌÌÌ���½½½nnn���yyy²²²

��!�8�´y²½n 5.1§�´·�¿Ø��î�Uìþ��!�g´5

?1§Ïd3�Ñy²�c§·�k"Àþ¡�?ØL§¿o(�eí�Øî��

/�±9(J¤3"

Äk§�
�Bå�§·�Qb�Ý/ Q÷v ϕ(E) ⊆ Q ⊆ ϕ(G)§�¯¢þ

3���¹eù��Ý/ Q´Ø�3�§l�*þw§�
�Lù�(J·��±
r ϕ(E)©¤eZ�¬§éz��¬­Eþ��!¥�?Ø§��2ò��¬/©

�0å5"Ùg§3O� µ(ϕ−1(Qi))�·�òÙCqu,�²1o>/�¡È§ù
´��í�Øî��/�§XJ�òù�Ú½î�z§·�¢�þI�y²

µ(ϕ−1(Qi)) =

∫
Qi
|det(ϕ−1)′|,


ù�´½n 5.1 éAu f = 1 �AÏ�/"��§3þ��!¥·��J�


 (15.19) m>�Úª�7´ Riemann Ú§��`²ù�Úª��þå�
�

RiemannÚ�Ó��^´I�GÑ�½�ãå�£d= §15.2SK 9¤"

o�§�
y²½n 5.1§·���{´3þ��!�g´�Ä:þæ��½

�s£"3d�c§k��
O�ó�"

===ÚÚÚnnn 5.3>>>� Q´ Rn¥���Ý/§L : Rn −→ Rn´��Ð�C�§�

�Bå�§·�E^ LL«Ù3IOÄe�Ý
§@o L(Q)´ Jordan�ÿ��

µ(L(Q)) = | detL| · |Q|.

y². Ï� JordanÿÝäk²£ØC5§�Ø�� 0´ Q���º:§=

Q = [0, a1]× · · · × [0, an]

£XJ,� aj ´Kê§@oþãPÒ¥� [0, aj ]�=´«m [aj , 0]¤"

¯¤±�Ð�C��kn«§é�½� 1 6 i, j 6 n (i 6= j)9¢ê ρ 6= 0§·

�òùn«C�©OP� Pi,j§Di,ρ� Hi,j§§�÷v

Pi,j(ek) =


ek, e k 6= i, j,

ej , e k = i,

ei, e k = j.

Di,ρ(ek) =

{
ek, e k 6= i,

ρei, e k = i.
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±9

Hi,j(ek) =

{
ek, e k 6= i,

ei + ej , e k = i.

§�3IOÄe¤éA�Ý
©O�naÐ�Ý
§1�ª©O� detPi,j = −1§

detDi,ρ = ρ§detHi,j = 1"

Äk§

Pi,j(Q) =
{

(x1, · · · , xn) : xk ∈ [0, ak] (k 6= i, j), xi ∈ [0, aj ], xj ∈ [0, ai]
}

´��Ý/§Ïd Pi,jQ´ Jordan�ÿ��

µ(Pi,j(Q)) = |a1 · · · an| = | detPi,j | · |Q|.

Ùg§

Di,ρ(Q) =
{

(x1, · · · , xn) : xk ∈ [0, ak] (k 6= i), xi ∈ [0, ρaj ]
}

�´��Ý/§Ïd Di,ρQ´ Jordan�ÿ��

µ(Di,ρ(Q)) = |ρ| · |a1 · · · an| = | detDi,ρ| · |Q|.

��§d·K 5.2� Hi,j(Q)´ Jordan�ÿ8 7©"e¡Ø�� i < j"Ï�

Hi,j(Q) =
{

(x1, · · · , xi−1, xi + xj , xi+1, · · · , xn) : xk ∈ [0, ak] (1 6 k 6 n)
}
,

¤±XJ·�÷^ (15.16)¥�PÒ§Ké?¿� xj ∈ [0, aj ]k

(Hi,j(Q))xj

=
{

(x1, · · · , xi−1, xi + xj , xi+1, · · · , xj−1, xj+1, · · · , xn) : xk ∈ [0, ak] (k 6= j)
}

= Qxj + xj · e∗i ,

x

y

z

O

Ù¥ e∗i ´ Rn−1 ¥�1 i �ü �þ"ù`²

(Hi,j(Q))xj �dÝ/ Qxj ÏL²£��£mã�
Ñ
n��m¥ xj = z§xi = y ��/¤§l


µ((Hi,j(Q))xj ) = µ(Qxj )§u´dy3�n£½n
4.9¤�

µ(Hi,j(Q)) = µ(Q) = |detHi,j | · |Q|.

�

7©Hi,j(Q)� Jordan�ÿ5��d·K 1.10íÑ"
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===ÚÚÚnnn 5.4>>>� E ´ Rn ¥� Jordan�ÿ8§L : Rn −→ Rn ´���ÛÉ�
�5C�§yòÙ3IOÄe�Ý
EP� L§@o L(E)�´ Rn ¥� Jordan�

ÿ8§¿�

µ(L(E)) = | detL| · µ(E). (15.22)

AO/§e L´��C�§@o µ(L(E)) = µ(E)"

y². L(E)� Jordan�ÿ5�,�±��d·K 5.2��§�·���Ue

ã�ª5y²"

Äk?Ø L´Ð�C���¹"é?¿� ε > 0§d E ´ Jordan�ÿ8��

3{ü8Ü A§B ¦� A ⊆ E ⊆ B � µ(B \ A) <
ε

|detL|
"yò A� B �¤üü

Ãú�S:�4Ý/�¿§

A =
k⋃
i=1

Qi, B =
⋃̀
j=1

Q′j .

@o

L(A) =

k⋃
i=1

L(Qi), L(B) =
⋃̀
j=1

L(Q′j),

¿�d L´V��Ã L(Qi) (1 6 i 6 k)üüÃú�S:§Ã L(Q′j) (1 6 j 6 `)

½üüÃú�S:"UìÚn 5.3§L(Qi) (1 6 i 6 k)� L(Q′j) (1 6 j 6 `)þ´

Jordan�ÿ8§l
 L(A)� L(B)�´ Jordan�ÿ8§¿�

µ(L(A)) =

k∑
i=1

µ(L(Qi)) =

k∑
i=1

|detL| · |Qi| = |detL| · µ(A),

µ(L(B)) =
∑̀
j=1

µ(L(Q′j)) =
∑̀
j=1

|detL| · |Q′j | = |detL| · µ(B).

(15.23)

?
k L(A) ⊆ L(E) ⊆ L(B)±9

µ(L(B) \ L(A)) = µ(L(B))− µ(L(A)) = |detL| · (µ(B)− µ(A))

= |detL| · µ(B \A) < ε.

Ïdd §15.1SK 5� L(E)´ Jordan�ÿ8"5¿�·��±ÀJ A§B ¦§�

� JordanÿÝ?¿�C µ(E)§u´d (15.23)¥�üª±9þª�

µ(L(E)) = |detL| · µ(E).
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ùÒéÐ�C�y²
Ún(Ø"

d	§XJ�ÛÉ�5C� L1� L2þ�ò?� Jordan�ÿ8N� Jordan�

ÿ8§�k (15.22)¤á§@o L1 ◦ L2 ��ò?� Jordan�ÿ8N� Jordan�ÿ

8§¿�

µ(L1 ◦ L2(E)) = |detL1| · µ(L2(E)) = | detL1| · | detL2| · µ(E)

= |detL1L2| · µ(E).

25¿�z��ÛÉ�5C�þ��¤Ð�C��EÜ§ÏdÚn�y" �

k
±þO�ó�§·��±5y²½n 5.1
"ÄkòÙ­ãXeµ

===½½½nnn 5.1>>>� G´ Rn ¥�k.m8§ϕ : G −→ ϕ(G)´��ëY��
�V�§¿�é?¿� x ∈ G
ó ϕ′(x)þ´�ÛÉ�"q� E ´ Rn ¥
��� Jordan�ÿ8� E ⊆ G"XJ f 3 ϕ(E)þ�È§@o∫

ϕ(E)
f =

∫
E

(f ◦ ϕ)|detϕ′|.

3ùp§·�Ä�þæ^ [32]¥�g´"y²©±eÊÚ?1"

(1) Äké÷v S ⊆ G� Jordan�ÿ8 S y²

µ(ϕ(S)) 6
∫
S
| detϕ′|. (15.24)

ÀJm8 G1 ÷v S ⊆ G1 ⊆ G1 ⊆ G"d ϕ = (ϕ1, · · · , ϕn)T �ëY��59

ϕ′(x) (∀ x ∈ G)��ÛÉ5�µ��¡§�3M > 0§¦�é?¿� x ∈ G1
ó§

ϕ3 x?� JacobiÝ
�_Ý
����ýé�þØ�LM¶,��¡§é?¿

� ε > 0§�3 δ > 0§¦�éu G1 ¥÷v |x− y| < δ�?¿ü: x§y±9?¿

� 1 6 i, j 6 nþk ∣∣∣∣∂ϕj∂xi
(x)− ∂ϕj

∂xi
(y)

∣∣∣∣ < ε. (15.25)

Ï� S´ Jordan�ÿ8§¤±·��±ÀJ G1S�üüÃú�S:�4��

/ Q1, · · · ,Qk ÷v diamQ` < δ (1 6 ` 6 k)§

S ⊆
k⋃
`=1

Q` ±9
k∑
`=1

|Q`| < µ(S) + ε (15.26)
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£ë� §15.1SK 3¤"é?¿� `§d ϕ�ëY��5�§�3 q` ∈ Q`¦�

| detϕ′(q`)| = min
z∈Q`

|detϕ′(z)|. (15.27)

��Bå�§P L = ϕ′(q`)§¿PN� ψ = (ψ1, · · · , ψn)T ÷v ψ(x) = ϕ(x)− Lx"
@o

ψ′(x) = ϕ′(x)− L = ϕ′(x)− ϕ′(q`).

u´d (15.25)�§é?¿� z ∈ Q`9?¿� 1 6 i, j 6 nk∣∣∣∣∂ψj∂xi
(z)

∣∣∣∣ =

∣∣∣∣∂ϕj∂xi
(z)− ∂ϕj

∂xi
(q`)

∣∣∣∣ < ε.

£Áå §13.2íØ 2.10§B�é Q` ¥?¿ü: x = (x1, · · · , xn)§y = (y1, · · · , yn)

±9?¿� j§�3 c ∈ Q`¦�

|ψj(x)− ψj(y)| = |ψ′j(c)(x− y)| =
∣∣∣∣ n∑
i=1

∂ψj
∂xi

(c)(xi − yi)
∣∣∣∣

< nε · max
16i6n

|xi − yi|.
(15.28)

5¿�3y²�m©J�� L−1 = ϕ′(p`)
−1 � JacobiÝ
����ýé�þØ�

LM§�
éQ`¥?¿ü: x = (x1, · · · , xn)§y = (y1, · · · , yn)±9?¿� j§d

(15.28)9 (12.1)��

|(L−1 ◦ ψ)j(x)− (L−1 ◦ ψ)j(y)| < n2Mε · max
16i6n

|xi − yi|,

Ù¥ (L−1 ◦ ψ)j L«N� L−1 ◦ ψ�1 j �©þ¼ê"Ï�

L−1 ◦ ψ(x) = L−1 ◦ ϕ(x)− x,

¤±dn�/Ø�ª��

|(L−1 ◦ ϕ)j(x)− (L−1 ◦ ϕ)j(y)| < (1 + n2Mε) · max
16i6n

|xi − yi|,

ù¿�X L−1 ◦ ϕ(Q`)7,�¹3,� JordanÿÝ 6 (1 + n2Mε)n · |Q`|���/
S§l


µ(L−1 ◦ ϕ(Q`)) 6 (1 + n2Mε)n · |Q`|.

ÏddÚn 5.4�

µ(ϕ(Q`)) = µ(L ◦ L−1 ◦ ϕ(Q`)) = |detL| · µ(L−1 ◦ ϕ(Q`))
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6 (1 + n2Mε)n|detϕ′(q`)| · |Q`|.

u´d (15.26)¥�1��ªf��

µ(ϕ(S)) 6
k∑
`=1

µ(ϕ(Q`)) 6 (1 + n2Mε)n
k∑
`=1

|detϕ′(q`)| · |Q`|.

25¿� (15.27)§·�Òk

µ(ϕ(S)) 6 (1 + n2Mε)n
k∑
`=1

∫
Q`
|detϕ′| = (1 + n2Mε)n

∫
⋃

16`6k
Q`
|detϕ′|

= (1 + n2Mε)n
(∫

S
|detϕ′|+

∫( ⋃
16`6k

Q`
)
\S
|detϕ′|

)

6 (1 + n2Mε)n
(∫

S
|detϕ′|+ ε · sup

z∈G1

| detϕ′(z)|
)
,

þ¡���Ú^�
 (15.26)¥�1�ª§l
d ε�?¿5� (15.24)¤á"

�d·�®²�¤
y²�1�Ú§�3UY?1�c§·�kéþãL§Ñ

�µã"l��þw§ù�Ú½´3Ï¦ µ(ϕ(S))� µ(S)�m�éX§3þ��

!�?Ø¥·�®²¿£�ù´y²CþO�½n¥�'­���Ú"XJ ϕ´�

ÛÉ��5N�§@oÚn 5.4®²ïáùüö�m�éX
"�´� ϕØ´�5

N��TNo�Qº·��?n�ª´^k�õ����/�%C S§,�3z�

���/ Q` þ�A/�EN� ψ = ϕ − L§¿`²3 Q` þ ψ A�´�~�N�

£ë� (15.28)ª¤§ùÙ¢´3ÛÜ^��²£C���5C� L�EÜ�%C ϕ"

ù«ÛÜ�5z�g�3±c·�Òõg^�L§§0B
���È©Æ�©ª"

d	§����Öö?�Úg��¯K´µ��o·�3ùp��O��ÿÑ

´3�©þ¼êþ?1�§
Ø�3y²·K 5.2�£ë�½n 5.1e¡�ã¤�

�¦^k�Oþ½nº

(2) Ùg§·�5é¹u GS�4Ý/ Q±93 Qþ�K��È�¼ê f y²∫
Q
f 6

∫
ϕ−1(Q)

(f ◦ ϕ)|detϕ′|. (15.29)

é?¿� ε > 0§� Q =
t⋃
i=1
Q′i´ Q���©y§÷v

∫
Q
f <

t∑
i=1

mi|Q′i|+ ε,



44 1�ÊÙ ­È©

Ù¥mi = inf
x∈Q′i

f(x)"@od (15.24)9 f ��K5��

∫
Q
f 6

t∑
i=1

mi

∫
ϕ−1(Q′i)

|detϕ′|+ ε 6
t∑
i=1

∫
ϕ−1(Q′i)

(f ◦ ϕ)|detϕ′|+ ε

=

∫
ϕ−1(Q)

(f ◦ ϕ)|detϕ′|+ ε.

2d ε�?¿5� (15.29)¤á"

(3) é�K¼ê f y² ∫
ϕ(E)

f 6
∫
E

(f ◦ ϕ)|detϕ′|. (15.30)

d ϕ(E)´ Jordan�ÿ8�§é?¿� ε > 0§�3{ü8Ü A ⊆ ϕ(E)¦�

µ(ϕ(E)) 6 µ(A) + ε.

Ï� f 3 ϕ(E)þ�È§� f 3 ϕ(E)þk.§l
�3M ′ > 0¦�

|f(x)| 6M ′, ∀ x ∈ ϕ(E).

u´ ∫
ϕ(E)

f =

∫
A
f +

∫
ϕ(E)\A

f 6
∫
A
f +M · µ(ϕ(E) \A)

6
∫
A
f +M ′ε. (15.31)

yò A�¤Ãú�S:�4Ý/�¿µ

A =

h⋃
i=1

Pi,

Kd (15.29)� ∫
A
f =

h∑
i=1

∫
Pi
f 6

h∑
i=1

∫
ϕ−1(Pi)

(f ◦ ϕ)|detϕ′|

=

∫
ϕ−1(A)

(f ◦ ϕ)|detϕ′| 6
∫
E

(f ◦ ϕ)| detϕ′|.

�\ (15.31)B� ∫
ϕ(E)

f 6
∫
E

(f ◦ ϕ)| detϕ′|+M ′ε,
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2d ε�?¿5=� (15.30)¤á"

(4) é�K¼ê f y²½n 5.1"

é�È¼ê (f ◦ ϕ)| detϕ′|9N� ϕ−1A^ (15.30)§¿5¿�(
((f ◦ ϕ)|detϕ′|) ◦ ϕ−1

)
· | det(ϕ−1)′| = ((f ◦ ϕ) ◦ ϕ−1) | det(ϕ′ ◦ ϕ−1)| · | det(ϕ−1)′|

= f · | det(ϕ′ ◦ ϕ−1) · (ϕ−1)′| = f,

B�� (15.30)���Ø�ª¤á"l
é�K¼êy²
 (15.20)"

ϕ(E) E

f (f ◦ ϕ)|detϕ′|
ϕ

ϕ

ϕ−1

ϕ−1

(5) �¤½n�y²"

P

f+ =
|f |+ f

2
, f− =

|f | − f
2

,

K f+ � f− þ´ ϕ(E)þ��K�È¼ê§l
d (4)�½n(Øé f+ Ú f− ¤

á§?
�é f = f+ − f−¤á"

===íííØØØ 5.5>>>� E ´ Rn ¥��� Jordan�ÿ8§f 3 E þ�È"q� σ ´

'uCþ x1, · · · , xn�����§� σ(E) = E§K∫
E
f =

∫
E
f ◦ σ.

y². ù´Ï� σ3IOÄe�Ý
�1�ª�u 1½ −1" �

===~~~ 5.6>>>�∆3 = {(x, y, z) ∈ R3 : x > 0, y > 0, z > 0, x+ y + z 6 1}§ÁO
�

I =

∫∫∫
∆3

(x2 − y2 + 2) dx dy dz.

). dþãíØ� ∫∫∫
∆3

x2 dx dy dz =

∫∫∫
∆3

y2 dx dy dz,
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Ïd

I = 2

∫∫∫
∆3

dx dy dz =
1

3
,

þ¡���Ú^�
~ 4.6" �

O x

y

xy = a

xy = b

y2 = px

y2 = qx

===~~~ 5.7>>>� 0 < p < q§0 < a < b"¦�Ô�

y2 = px§y2 = qx9V­� xy = a§xy = b¤�¤

�4«��¡È"

). ^ DL«ù�4«�§@o

D = {(x, y) ∈ R2 : px 6 y2 6 qx, a 6 xy 6 b}.

y�CþO�

u =
y2

x
, v = xy,

K ϕ : (x, y) 7−→ (u, v)´ R2
>0�Ùg��ëY��V�§�

detϕ′ =

∣∣∣∣∣∣∣
−y

2

x2

2y

x

y x

∣∣∣∣∣∣∣ = −3y2

x
= −3u,

�
 | det(ϕ−1)′| = 1

3u
"d	§ϕ(D) = {(u, v) ∈ R2 : p 6 u 6 q, a 6 v 6 b}§u´

d½n 5.1�

µ(D) =

∫
D

1 =

∫
ϕ(D)
| det(ϕ−1)′| =

∫∫
ϕ(D)

dudv

3u

=

∫ b

a
dv

∫ q

p

1

3u
du =

1

3
(b− a) log

q

p
.

�

===~~~ 5.8>>>3ù�~f¥§·�|^CþO�­#O��e n�ü/

∆n(a) =
{

(x1, · · · , xn) : xj > 0 (1 6 j 6 n), x1 + · · ·+ xn 6 a
}

� JordanÿÝ"
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Äk§�ÄN� ϕ : (t1, · · · , tn) 7−→ (x1, · · · , xn)§Ù¥ xj = atj (1 6 j 6 n)§

K ϕ´l Rn� Rn�ëY��V�§§ò∆n(1)N�∆n(a)§¿� detϕ′ = an§¤

±

µ(∆n(a)) =

∫
∆n(a)

1 = an
∫

∆n(1)
1 = anµ(∆n(1)). (15.32)

|^ Fubini½n9þª��

µ(∆n(1)) =

∫
∆n(1)

1 =

∫ 1

0
dtn

∫
· · ·
∫

tj>0 (16j6n−1)

t1+···+tn−161−tn

dt1 · · · dtn−1

=

∫ 1

0
µ(∆n−1(1− tn)) dtn = µ(∆n−1(1))

∫ 1

0
(1− tn)n−1 dtn

=
1

n
µ(∆n−1(1)).

Ïd4í��

µ(∆n(1)) =
1

n!
µ(∆1(1)) =

1

n!
.

2òd�\ (15.32)B�

µ(∆n(a)) =
an

n!
.

15.5.3 ���


AAAÏÏÏ���CCCþþþOOO���

(1) 444���IIICCC���

�Ä²¡þ�4�IC� {
x = r cos θ,

y = r sin θ,

Ù¥ r Ú θ ©O÷v r > 0Ú 0 6 θ < 2π§@o ϕ : (r, θ) 7−→ (x, y)´l {(r, θ) :

r > 0, 0 6 θ < 2π}� R2 \ {0}�ëY��V�"Ï�

| detϕ′| =

∣∣∣∣∣cos θ −r sin θ

sin θ r cos θ

∣∣∣∣∣ = r,

¤±d½n 5.1�§éu R2 ¥� Jordan�ÿ8 D±93 Dþ�È�¼ê f 
ó§

� 0 /∈ D�k ∫∫
D

f(x, y) dx dy =

∫∫
ϕ−1(D)

f(r cos θ, r sin θ)r dr dθ.
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D

x

y�´du3Ï~�¹e§·�A^4�IC��¤

?Ø�8Ü�õ�¹�:§�
k7��ïÄ�e�

0 ∈ D�þª´Ä�,¤á"
��Bå�§�½ ϕ−1(0) = 0"é?¿� ε > 0§

P

Dε = D ∩B(0, ε)

±9 S = D \Dε§@o 0 /∈ S£ë�mã¤§u´k∫∫
S

f(x, y) dx dy =

∫∫
ϕ−1(S)

f(r cos θ, r sin θ)r dr dθ. (15.33)

qdu f 3 Dþ�È§l
 f 3 Dþk.§�=�3 ρ > 0¦�

|f(x, y)| 6 ρ, ∀ (x, y) ∈ D.

Ïd ∣∣∣∣ ∫∫
Dε

f(x, y) dx dy

∣∣∣∣ < ρ · πε2.

Ó�·��k∣∣∣∣ ∫∫
ϕ−1(Dε)

f(r cos θ, r sin θ)r dr dθ

∣∣∣∣ 6 ρ ∫∫
r∈[0,ε], θ∈[0,2π)

r dr dθ = ρ · πε2

¤±3 (15.33)ªü>©OV\þ3 DεÚ3 ϕ−1(Dε)þ�È©��∫∫
D

f(x, y) dx dy =

∫∫
ϕ−1(D)

f(r cos θ, r sin θ)r dr dθ +O(ρε2).

2d ε�?¿5�∫∫
D

f(x, y) dx dy =

∫∫
ϕ−1(D)

f(r cos θ, r sin θ)r dr dθ. (15.34)

ù`²ÃØ D´Ä�¹�:§4�I�CþO�úªo´¤á�"
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===~~~ 5.9>>>� D = {(x, y) ∈ R2 : 1 6 x2 + y2 6 4}§ÁO�

I =

∫∫
D

x2y2 dx dy.

). |^4�IC� x = r cos θ§y = r sin θ�ò DC�¤

D′ = {(r, θ) : 1 6 r 6 2, 0 6 θ < 2π},

u´

I =

∫∫
D′

(r cos θ)2(r sin θ)2r dr dθ =
1

4

∫ 2

1
r5 dr

∫ 2π

0
(sin 2θ)2 dθ =

21

8
π.

�

2

2

x

y

===~~~ 5.10>>>� D´d y ¶±9ü� x2 + y2 = 4§

(x− 1)2 + y2 = 131���¤�¤�Ü©§O�

I =

∫∫
D

y dx dy.

). 34�IC�eùü��31����Ü©

©O� r = 2 (0 6 θ 6 π/2)±9 r = 2 cos θ (0 6 θ 6

π/2)§u´ D�A/C�

D′ =

{
(r, θ) : 2 cos θ 6 r 6 2, 0 6 θ 6

π

2

}
.

Ïd

I =

∫∫
D′

(r sin θ)r dr dθ =

∫ π
2

0
sin θ dθ

∫ 2

2 cos θ
r2 dr

=
1

3

∫ π
2

0
(8− 8 cos3 θ) sin θ dθ =

8

3

(
− cos θ +

1

4
cos4 θ

)∣∣∣∣π2
0

= 2.

�

k�·�½N¬I�����4�IC�{
x = ar cos θ,

y = br sin θ,
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Ù¥ a, b´ü��~ê"d�CþO�úª (15.34)�A/C�∫∫
D

f(x, y) dx dy = ab

∫∫
ϕ−1(D)

f(ar cos θ, br sin θ)r dr dθ.

x

y

z

M

P

O

ρ
ϕ

θ

(2) ¥¥¥���IIICCC���

R3¥�¥�IC���´
x = ρ sinϕ cos θ,

y = ρ sinϕ sin θ,

z = ρ cosϕ,

Ù¥ ρ > 0§0 6 ϕ 6 π§0 6 θ < 2π"e^M(x, y, z)

L«�m R3¥�:§@o ρ=´M ��:�m�å

l"� M Ø´�:�§ϕ L«k��ã OM � z ¶���Y�"?�Ú/§�

M Ø3 z ¶þ�§eòÙ3 Oxy²¡þ�ÝKP� P (x, y, 0)§@o θL«k��

ã OP � x¶���m�Y�"·�¡ (ρ, ϕ, θ)�M �¥�I½�m4�I (polar

coordinates in the space)"

N� ψ : (ρ, ϕ, θ) 7−→ (x, y, z)´l

{(ρ, ϕ, θ) : ρ > 0, 0 < ϕ < π, 0 6 θ < 2π}

� R3 \ {(0, 0, z) : z ∈ R}�ëY��V�§¿�

detψ′ =

∣∣∣∣∣∣∣
sinϕ cos θ ρ cosϕ cos θ −ρ sinϕ sin θ

sinϕ sin θ ρ cosϕ sin θ ρ sinϕ cos θ

cosϕ −ρ sinϕ 0

∣∣∣∣∣∣∣ = ρ2 sinϕ,

Ïdd½n 5.1�§� V ´ R3 ¥� Jordan�ÿ8�3 V þk ρ2 sinϕ 6= 0�§é

u3 V þ�È�?�¼ê f k∫∫∫
V

f(x, y, z) dx dy dz

=

∫∫∫
ψ−1(V )

f(ρ sinϕ cos θ, ρ sinϕ sin θ, ρ cosϕ)ρ2 sinϕdρdϕdθ.

�´|^�4�IC�aq�?Ø�§þªé?� Jordan�ÿ8 V þ¤á"
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===~~~ 5.11>>>� V ´d¥¡ x2 + y2 + z2 = a2 (a > 0)�I¡ z =
√
x2 + y2 ¤

�¤�4«�§ÁO�

I =

∫∫∫
V

(x2 + y2 + z2) dx dy dz.

). V 3¥�IC�eC�

V ′ =

{
(ρ, ϕ, θ) ∈ R3 : 0 6 ρ 6 a, 0 6 ϕ 6

π

4
, 0 6 θ < 2π

}
,

Ïd

I =

∫∫∫
V ′

ρ2 · ρ2 sinϕdρdϕdθ =

∫ a

0
ρ4 dρ

∫ π
4

0
sinϕdϕ

∫ 2π

0
dθ =

2−
√

2

5
πa5.

�

x

y

z

M

P

O

r

z

θ

(3) ÎÎÎ���IIICCC���

R3¥�Î�IC���´
x = r cos θ,

y = r sin θ,

z = z,

Ù¥ r > 0§0 6 θ < 2π"XJò:M(x, y, z)3 Oxy

²¡þ�ÝKP� P (x, y, 0)§@o�M Ø3 z ¶þ

�§r=´�ã OP ��Ý§θL«k��ã OP � x¶���m�Y�"

N� ϕ : (r, θ, z) 7−→ (x, y, z)´l

{(r, θ, z) : r > 0, 0 6 θ < 2π}

� R3 \ {(0, 0, z) : z ∈ R}�ëY��V�§¿�

detϕ′ =

∣∣∣∣∣∣∣
cos θ −r sin θ 0

sin θ r cos θ 0

0 0 1

∣∣∣∣∣∣∣ = r.

|^�4�IC�aq�?Ø�§éu R3 ¥� Jordan�ÿ8 V ±93 V þ�È

�¼ê f k∫∫∫
V

f(x, y, z) dx dy dz =

∫∫∫
ϕ−1(V )

f(r cos θ, r sin θ, z) dr dθ dz.
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===~~~ 5.12>>>� V ´d^=�Ô¡ x2 + y2 = 2z �²¡ z = 2¤�¤�4«�§

ÁO�

I =

∫∫∫
V

x2 dx dy dz.

). Ï�È©«�'uCþ xÚ yé¡§�díØ 5.5�

I =
1

2

∫∫∫
V

(x2 + y2) dx dy dz.

V 3Î�IC�eC�

V ′ =

{
(r, θ, z) ∈ R3 : 0 6 r 6 2, 0 6 θ < 2π,

r2

2
6 z 6 2

}
,

Ïd

I =
1

2

∫∫∫
V ′

r2 · r dr dθ dz =
1

2

∫ 2π

0
dθ

∫ 2

0
r3 dr

∫ 2

r2

2

dz

=
1

2

∫ 2π

0
dθ

∫ 2

0
r3
(

2− r2

2

)
dr =

8

3
π.

�

(4) n���¥¥¥���IIICCC���

n�¥�IC���´

x1 = r cos θ1,

x2 = r sin θ1 cos θ2,

x3 = r sin θ1 sin θ2 cos θ3,

· · · · · · · · · · · · · · ·
xn−1 = r sin θ1 sin θ2 · · · sin θn−2 cos θn−1,

xn = r sin θ1 sin θ2 · · · sin θn−2 sin θn−1,

Ù¥ r > 0§0 6 θj 6 π (1 6 j 6 n− 2)§0 6 θn−1 < 2π"§´²¡4�IC�Ún

��m¥�IC�3 Rn�m¥�g,í2"

P ϕ : (r, θ1, · · · , θn−1) 7−→ (x1, · · · , xn)§e¡5O� detϕ′"�
Ö��B§
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·�5�Ä (ϕ′)T§§�u

cos θ1 sin θ1 cos θ2 sin θ1 sin θ2 cos θ3 · · · sin θ1 sin θ2 · · · sin θn−1

−r sin θ1 r cos θ1 cos θ2 r cos θ1 sin θ2 cos θ3 · · · r cos θ1 sin θ2 · · · sin θn−1

0 −r sin θ1 sin θ2 r sin θ1 cos θ2 cos θ3 · · · r sin θ1 cos θ2 · · · sin θn−1

...
...

...
...

0 0 0 · · · r sin θ1 sin θ2 · · · cos θn−1


.

r§�1�ªP� f(r, θ1, · · · , θn−1)§éT1�ªU1��Ðm§¿éÐm��ü

�fª?1Xeö�µéu cos θ1 ¤éA�fª§lÙ1�1¥JÑ r cos θ1§¿l

Ù{�1¥JÑ sin θ1§K��� f(r, θ2, · · · , θn−1)¶éu −r sin θ1 ¤éA�fª§

lÙz��¥JÑ sin θ1§K��� f(r, θ2, · · · , θn−1)"Ïd

det(ϕ′)T = f(r, θ1, · · · , θn−1) = (cos θ1) · (r cos θ1) · (sin θ1)n−2f(r, θ2, · · · , θn−1)

+ (r sin θ1) · (sin θ1)n−1f(r, θ2, · · · , θn−1)

= r(sin θ1)n−2f(r, θ2, · · · , θn−1).

u´4í��

detϕ′ = rn−1(sin θ1)n−2(sin θ2)n−3 · · · (sin θn−2).

Ïd§|^Ú4�IC�aq�?Ø��§éu Rn ¥?� Jordan�ÿ8 E ±9

3 E þ�È�¼ê f k∫
· · ·
∫

E

f(x1, · · · , xn) dx1 · · · dxn

=

∫
· · ·
∫

ϕ−1(E)

f(r cos θ1, · · · , r sin θ1 · · · sin θn−1)rn−1
n−2∏
j=1

sinj θn−1−j dr dθ1 · · · dθn−1.

===~~~ 5.13>>>� a > 0§�¼ê f 3¥

V = {(x1, · · · , xn) ∈ Rn : x2
1 + · · ·+ x2

n 6 a
2}

þ�È§y²∫
· · ·
∫

V

f
(√

x2
1 + · · ·+ x2

n

)
dx1 · · · dxn =

2π
n
2

Γ(n2 )

∫ a

0
f(r)rn−1 dr.



54 1�ÊÙ ­È©

y². |^ n�¥�IC���∫
· · ·
∫

V

f(
√
x2

1 + · · ·+ x2
n) dx1 · · · dxn

=

(∫ a

0
f(r)rn−1 dr

)(∫ 2π

0
dθn−1

) n−2∏
j=1

∫ π

0
sinj θn−1−j dθn−1−j .

(15.35)

£Áå31�oÙ~ 2.25¥é?¿��¢ê p, q½Â� B¼ê

B(p, q) =

∫ 1

0
tp−1(1− t)q−1 dt =

∫ π
2

0
(sin θ)2(p−1)(cos θ)2(q−1) · 2 sin θ cos θ dθ

= 2

∫ π
2

0
sin2p−1 θ cos2q−1 θ dθ,

�k ∫ π

0
sinj α dα = 2

∫ π
2

0
sinj α dα = B

(j + 1

2
,
1

2

)
=

Γ( j+1
2 )Γ(1

2)

Γ( j2 + 1)
=
√
π

Γ( j+1
2 )

Γ( j+2
2 )

.

òù�\ (15.35)=�∫
· · ·
∫

V

f
(√

x2
1 + · · ·+ x2

n

)
dx1 · · · dxn = 2π

(∫ a

0
f(r)rn−1 dr

) n−2∏
j=1

√
π

Γ( j+1
2 )

Γ( j+2
2 )

=
2π

n
2

Γ(n2 )

∫ a

0
f(r)rn−1 dr.

�

===555 5.14>>>AO/§3þ~¥� f �ð�u 1 �¼ê§K��� n �¥�

JordanÿÝ�
2π

n
2

n · Γ(n2 )
an.

3þª¥� n = 2=�²¡þ± a��»���¡È� πa2¶� n = 3���m¥

± a��»�¥�NÈ�
4

3
πa3¶��� n = 4��o��m¥± a��»�¥�N

È�
π2

2
a4"
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SSS KKK 15.5

1. O�e�­È©µ

(1)

∫∫
x2+y26a2

x2 sin y dx dy¶

(2)

∫∫
π26x2+y264π2

sin
√
x2 + y2 dx dy¶

(3)

∫∫
x2+y262x

√
x2 + y2 dx dy¶

(4)

∫∫
D

1

x
dx dy§Ù¥ D´d x + y = p§x + y = q (0 < p < q)§y = ax9

y = bx (0 < a < b)¤�¤�k.4«�¶

(5)

∫∫
D

x2 sinxy

y
dx dy§Ù¥D´d y2 = px§y2 = qx (0 < p < q)§x2 = ay

9 x2 = by (0 < a < b)¤�¤�k.4«�¶

(6)

∫∫∫
V

z dx dy dz§Ù¥ V ´ý¥N
x2

a2
+
y2

b2
+
z2

c2
6 1 (a, b, c > 0)�þ�

Ü©¶

(7)

∫∫∫
V

√
x2 + y2 dx dy dz§Ù¥ V ´d z =

√
x2 + y2� z = 1¤�¤�k

.4«�¶

(8)

∫∫∫
V

x2y dx dy dz§Ù¥ V ´d z = x2 + y2 � z = 2¤�¤�k.4«

�¶

(9)

∫∫∫
V

x2 dx dy dz§Ù¥ V ´d z =
√
x2 + y2 � x2 + y2 + z2 = 8¤�¤

�k.4«�"

2. O�¥ x2 + y2 + z2 6 a2 (a > 0)��Î x2 + y2 6 ax���Ü©�NÈ"

3. � 0 6 a < b§¼ê f : [a, b] −→ R�K�ëY§y²d²¡4«�{
(x, y) ∈ R2 : x ∈ [a, b], y ∈ [0, f(x)]

}
7 y¶^=¤��^=N�NÈ�

2π

∫ b

a
xf(x) dx.
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4. ¦²¡4«�
{

(x, y) : x ∈ [0, π], y ∈ [0, sinx]
}
7 y¶^=¤��^=N�N

È"

5. � 0 < a < b§0 < α < β§h > 0"V ´d­¡ z = ay2 (y > 0)§z = by2 (y >

0)§z = αx§z = βx±9 z = h¤�¤�4«�"O�

I =

∫∫∫
V

x2 dx dy dz.

6. � a > 0§V ´d (x2 + y2 + z2)2 = a2xy (a > 0)¤�¤�k.4«�÷v

z > 0�@�Ü©§O�

I =

∫∫∫
V

xyz

x2 + y2
dx dy dz.

7. � A´n��½é¡Ý
§O�

I =

∫∫∫
xTAx61

e
√
xTAx dx.

8. � a, b, cØ�� 0§f 3 RþëY§y²∫∫∫
x2+y2+z261

f(ax+ by + cz) dx dy dz = π

∫ 1

−1
(1− u2)f(ku) du,

Ù¥ k =
√
a2 + b2 + c2"

9. O� n­È©

I =

∫
· · ·
∫

[0,1]n

(x1 + · · ·+ xn)2 dx1 · · · dxn.

10. � f ´½Â3«m [0, a]þ�ëY¼ê§y²∫ a

0
dx1

∫ x1

0
dx2 · · ·

∫ xn−1

0
f(x1)f(x2) · · · f(xn) dxn =

1

n!

(∫ a

0
f(x) dx

)n
.

§ 15.6

222ÂÂÂ­­­ÈÈÈ©©©

�!�8�´�r3cA!¥ïá�­È©nØlü���?1í2µ�´?

ØÃ.8þ�È©¶�´?Øk.8þ�Ã.¼ê�È©"·�F"3��Ú��

µeeÓ�é§�?1?Ø"
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===½½½ÂÂÂ 6.1>>>� E ⊆ Rn§XJ Jordan�ÿ8� {Em}÷v

Em ⊆ Em+1 (∀ m > 1) ±9
∞⋃
m=1

Em = E,

K¡ {Em}´ E ���¡&"

===½½½ÂÂÂ 6.2>>>� E ⊆ Rn§f : E −→ R"XJéu E �¦� f 3z� Em þþ

�È�?�¡& {Em}§4�
lim
m→∞

∫
Em

f

Ñ�3���§@o·�Ò¡ f 3 E þ�È§¿òþã4��P�∫
E
f,

d��¡È©

∫
E
f Âñ"ÄKÒ¡

∫
E
f uÑ§½¡ f 3 E þØ�È"

3þã½Â¥·���Ä E �@
¡& {Em}§Ù¦� f 3z� Em þ�È"

��y {Em}÷vù�^�¯¢þ��§wå5�@o(J§e¡�Ún`²
ù
�:"

===ÚÚÚnnn 6.3>>>� E ⊆ Rn§f ´½Â3 E þ���¼ê"e�3 E ���¡&

{Em}§¦� f 3z� Emþþ�È§@oéu E �?�¡& {Fk}§�� f 3z�

Fk þk.§§Ò3z� Fk þ�È"

y². éu?¿� k§{Em ∩ Fk : m > 1}´ Fk ���¡&"y?� x ∈ Fk§
K7�3m¦� x ∈ Em ∩Fk"5¿�e x´ Em ∩Fk �S:�´ f �ëY:§K

Ù7´ f 3 Fkþ�ëY:"�
 f 3 Fkþ�ØëY:�o´ f 3,� Em ∩Fkþ
�ØëY:§�oáu,� ∂(Em ∩ Fk)"d f 3z� Em þ��È59 Lebesgue

½n�§f 3 Em ∩ Fk þ��NØëY:�¤ Lebesgue"ÿ8¶d	§Em ∩ Fk �
Jordan�ÿ5%¹
 ∂(Em ∩ Fk)´ Lebesgue"ÿ8"Ïdd·K 2.8 (2)� f 3

Fk þ��NØëY:�¤ Lebesgue"ÿ8§ù¿�X f 3 Fk þ�È" �

ù�ÚnJ2·�§ÀJ¡&��I�y¡&¥�z�8Ü� f �ÃÛ:Ñ�

±�½�ål=�"

¦+½Â 6.2 ´�é���8Ü E 
ó�§�´eã·K�Ñ§XJ E ´

Jordan�ÿ8§@où�½Â¢Sþ� RiemannÈ©

∫
E
f �½Â´�N�§ù`

²§(¢��w�´ Jordan�ÿ8þ� RiemannÈ©½Â�í2"
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===···KKK 6.4>>>� E ´ Jordan�ÿ8� f 3 E þ�È"q� Jordan�ÿ8�

{Em}÷v Em ⊆ Em+1 (∀ m > 1)±9

E =
∞⋃
j=1

Em.

@o lim
m→∞

µ(Em) = µ(E)¿�

lim
m→∞

∫
Em

f =

∫
E
f.

y². ��¡§d Em ⊆ Em+1 ⊆ E � µ(Em) 6 µ(Em+1) 6 µ(E)§�
ê

� {µ(Em)}üN4O�± µ(E)�þ.§Ïd lim
m→∞

µ(Em) 6 µ(E)",��¡§?

� ε > 0§d µ(∂E) = 0��3m�{ü8Ü S ¦� ∂E ⊆ S � µ(S) < ε"Ïd

E ∪ S = E◦ ∪ S ´m8"éz� Em ­E±þö��§�3m�{ü8Ü Sm ¦�

Em ∪ Sm´m8� µ(Sm) <
ε

2m
"5¿�

E ⊆ E ∪ S =

( ∞⋃
j=1

Em

)
∪ S ⊆

( ∞⋃
j=1

(Em ∪ Sm)

)
∪ S,

�d E ´;8��3m1 < m2 < · · · < mk ¦�

E ⊆
( k⋃
j=1

(Emj ∪ Smj )
)
∪ S =

( k⋃
j=1

Smj

)
∪ Emk ∪ S.

u´

µ(E) = µ(E) 6
k∑
j=1

µ(Smj ) + µ(Emk) + µ(S) < µ(Emk) + 2ε,

l
d ε�?¿5� µ(E) 6 lim
m→∞

µ(Em)"nþü�¡�� lim
m→∞

µ(Em) = µ(E)"

d	§d f 3 E þ��È5�íÑÙ3 E þ�k.5§=�3M > 0¦�é

?¿� x ∈ Ek |f(x)| 6M§
d Lebesgue½nN´�Ñ f 3z� Emþþ�È"

u´ ∣∣∣∣ ∫
E
f −

∫
Em

f

∣∣∣∣ =

∣∣∣∣ ∫
E\Em

f

∣∣∣∣ 6M(µ(E)− µ(Em)).

Ïddþ�ã¤�(J� lim
m→∞

∫
Em

f =

∫
E
f" �

�
�Ñ�
�½È©ñÑ5��{§·�klïÄ�K¼ê�È©m©"
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===···KKK 6.5>>>� E ⊆ Rn§f : E −→ R´���K¼ê§@o
∫
E
f Âñ�¿�

^�´µ�3 E �¡& {Em}¦� f 3z� Emþþ�È§¿�4�

lim
m→∞

∫
Em

f (15.36)

�3"

y². 7�5´w,�§ey¿©5"� {Fk}´ E �?�¡&§§¦� f 3

z� Fk þþ�È"é?¿� k§{Em ∩Fk : m > 1}´ {Fk}���¡&"Ï� f �

K§�
 ∫
Em∩Fk

f 6
∫
Em

f, ∀ m > 1.

Ïdd·K 6.4� ∫
Fk

f = lim
m→∞

∫
Em∩Fk

f 6 lim
m→∞

∫
Em

f.

u´4� lim
k→∞

∫
Fk

f �3�k

lim
k→∞

∫
Fk

f 6 lim
m→∞

∫
Em

f,

2dé¡5����Ø�ª¤á§u´

lim
k→∞

∫
Fk

f = lim
m→∞

∫
Em

f.

l


∫
E
f Âñ" �

Uì·K 6.5§éu½Â3 E þ��K¼ê
ó§�IÀ� E ���AÏ�¡

& {Em}§ÏLïÄ4� (15.36)��35Ò���

∫
E
f �Âñ5"�
�Bå�§

� E ´Ã.8� f 3 E �?�k.f8þþk.�§·�Ï~ÀJ Em�u

B(0,m) ∩ E ½ [−m,m]n ∩ E

£cJ´ùü�8Ü´ Jordan�ÿ�¤"XJ E ´ Jordan�ÿ8§¿� f ��Ü

Û:�¤ ∂E �f8 D§@o·�Ï~ÀJ

Em = E \Am,
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Ù¥ {Am} ´��{ü8Ü�§÷v Am ⊇ Am+1 ⊇ D (∀ m > 1)"AO/§�

D = {x0}�£�=´`§x0 ´ f ����Û:¤§@o·��±� Am �± x0 �

¥%§±
1

m
�>����/§�,k����B�´�

Em = E \B
(
x0,

1

m

)
.

e¡5w�
~f"

===~~~ 6.6>>>·�5�	È©∫∫
R2

e−(x2+y2) dx dy.

XJ|^ {B(0,m)}�� R2�¡&§@od4�IC��∫∫
B(0,m)

e−(x2+y2) dx dy =

∫ 2π

0
dθ

∫ m

0
e−r

2
r dr = π(1− e−m2

).

Ïd

lim
m→∞

∫∫
B(0,m)

e−(x2+y2) dx dy = π.

u´d·K 6.5�

∫∫
R2

e−(x2+y2) dx dyÂñ�Ù�� π"

,��¡§XJæ^ {[−m,m]2}�� R2�¡&§@od Fubini½n�∫∫
[−m,m]2

e−(x2+y2) dx dy =

(∫ m

−m
e−x

2
dx

)2

,

l


lim
m→∞

∫∫
[−m,m]2

e−(x2+y2) dx dy =

(∫ +∞

−∞
e−x

2
dx

)2

.

5¿�fâ®²O�Ñ
þª�ý�u π§¤±����B�¬·���
∫ +∞

−∞
e−x

2
dx =

√
π.
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x

y

O

===~~~ 6.7>>>� D´²¡þ�d x = 0§x = 1±

9 (x− 1)2 + y2 = 131���¤�¤�«�£Xm

ã¤«¤§y² ∫∫
D

1

y2
dx dy

Âñ"

y². ·�k

D = {(x, y) ∈ R2 : 0 < x < 1, y >
√

2x− x2}.

y�Ä D�¡& {Dn}§Ù¥

Dn =

{
(x, y) ∈ R2 :

1

n
6 x < 1,

√
2x− x2 < y 6 n

}
,

@o∫∫
Dn

1

y2
dx dy =

∫ 1

1
n

dx

∫ n

√
2x−x2

dy

y2
=

∫ 1

1
n

(
1√

2x− x2
− 1

n

)
dx

=

∫ 1

1
n

1√
1− (1− x)2

dx− 1

n

(
1− 1

n

)
= arcsin

(
1− 1

n

)
− 1

n

(
1− 1

n

)
−→ π

2
£� n→∞�¤.

Ïd·�¤�Ä�2ÂÈ©Âñ§�Ù��
π

2
" �

e¡·�50��
�½�K¼êÈ©ñÑ5��{"

===···KKK 6.8>>>£££'''������OOO{{{¤¤¤ � E ⊆ Rn§f � g þ´½Â3 E þ��K¼ê

¿�

f(x) 6 g(x), ∀ x ∈ E.

q��3 E �¡& {Em}¦� f � g þ3z� Em þ�È"XJ

∫
E
g Âñ§@o∫

E
f �Âñ"

y². db��§é?¿� k > 1k∫
Ek

f 6
∫
Ek

g 6 lim
m→∞

∫
Em

g,



62 1�ÊÙ ­È©

�=´`

{∫
Ek

f : k > 1

}
kþ.§Ï�

∫
Ek

f üN4O§�§7Âñ§u´d·

K 6.5�

∫
E
f Âñ" �

Q,k
'��O{§·�Ò�±ÀJ�
AÏ¼ê��IO5�O�¼ê'

�"

===···KKK 6.9>>>� E ´ Rn ���Ã.f8§f ´½Â3 E þ��K¼ê"q

�é?¿� m > 1§f 3 B(0,m) ∩ E þ�È§��3~ê p > n§¦�
1

|x|p
3

(E ∩B(0,m)) \B(0, 1) (m > 1)þ�È§¿�� |x|¿©��k

f(x)� 1

|x|p
,

@o

∫
E
f Âñ"

y². Uì'��O{§�Iy²∫
E\B(0,1)

1

|x|p
dx1 · · · dxn (15.37)

Âñ=�"P Em = (E ∩ B(0,m)) \ B(0, 1)§K {Em}´ E \ B(0, 1)���¡&"

Ï�é?¿�m > 1§d n�¥�IC��∫
Em

1

|x|p
dx1 · · · dxn 6

∫
B(0,m)\B(0,1)

1

|x|p
dx1 · · · dxn

=

(∫ m

1

1

rp−n+1
dr

)(∫ 2π

0
dθn−1

) n−2∏
j=1

∫ π

0
sinj θn−1−j dθn−1−j � 1,

Ïd

{∫
Em

1

|x|p
dx1 · · · dxn : m > 1

}
k.§l
 (15.37)¥�È©Âñ" �

aq/§éukÛ:��¹·�keã(Ø"

===···KKK 6.10>>>� E ´ Rn ¥�k.8§f ´½Â3 E þ��K¼ê§¿�

x0 ∈ ∂E ´ f ����Û:"XJ�3~ê p < n¦�� x→ x0 (x ∈ E)�k

f(x)� 1

|x− x0|p
,

@o

∫
E
f Âñ"
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e¡5?Ø��¼ê�È©"3��È©Æ¥·���§XJ2ÂÈ©ýéÂ

ñ§KÙ7Âñ§���Ø,",
d½Â 6.2¤�Ñ�2ÂÈ©�Âñ5%�d

uýéÂñ5§·�k5y²'�(J���Ü©"3y²L§¥§·�I�eã

�K¼ê�2ÂÈ©��\5"

===ÚÚÚnnn 6.11>>>� E ⊆ Rn§f � g þ´½Â3 E þ��K¼ê"XJ

∫
E
f �∫

E
gþÂñ§@o

∫
E

(f + g)�Âñ�∫
E

(f + g) =

∫
E
f +

∫
E
g. (15.38)

y². ÀJ E �¡& {Em}Ú {Fm}§¦� f 3z� Em þ�È§g3z� Fm

þ�È"N´�y {Em ∩ Fm}�´ E �¡&§¿�d·K 3.3 (2)�∫
Em∩Fm

(f + g) =

∫
Em∩Fm

f +

∫
Em∩Fm

g.

Ï�

∫
E
f �

∫
E
gþÂñ§¤±�m→∞�þªm>ªu∫

E
f +

∫
E
g,

u´d·K 6.5�

∫
E

(f + g)�Âñ�k (15.38)¤á" �

===···KKK 6.12>>>� E ⊆ Rn§f : E −→ R"XJ
∫
E
f Âñ§@o

∫
E
|f |�Âñ"

y². |^�y{"P

f+ =
|f |+ f

2
, f− =

|f | − f
2

, (15.39)

XJ

∫
E
|f |uÑ§@od |f | = f+ + f− 9Ún 6.11�

∫
E
f+�

∫
E
f−¥��k�

�uÑ§Ø��cöuÑ"

éu E �?�¦� f 3z� Em þþ�È�¡& {Em}§d·K 3.3 (1)� f+

�3z� Emþ�È"Ï� f+�K�

∫
E
f+uÑ§¤±ê�{∫

Em

f+

}
m>1

üN4OÃþ.§ù¿�X·�Ø�b�∫
Em+1

f+ >
∫
Em

|f |+
∫
Em

f+ +m, ∀ m > 1,
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�= ∫
Em+1\Em

f+ >
∫
Em

|f |+m, ∀ m > 1. (15.40)

y3�Äþª�ýÈ©¤éA� DarbouxeÚ§·����3{ü8Ü

S =
k⋃
j=1

Qj ⊆ Em+1 \ Em

¦�
k∑
j=1

mj |Qj | >
∫
Em+1\Em

f+ − 1,

Ù¥ Qj (1 6 j 6 k) ´üüÃú�S:�4Ý/§mj = inf
x∈Qj

f+(x)"5¿�

f+ = max(f, 0)§�
e^
∑∗L«é÷vmj > 0��I j ?1¦Ú§Kk

∑
16j6k

∗
mj |Qj | >

∫
Em+1\Em

f+ − 1.

Em

Ï�éuþª�ý¦Ú¥� j k

mj = inf
x∈Qj

f+(x) = inf
x∈Qj

f(x),

�eP

Pm =
⋃

16j6k

∗
Qj

£Xmã¥ÒKÜ©¤§Kk Pm ⊆ Em+1 \ Em±9∫
Pm

f >
∑

16j6k

∗
mj |Qj | >

∫
Em+1\Em

f+ − 1 >
∫
Em

|f |+m− 1, (15.41)

þ¡���Ú^�
 (15.40)"yP Fm = Em ∪ Pm§u´d Pm ⊆ Em+1 \ Em �
Fm ⊆ Fm+1§Ød�	§

∞⋃
m=1

Fm =

∞⋃
m=1

(Em ∪ Pm) = E,

Ïd {Fm}´ E ���¡&"�´d f > −|f |9 (15.41)�∫
Fm

f =

∫
Pm

f +

∫
Em

f >
∫
Pm

f −
∫
Em

|f | > m− 1,
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?
��

lim
m→∞

∫
Fm

f = +∞,

ù�

∫
E
f �Âñ5gñ" �

k
±þ(Ø§·��±5�ã2Â­È©��
Ä�5�
"

===···KKK 6.13>>>� E, F ⊆ Rn§¼ê f 3 E ∪ F þk½Â§g3 E þk½Â"

(1) e

∫
E
f Âñ§@oé?¿� a ∈ R§

∫
E
af Âñ§�k∫

E
af = a

∫
E
f.

(2) e

∫
E
f �

∫
E
gþÂñ§@o

∫
E

(f + g)�Âñ�∫
E

(f + g) =

∫
E
f +

∫
E
g.

(3) e E � F Ãú�S:§�

∫
E
f �

∫
F
f þÂñ§@o

∫
E∪F

f Âñ§¿�k∫
E∪F

f =

∫
E
f +

∫
F
f.

y². (1) �d½Â����"

(2) aquÚn 6.11�y²§·�¯¢þ�±ÀJ E �¡& {Em}§¦� f �

gþ3z� Emþ�È"y�Ä E �?�¡& {Fm}§Ù¦� f + g3z� Fmþ�

È"���J�´§ù¿Ø¿�X f ½ g3 Fm þ�È§
ù�´5Ã�?"�


�¤y²§I���
s£"Ï�3 Em∩Fmþ f � gþ�È§�d·K 3.3 (2)�∫
Fm∩Em

(f + g) =

∫
Fm∩Em

f +

∫
Fm∩Em

g. (15.42)

�´Ï�·��8I´�y²

∫
Fm

(f + g)3m→∞�Âñ§¤±7Lrù�È©

�þª�>�È©éXå5"5¿� {Fm ∩ Ek : k > 1}´ Fm���¡&§ÏdU

ì·K 6.4§·�k ∫
Fm

(f + g) = lim
k→∞

∫
Fm∩Ek

(f + g).

?
��∣∣∣∣ ∫
Fm

(f + g)−
∫
Fm∩Em

(f + g)

∣∣∣∣ = lim
k→∞

∣∣∣∣ ∫
Fm∩Ek

(f + g)−
∫
Fm∩Em

(f + g)

∣∣∣∣
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= lim
k→∞

∣∣∣∣ ∫
Fm∩(Ek\Em)

(f + g)

∣∣∣∣
6 lim

k→∞

∫
Ek\Em

(|f |+ |g|)

=

(
lim
k→∞

∫
Ek

|f | −
∫
Em

|f |
)

+

(
lim
k→∞

∫
Ek

|g| −
∫
Em

|g|
)

=

(∫
E
|f | −

∫
Em

|f |
)

+

(∫
E
|g| −

∫
Em

|g|
)
,

þªm>2ÂÈ©��35�d·K 6.12�y"yò (15.42)�\þª�>§=�∣∣∣∣ ∫
Fm

(f + g)−
∫
Fm∩Em

f −
∫
Fm∩Em

g

∣∣∣∣
6

(∫
E
|f | −

∫
Em

|f |
)

+

(∫
E
|g| −

∫
Em

|g|
)
.

(15.43)

Ï� {Fm ∩ Em}�´ E ���¡&§�


lim
m→∞

∫
Fm∩Em

f =

∫
E
f, lim

m→∞

∫
Fm∩Em

g =

∫
E
g.

d	§�m→∞� (15.43)m>ªu 0§¤±d (15.43)�

lim
m→∞

∫
Fm

(f + g) =

∫
E
f +

∫
E
g,

l
·K�y"

(3) Äk?Ø f ´�K¼ê��/"©OÀ� E Ú F �¡& {Em}9 {Fm}§
¦� f 3z� Em9 Fmþþ�È"@o {Em ∪ Fm}´ E ∪ F ���¡&§�d E

� F Ãú�S:� ∫
Em∪Fm

f =

∫
Em

f +

∫
Fm

f,

u´

lim
m→∞

∫
Em∪Fm

f =

∫
E
f +

∫
F
f.

(Ü·K 6.5Bé�K¼ê f y²
(Ø"

éu��� f§·��Äd (15.39)¤½Â�ü��K¼ê f+ � f−§5¿�

d·K 6.12�È©

∫
E
|f |�

∫
F
|f |þÂñ§2d (2)�∫

E
f+,

∫
E
f−,

∫
F
f+,

∫
F
f−
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þÂñ§l
dþ�ãé�K¼ê¤y²�(Ø�∫
E∪F

f+ �

∫
E∪F

f−

�þÂñ§�∫
E∪F

f+ =

∫
E
f+ +

∫
F
f+,

∫
E∪F

f− =

∫
E
f− +

∫
F
f−,

u´2g|^ (2)B��¤y²" �

===½½½nnn 6.14>>>�E ⊆ Rn§f : E −→ R§@o
∫
E
f Âñ��=�

∫
E
|f |Âñ"

y². 7�5�Ü©�=´·K 6.12§ey¿©5"÷^ (15.39) ¥�PÒ"

Ï� 0 6 f+, f− 6 |f |§�d'��O{��
∫
E
f+ �

∫
E
f− þÂñ"5¿�

f = f+ − f−§Ïdd·K 6.13 (2)�

∫
E
f Âñ" �

3�¤þã½n�y²�§k7�5Þ~`²�ed½Â 6.2¤�Ñ�Âñ5

½Â�1��Ù¥��2ÂÈ©ñÑ5½Â����É¤3
"�
∞∑
m=1

am ´��

Âñ?ê§·��Ä½Â3 R>1þ�¼ê

f(x) = am, e x ∈ [m,m+ 1)

@od
∞∑
m=1

am �Âñ5�2ÂÈ©

∫ +∞

1
f(x) dx31��Ù�½ÂeÂñ"y�

∞∑
k=1

amk ´
∞∑
m=1

am���­ü§eP

Ej =

j⋃
k=1

[mk,mk + 1),

@o {Ej}�¤ R>1���¡&§5¿�
∞∑
k=1

amk �Ü©ÚT´∫
Ej

f,

¤±­ü?êÂñ��=�4�

lim
j→∞

∫
Ej

f

�3"ddB�§

∫ +∞

1
f(x) dx 3½Â 6.2 �¿ÂeÂñ���7�^�´?ê

∞∑
m=1

am �?�­ü?êþÂñuÓ��§
ù��=�
∞∑
m=1

am ýéÂñ§�=
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∫ +∞

1
|f(x)|dxÂñ"Ïd�

∞∑
m=1

am^�Âñ�§2ÂÈ©

∫ +∞

1
f(x) dx�,31

��Ù�½Âe´Âñ�§�%3½Â 6.2�¿ÂeuÑ"

ÏL±þ?Ø·�uy½Â 6.2éÂñ5��¦�'1��Ù¥��2ÂÈ©

Âñ5��¦p�õ§¤±3ù�¿Âe·�U
�yÂñ�ýéÂñ��d5"

��·�5w2Â­È©�CþO�"

===½½½nnn 6.15>>>� E ´ Rn ¥�m8§ϕ : E −→ ϕ(E)´��ëY���V�§

¿�é?¿� x ∈ E
ó ϕ′(x)þ�ÛÉ"q�½Â3 ϕ(E)�¼ê f 3 ϕ(E)�?

� Jordan�ÿ;f8þ�È"@o�∫
ϕ(E)

f �

∫
E

(f ◦ ϕ)|detϕ′|

¥k��Âñ�§,��7Âñ§�k∫
ϕ(E)

f =

∫
E

(f ◦ ϕ)| detϕ′|. (15.44)

y². Ø��

∫
ϕ(E)

f Âñ"du f = f+ − f− � |f | = f+ + f−§Ïdd½n

6.14·��Ié�K¼êy²½n(Ø=�"

é��ê m§·�^>��
1

2m
�üüÃú�S:�4��/5©y Rn§ò

ù
���/¥ u B(0,m)∩ES��Ñ§¿^ EmL«§��¿8§@o {Em}
´ E ���¡&£3�öS¤"�,§z� Em þ´ Rn ¥� Jordan�ÿ;8§l


 ϕ(Em)½,"u´db�^�� f 3z� ϕ(Em)þ�È§?
dCþO�½n

�� ∫
ϕ(Em)

f =

∫
Em

(f ◦ ϕ)|detϕ′|.

y- m → ∞§Ï�d�þª�>�4��3§�
þªm>�4���3§u´
d·K 6.5�

∫
E

(f ◦ ϕ)| detϕ′|Âñ§¿� (15.44)¤á" �

SSS KKK 15.6

1. � Jordan "ÿ8� {Em} ÷v Em ⊆ Em+1 (∀ m > 1)§y²
∞⋃
m=1

Em 7´

Lebesgue"ÿ8"

2. y²8Ü [0, 1] \QØ�3¡&"
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3. � E ´ Rn¥�m8§y²½n 6.15¥�E�8Ü� {Em}´ E �¡&"

4. ?Øe�2Â­È©�ñÑ5µ

(1)

∫∫
R×[0,1]

dx dy

(1 + x2 + y2)p
¶ (2)

∫∫
x2+y2>1

dx dy

(x2 + xy + y2)p
¶

(3)

∫∫
x2+y261

dx dy

(1− x2 − y2)p
¶ (4)

∫∫
[0,a]2

dx dy

|x− y|p
"

5. y²

∫∫
[0,+∞]2

e−xy sinx dx dyuÑ"

6. � p > 0§q > 0§Á?ØÈ©

∫∫
|x|+|y|>1

dx dy

|x|p + |y|q
�ñÑ5"

7. £DirichletÈ©¤� a, p1, · · · , pnþ´�¢ê§y²∫
∆n(a)

xp1−1
1 · · ·xpn−1

n dx1 · · · dxn =
Γ(p1) · · ·Γ(pn)

Γ(p1 + · · ·+ pn + 1)
ap1+···+pn ,

Ù¥ ∆n(a)´~ 4.6¥¤½Â� n�ü/"
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NõêÆVgÑ��uåÆ�

¥"

——�B�

§ 16.1

­­­������lll���

�!�Ì�8�´0�XÛO�­��l�§d	�ò{ü0�²¡­��­

Ç"

·�Äk5���éuª�?Ø"�ÄXeã¤«± A§B �à:�­�ã§

O x

y

A

B

M1

M2

M3

�
O�T­�ã�/�Ý0§Uì4��*

:§·��3T­�ãþl A� B �g�eZ

�:

A = M0, M1, · · · , Mn−1, Mn = B,

¿ò��ü:ë�å5/¤�^ò�"�©:

�êÅìO\§�u����� max
16i6n

Mi−1Mi

ªu 0�§XJò��Ý�A/ªu,�4�§

K�òù�4�w�´�­�ã�/�Ý0"þãg��J�� Archimedes'u�

±Ç�O�"

�
òþã?Øî�z§·�5�Ä�m¥dëê�§
x = x(t),

y = y(t),

z = z(t),

t ∈ [a, b] (16.1)

70
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¤½Â�­�ã C§XJé?¿� a 6 t1 < t2 6 b§� t1 = a� t2 = bØÓ�¤á

�ok

(x(t1), y(t1), z(t1)) 6= (x(t2), y(t2), z(t2)),

K¡ C ��^{ü­�"e?�Úk (x(a), y(a), z(a)) = (x(b), y(b), z(b))§K¡ C

��^{ü4­�"3�Ö¥§XJvkA¿`²§·�¤ïÄ�­�þ´{ü­

�"

===½½½ÂÂÂ 1.1>>>e�3 s ∈ R§¦�é?¿� ε > 0
ó§�3 δ > 0§Ùéd«

m [a, b]�?¿�|÷vmax
i

∆ti < δ�©:

a = t0 < t1 < · · · < tn = b

¤½Â�­�þ�:Mi

(
x(ti), y(ti), z(ti)

)
þk∣∣∣∣ ∑

16i6n

Mi−1Mi − s
∣∣∣∣ < ε,

@oÒ¡­�ã C ´�¦��§¿¡ s� C �l�"

aq���Ñdëê�§{
x = x(t),

y = y(t),
t ∈ [a, b] (16.2)

¤(½�²¡­�ã�¦�9l��½Â"

===···KKK 1.2>>>XJ x(t)§y(t)§z(t)þ3«m [a, b]þëY��§Kd (16.1)¤

½Â�­�ã C ´�¦��§�Ùl��

s =

∫ b

a

√
[x′(t)]2 + [y′(t)]2 + [z′(t)]2 dt. (16.3)

y². �

a = t0 < t1 < · · · < tn = b

´ [a, b]��|©:§PMi

(
x(ti), y(ti), z(ti)

)
"d Lagrange¥�½n�§é?¿�

i§�3 [ti−1, ti]¥�: ζi§ξi9 ηi¦�

Mi−1Mi =
√

[x(ti)− x(ti−1)]2 + [y(ti)− y(ti−1)]2 + [z(ti)− z(ti−1)]2

=
√

[x′(ζi)]2 + [y′(ξi)]2 + [z′(ηi)]2 ∆ti,
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Ù¥∆ti = ti − ti−1"u´dMinkowskiØ�ª£1�ÙíØ 4.4¤�∣∣∣Mi−1Mi −
√

[x′(ti)]2 + [y′(ti)]2 + [z′(ti)]2 ∆ti

∣∣∣
6
√

[x′(ζi)− x′(ti)]2 + [y′(ξi)− y′(ti)]2 + [z′(ηi)− z′(ti)]2 ∆ti.

(16.4)

d	§d x′(t)§y′(t)9 z′(t)3 [a, b]þ�ëY5�§�3T«mþ��ëY§l


é?¿� ε > 0§�3 δ1 > 0§¦�é [a, b]¥÷v |t′ − t′′| < δ1�?¿ü: t′, t′′k
|x′(t′)− x′(t′′)| < ε,

|y′(t′)− y′(t′′)| < ε,

|z′(t′)− z′(t′′)| < ε.

Ï
d (16.4)�� max
i

∆ti < δ1�Òk∣∣∣Mi−1Mi −
√

[x′(ti)]2 + [y′(ti)]2 + [z′(ti)]2 ∆ti

∣∣∣ < 2ε∆ti.

é i¦ÚB�∣∣∣∣ n∑
i=1

Mi−1Mi −
n∑
i=1

√
[x′(ti)]2 + [y′(ti)]2 + [z′(ti)]2 ∆ti

∣∣∣∣ < 2ε(b− a).

5¿�d x′(t)§y′(t)9 z′(t)�ëY5�
√

[x′(t)]2 + [y′(t)]2 + [z′(t)]2 3 [a, b]þ�

È§ÏdéÓ�� ε
ó§�3 δ2 > 0§¦��max
i

∆ti < δ2�k∣∣∣∣ n∑
i=1

√
[x′(ti)]2 + [y′(ti)]2 + [z′(ti)]2 ∆ti − I

∣∣∣∣ < ε,

Ù¥ I L« (16.3)m>�È©"nþ§�max
i

∆ti < min(δ1, δ2)�k

∣∣∣∣ n∑
i=1

Mi−1Mi − I
∣∣∣∣ < [2(b− a) + 1

]
ε,

�â½Â 1.1B�­�ã C ´�¦��§�Ùl��u I" �

AO/§e� z(t) = 0 (∀ t)§K���²¡­���A(Ø"

===···KKK 1.3>>>� x(t)§y(t)3«m [a, b]þëY��§@o²¡þd (16.2)¤½

Â�­�ã C ´�¦��§�Ùl��

s =

∫ b

a

√
[x′(t)]2 + [y′(t)]2 dt. (16.5)
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e²¡þ�­�ã´d�§ y = f(x) (x ∈ [a, b])�Ñ�§Ù¥ f 3 [a, b]þë

Y��§@o·�Ò�±ò xÀ�ëê§l
d·K 1.3��T­��l��

s =

∫ b

a

√
1 + [f ′(x)]2 dx.

d	§XJ²¡þ�­�ãd4�I�§ r = r(θ) (θ ∈ [α, β])½Â§Ù¥ r(θ)3

[α, β]þëY��§@o·�Ò�òÙw�dëê�§x = r(θ) cos θ,

y = r(θ) sin θ,
θ ∈ [α, β] (16.6)

�Ñ"5¿�d�k

[x′(θ)]2 + [y′(θ)]2 =
(
r′(θ) cos θ − r(θ) sin θ

)2
+
(
r′(θ) sin θ + r(θ) cos θ

)2
= [r′(θ)]2 + [r(θ)]2,

¤±T­�ã�l��

s =

∫ β

α

√
[r′(θ)]2 + [r(θ)]2 dθ. (16.7)

===~~~ 1.4>>>� a > 0"éuXeã¤«�(/� (astroid)x = a cos3 t,

y = a sin3 t

O x

y
ó§Ù31����Ü©�l��∫ π
2

0

√
[x′(t)]2 + [y′(t)]2 dt

= 3a

∫ π
2

0

√
cos4 t sin2 t+ sin4 t cos2 t dt

= 3a

∫ π
2

0
sin t cos t dt =

3a

2
sin2 t

∣∣∣∣π2
0

=
3a

2
.

Ïddé¡5�(/��l�� 4 · 3a

2
= 6a"
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===~~~ 1.5>>>� x0 > 0§�M(x0, y0)´�Ô� y = x2/2p (p > 0)þ���:§

K­�ãøOM �l��

s =

∫ x0

0

√
1 +

( dy

dx

)2
dx =

1

p

∫ x0

0

√
x2 + p2 dx

d1ÔÙ~ 2.9�

s =
1

2p

[
x
√
x2 + p2 + p2 log(x+

√
x2 + p2)

]∣∣∣∣x0

0

=
x0

√
x2

0 + p2

2p
+
p

2
log

x0 +
√
x2

0 + p2

p
.

===~~~ 1.6>>>éArchimedesÚ� (Achimedean spiral) r = aθ (a > 0)
ó§Ù1�

O x

y
��l�£Xmã¤«¤�

s =

∫ 2π

0

√
[r′(θ)]2 + [r(θ)]2 dθ = a

∫ 2π

0

√
θ2 + 1 dθ

=
a

2

[
θ
√
θ2 + 1 + log(θ +

√
θ2 + 1)

]∣∣∣∣2π
0

=
a

2

[
2π
√

4π2 + 1 + log(2π +
√

4π2 + 1)
]
.

===~~~ 1.7>>>� a > 0§b > 0§¦�ÎÚ^�
x = a cos t

y = a sin t

z = bt

 u (a, 0, 0)Ú (a, 0, 2πb)�m��ã­��l�"

). ùü:©OéAuëê t = 0Ú t = 2π§Ïd¤¦�l��

s =

∫ 2π

0

√
(−a sin t)2 + (a cos t)2 + b2 dt = 2π

√
a2 + b2.

�

�e5·�{ü0��e²¡­��­Ç§ù�Vg�Ú\´�
�	­�3

,:?�/�­§Ý0"3ùp·��éd��
�*�?Ø§�[�Ú�¡�0

�ò35�©AÛ6�§¥�Ñ"

� A§B ´­�þ�ü:§·�Äk5wXÛ��x­�ãøAB �/�­§
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A

B

s

ϕ

Ý0"Xã¤«§��¡I�Ä­�l A� B �/^

=�Ý0§ù�ÏL�����Cz�Ý ϕ5Ýþ¶,

��¡§éuü^/^=�Ý0�Ó�­�
ó§l

���ö�/�­§Ý0A���"Ïd^ ϕ�­�

ãøAB �l� s �'�
ϕ

s
5�x­�ã�/�­§

Ý0´��Ün�ÀJ§·�òù�'�¡�­�ã

øAB �²þ­Ç"

~Xé�»� R��5`k s = Rϕ§Ïd�þ?¿�ã�²þ­Çþ�Ó�

�u
1

R
§ù���5�·��ý�´�Ó�"

Uì4��g�§·��±l²þ­Ç�VgÚÑ­�þ,:?�­Ç�V

g"äN5`§� B :÷­�� AªC�§e­�ãøAB �²þ­Çªu,½�§

·�KòT½�¡�­�3 A:?�­Ç (curvature)"

·��e5?Ø­Ç�O�¯K"�­�dëê�§ (16.2)�Ñ§Ù¥ x(t)�

y(t)þ3 [a, b]þ��ëY��§� [x′(t)]2 + [y′(t)]2 3 [a, b]þØ�u 0 1©"Ï��

�Ä:÷­��$Ä§�Ié­�½�§3d·�Uìëê t�O�5(½­��

��"y� A§B ©O´­�þéAuëê t� t + ∆t�ü:§- ∆t → 0 2© ��

A:�­Ç�

k = lim
∆t→0

∣∣∣∣∆θ∆s

∣∣∣∣,
Ù¥∆θL«l B � A�����Cz�Ý§∆sL«­�ãøAB �l�"

Äk5O�∆θ"¯¤±�§­�3 A:Ú B :?����Ç©O�

y′(t)

x′(t)
9

y′(t+ ∆t)

x′(t+ ∆t)

£e x′(t) = 0� y′(t) 6= 0§K�½ A:?����Ç� +∞¤"yP

θ(t) = arctan
y′(t)

x′(t)
, θ(t+ ∆t) = arctan

y′(t+ ∆t)

x′(t+ ∆t)
,

K θ(t)� θ(t+ ∆t)þ u«m
(
− π

2
,
π

2

]
S§Ù¥ θ(t) =

π

2
��=� x′(t) = 0�

y′(t) 6= 0"¦+ θ(t)3���¹e¿�­�3 A:?���� x¶���m�Y�

1©�,ù�^�3�¡O�¥¬�^�§�Öö��l�*þ��eù�^��7�5"
2©Ï�®é­�½�§�
ùp�∆t→ 0�=´ ∆t→ 0−"
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x

y

O

A

B

£Ï��
y′(t)

x′(t)
< 0�§T��� x¶���m�Y

�A� π + θ(t)¤§�·�%�^ θ(t + ∆t) − θ(t)�
ïþl B � A�����Cz�Ý"¯¢þ§Ï�

��¼ê± π�±Ï§�7�3 n ∈ Z¦�

|∆θ| = |θ(t+ ∆t)− θ(t) + nπ|.

�5¿� θ(t+ ∆t)� θ(t)þáu
(
− π

2
,
π

2

]
§¤±þ

ã n�U� 0½ 1§¿� n = 1��=� θ(t) =
π

2
� lim

∆t→0
θ(t+ ∆t) = −π

2
£Xþã

¤«¤"Ï
�©Xen«�¹?1?Øµ

(1) θ(t) 6= π

2
"d�k |∆θ| = |θ(t+ ∆t)− θ(t)|§l


lim
∆t→0

∣∣∣∣∆θ∆t

∣∣∣∣ =

∣∣∣∣ lim
∆t→0

θ(t+ ∆t)− θ(t)
∆t

∣∣∣∣ = |θ′(t)| = |x
′(t)y′′(t)− x′′(t)y′(t)|

[x′(t)]2 + [y′(t)]2
.

(2) θ(t) =
π

2
� lim

∆t→0
θ(t+∆t) =

π

2
"3ù«�¹e§�∆t→ 0�k

y′(t+ ∆t)

x′(t+ ∆t)
> 0§

u´�∆t→ 0� 3©

|∆θ| =
∣∣∣∣θ(t+ ∆t)− π

2

∣∣∣∣ =

∣∣∣∣ arctan
y′(t+ ∆t)

x′(t+ ∆t)
− π

2

∣∣∣∣
=

∣∣∣∣ arctan
x′(t+ ∆t)

y′(t+ ∆t)

∣∣∣∣ =

∣∣∣∣ arctan
x′(t+ ∆t)

y′(t+ ∆t)
− arctan

x′(t)

y′(t)

∣∣∣∣,
?
k

lim
∆t→0

∣∣∣∣∆θ∆t

∣∣∣∣ =

∣∣∣∣ d

dt

(
arctan

x′(t)

y′(t)

)∣∣∣∣ =
|x′(t)y′′(t)− x′′(t)y′(t)|

[x′(t)]2 + [y′(t)]2
.

(3) θ(t) =
π

2
� lim

∆t→0
θ(t+ ∆t) = −π

2
"d�

|∆θ| = |θ(t+ ∆t)− θ(t) + π| =
∣∣∣∣π2 + arctan

y′(t+ ∆t)

x′(t+ ∆t)

∣∣∣∣
=

∣∣∣∣π2 − arctan

(
− y′(t+ ∆t)

x′(t+ ∆t)

)∣∣∣∣
5¿�3ù«�¹e� ∆t→ 0�k

y′(t+ ∆t)

x′(t+ ∆t)
< 0§Ïd

|∆θ| =
∣∣∣∣ arctan

(
− x′(t+ ∆t)

y′(t+ ∆t)

)∣∣∣∣ =

∣∣∣∣ arctan
x′(t+ ∆t)

y′(t+ ∆t)
− arctan

x′(t)

y′(t)

∣∣∣∣.
3©5¿�é?¿��¢ê αþk arctanα+ arctan

1

α
=
π

2
"
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u´��

lim
∆t→0

∣∣∣∣∆θ∆t

∣∣∣∣ =

∣∣∣∣ d

dt

(
arctan

x′(t)

y′(t)

)∣∣∣∣ =
|x′(t)y′′(t)− x′′(t)y′(t)|

[x′(t)]2 + [y′(t)]2
.

nÜ±þn«�/§·�ok

lim
∆t→0

∣∣∣∣∆θ∆t

∣∣∣∣ =
|x′(t)y′′(t)− x′′(t)y′(t)|

[x′(t)]2 + [y′(t)]2
. (16.8)

25O�∆s§d·K 1.3�

|∆s| =
∣∣∣∣ ∫ t+∆t

t

√
[x′(t)]2 + [y′(t)]2 dt

∣∣∣∣,
Ïd

lim
∆t→0

∣∣∣∣∆s∆t

∣∣∣∣ =
√

[x′(t)]2 + [y′(t)]2. 4© (16.9)

d (16.8)Ú (16.9)�� A:�­Ç�

k =
|x′(t)y′′(t)− x′′(t)y′(t)|(

[x′(t)]2 + [y′(t)]2
) 3

2

. (16.10)

e­�d�§ y = f(x) (x ∈ [a, b])�Ñ§Ù¥ f(x)3 [a, b]þ��ëY��§

K�ò xÀ�ëê§l
��T­�3: (x, f(x))?�­Ç�

k =
|f ′′(x)|(

1 + [f ′(x)]2
) 3

2

.

d	§e­�d4�I�§ r = r(θ) (θ ∈ [α, β])¤½Â§Ù¥ r(θ)3 [α, β]þ��

ëY��§K�òT­�À�dëê�§ (16.6)�Ñ§u´d (16.10)�­�þé

Au θ�:?�­Ç�

k =

∣∣[r(θ)]2 + 2[r′(θ)]2 − r(θ)r′′(θ)
∣∣(

[r(θ)]2 + [r′(θ)]2
) 3

2

.

===~~~ 1.8>>>�Ô� y = x2þ± x�î�I�:?�­Ç�

k =
|y′′|

(1 + y′2)
3
2

=
2

(1 + 4x2)
3
2

.

4©¤±<�~r ds =
√

[x′(t)]2 + [y′(t)]2 dt¡�l���©"
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SSS KKK 16.1

1. O�e�²¡­�ã�l�µ

(1) y = x
3
2 (0 6 x 6 4)¶

(2) x =
1

4
y2 − 1

2
log y (1 6 y 6 e)¶

(3) {� x = a(t− sin t)§y = a(1− cos t) (0 6 t 6 2π)§Ù¥ a > 0¶

(4) x = a cos4 t§y = a sin4 t§Ù¥ a > 0¶

(5) %9� r = a(1 + cos θ)§Ù¥ a > 0¶

(6) r = a sin3 θ

3
§Ù¥ a > 0"

2. O�e��m­�ã�l�µ

(1) x = 2t§y = t2§z = log t (1 6 t 6 2)¶

(2) x2 + y2 = cz � y = x tan
z

c
���§l (0, 0, 0)� (x0, y0, z0)��ã§Ù

¥ c > 0"

3. � a > 0§y²�m¥� Viviani­�x
2 + y2 + z2 = a2

x2 + y2 = ax

�²¡þ�ý�
x2

2
+ y2 = a2k�Ó�l�"

4. ¦e�­�3�½:?�­Çµ

(1) y = log x§3: (1, 0)?¶

(2) {� x = a(t − sin t)§y = a(1 − cos t) (a > 0)§3 t 6= 2nπ (n ∈ Z)�:

?¶

(3) éêÚ� r = aebθ (a, b > 0)§3 (r0, θ0)?¶

(4) VÝ� r2 = 2a2 cos 2θ (a > 0)§3 r 6= 0�:?"

5. �{ü­� C d (16.1)¤½Â§� x(t)§y(t)� z(t)þ3 [a, b]þëY��§

·�P r = (x(t), y(t), z(t))T q� L = (L1, L2, L3)T : R3 −→ R3 ´��C�§

y²(
d(L1 ◦ r)

dt

)2

+

(
d(L2 ◦ r)

dt

)2

+

(
d(L3 ◦ r)

dt

)2

= [x′(t)]2 + [y′(t)]2 + [z′(t)]2,

?
�� C �l�3��C�e�±ØC"
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§ 16.2

111���...­­­���ÈÈÈ©©©

����Úf§·�5�Äù����¯Kµ� C ´ R3¥��^�¦�­�§

AÚ B ´§�ü�à:§­�þ©ÙX��Ý� ρ(x, y, z)�,«Ô�§XÛ¦Ù

�þº��~5��{´§÷­��g�eZ�:

A = M0, M1, · · · , Mn = B,

¿3z�­�ãýMi−1Miþ���: ξi§@o� n¿©��ýMi−1Mi�l�£P�

∆si¤þ¿©��§�^ ρ(ξi)∆si 5CqO�­�ã
ýMi−1Mi ��þ§u´ C ��

þCqu
n∑
i=1

ρ(ξi)∆si.

�©:�êÅìO\§� max
16i6n

∆si → 0�§XJþãÚªªu,k�ê§@oÒ

�±rù�k�ê�� C ��þ"

þã~fÚÑ
1�.­�È©�½Â"

===½½½ÂÂÂ 2.1>>>� C ´ R3¥��^�¦�­�§Ùüà:´ AÚ B£e C ´4

­�§K A� B ´Ó��:¤§f ´½Â3 C þ���¼ê"e�3¢ê I§¦�

é?¿� ε > 0§þ�3 δ > 0§�·�3­� C þ�g�©:

A = M0, M1, · · · , Mn−1, Mn = B

�§�� max
16i6n

∆si < δ£Ù¥ ∆si L«­�ãýMi−1Mi �l�¤§Òé?¿�

ξi ∈ýMi−1Mi (1 6 i 6 n)k ∣∣∣∣ n∑
i=1

f(ξi)∆si − I
∣∣∣∣ < ε, (16.11)

@oÒ¡ I � f 3 C þ�1�.­�È© (line integral of the first kind)§P�

I =

∫
C
f(x, y, z) ds.

AO/§� C ´4­��§·��æ^PÒ

I =

∮
C
f(x, y, z) ds.

aq�½Â� R2¥�­��'�1�.­�È©"
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===555 2.2>>>XJ1�.­�È©�3§@o§���­��½�Ã'"

d½ÂN´y²e¡�­È©aq�5�"

===···KKK 2.3>>>� C ´ R3 ¥��^�¦�­�§f � g´½Â3 C þ�ü�¼

ê§

(1) XJ f � g 3 C þ�1�.­�È©Ñ�3§Ké?¿� α, β ∈ R§αf + βg

3 C þ�1�.­�È©�3§¿�∫
C

(
αf(x, y, z) + βg(x, y, z)

)
ds = α

∫
C
f(x, y, z) ds+ β

∫
C
g(x, y, z) ds.

(2) e C = C1 ∪ C2§Ù¥ C1 � C2 þ´�¦�­�§�§��U�ú�:þ´à

:§@o� f 3 C1Ú C2þ�1�.­�È©þ�3�§f 3 C þ�1�.­

�È©��3§¿�∫
C
f(x, y, z) ds =

∫
C1

f(x, y, z) ds+

∫
C2

f(x, y, z) ds.

e¡4·�5wwXÛO�1�.­�È©"� C ´��1w­�ã§�=´

`§�dëê�§ 
x = x(t),

y = y(t),

z = z(t),

t ∈ [a, b]

�Ñ§� x(t)§y(t)Ú z(t)þ3 [a, b]þëY��"q� f ´½Â3 C þ�ëY¼

ê"y�Ä [a, b]���©y

a = t0 < t1 < · · · < tn = b,

¿3z�f«m [ti−1, ti]¥�À��: ξi§@o (16.11)¥�¦Ú�=

n∑
i=1

f(x(ξi), y(ξi), z(ξi))∆si. (16.12)

dl�úª (16.3)9È©1�¥�½n�

∆si =

∫ ti

ti−1

√
[x′(t)]2 + [y′(t)]2 + [z′(t)]2 dt =

√
[x′(ηi)]2 + [y′(ηi)]2 + [z′(ηi)]2 ·∆ti,

Ù¥∆ti = ti − ti−1§ηi ∈ [ti−1, ti]"òù�\ (16.12)��

n∑
i=1

f(x(ξi), y(ξi), z(ξi))
√

[x′(ηi)]2 + [y′(ηi)]2 + [z′(ηi)]2 ·∆ti.
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�
�Ödþª¥Ó�Ñy ξi 9 ηi ¤�5�Øþï§·�|^MinkowskiØ�ª

£1�ÙíØ 4.4¤��√
[x′(ηi)]2 + [y′(ηi)]2 + [z′(ηi)]2 −

√
[x′(ξi)]2 + [y′(ξi)]2 + [z′(ξi)]2

6
√

[x′(ηi)− x′(ξi)]2 + [y′(ηi)− y′(ξi)]2 + [z′(ηi)− z′(ξi)]2.
(16.13)

5¿� x′(t)§y′(t)9 z′(t)�ëY5%¹
§�3 [a, b]þ���ëY5§�é?¿

� ε > 0§�3 δ > 0§¦�� max
16i6n

∆ti < δ�Òk
|x′(ηi)− x′(ξi)| < ε,

|y′(ηi)− y′(ξi)| < ε,

|z′(ηi)− z′(ξi)| < ε,

d� (16.13)m>Ø�L
√

3ε"u´
n∑
i=1

f(x(ξi), y(ξi), z(ξi))∆si

=
n∑
i=1

f(x(ξi), y(ξi), z(ξi))
√

[x′(ξi)]2 + [y′(ξi)]2 + [z′(ξi)]2 ·∆ti +O((b− a)Mε),

Ù¥M = max
t∈[a,b]

|f(x(t), y(t), z(t))|§¿� O~ê´��ýé~ê"Ï�þªm>�

ÚªT´½È©∫ b

a
f(x(t), y(t), z(t))

√
[x′(t)]2 + [y′(t)]2 + [z′(t)]2 dt

¤éA� RiemannÚ§¤±ÏL��4��?Ø�±á=��∫
C
f(x, y, z) ds =

∫ b

a
f(x(t), y(t), z(t))

√
[x′(t)]2 + [y′(t)]2 + [z′(t)]2 dt. (16.14)

aq/§XJ C ´ R2¥dëê�§{
x = x(t),

y = y(t),
t ∈ [a, b]

¤�Ñ�­�ã§Ù¥ x(t)Ú y(t)þ3 [a, b]þëY��§@oéu?¿��3 C

þëY�¼ê f þk∫
C
f(x, y) ds =

∫ b

a
f(x(t), y(t))

√
[x′(t)]2 + [y′(t)]2 dt.

AO/§� C kwªL� y = ϕ(x) (a 6 x 6 b)� ϕ3 [a, b]þëY���§∫
C
f(x, y) ds =

∫ b

a
f(x, ϕ(x))

√
1 + [ϕ′(x)]2 dx.
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===~~~ 2.4>>>� C ´o©���± {(x, y) ∈ R2 : x2 + y2 = 1, x > 0, y > 0}§¦∫
C
y ds.

). C �ëê�§� {
x = cos t,

y = sin t,
t ∈

[
0,
π

2

]
.

Ïd ∫
C
y ds =

∫ π
2

0
(sin t)

√
sin2 t+ cos2 t dt =

∫ π
2

0
sin t dt = 1.

�

===~~~ 2.5>>>� C ´(/� x
2
3 + y

2
3 = a

2
3 (a > 0)§¦

∫
C

(
x

4
3 + y

4
3
)

ds"

). |^Û¼ê�¦�{�� y′ = −
(y
x

) 1
3
§u´

√
1 + y′ 2 =

(a
x

) 1
3
,

l
 ∫
C

(
x

4
3 + y

4
3
)

ds = 4

∫ a

0

(
x

4
3 +

(
a

2
3 − x

2
3
)2) · (a

x

) 1
3

dx

= 4a
1
3

∫ a

0

(
2x− 2a

2
3x

1
3 + a

4
3x−

1
3
)

dx = 4a
7
3 .

�~��ÏLëê�§ x = a cos3 t§y = a sin3 t5¦)" �

===~~~ 2.6>>>� C ´¥¡ x2 + y2 + z2 = a2 (a > 0)�²¡ x+ y + z = 0���§

O�

∫
C
x2 ds"

y

z

x

a
C

). �{�µ·�5Ïé C �ëê�§§ù

½N�ÏL�
{B��ª��§�e¡·�Q

ã����Ï^��{"5¿� C ´ u²¡

x+ y + z = 0þ�±�:�¥%§± a��»�

�§ÏdeU|^�IC�ò²¡ x+ y + z = 0

C��#�IXe�,��I²¡§@oëê�

§òéN´¼�"
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3²¡ x + y + z = 0þ?�ü�����þ§~X (1,−1, 0)T Ú (1, 1,−2)T"

ò§��T²¡�{�þ (1, 1, 1)T �3�åÒ/¤
����|§·�F"r§�

ü z���#�Ie�ü �I�þ"yòùn��þü z�|¤��Ý


M =


1√
2

1√
6

1√
3

− 1√
2

1√
6

1√
3

0 − 2√
6

1√
3

 ,
ù=´·�¤I���IC��LÞÝ
§Ïd��CþO�xy

z

 = M

uv
w

 . (16.15)

duM ´��Ý
§¤±�òþª�¤

uv
w

 = MT

xy
z

 =


1√
2
− 1√

2
0

1√
6

1√
6
− 2√

6

1√
3

1√
3

1√
3

 ·
xy
z

 ,
�=

u =
x− y√

2
, v =

x+ y − 2z√
6

, w =
x+ y + z√

3
.

3d�IC�e C ��§C�u
2 + v2 + w2 = a2,

w = 0.

�A/§|^ (16.15)��∫
C
x2 ds =

∫
C

( u√
2

+
v√
6

+
w√
3

)2
ds.

2�O� u = a cos t§v = a sin t§w = 0��∫
C
x2 ds =

∫ 2π

0

(a cos t√
2

+
a sin t√

6

)2
· a dt

= a3

∫ 2π

0

(cos2 t

2
+

sin t cos t

6
+

sin2 t

6

)
dt =

2π

3
a3.
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�{�µù´�«��|©��{"dé¡5�∫
C
x2 ds =

∫
C
y2 ds =

∫
C
z2 ds,

Ïd ∫
C
x2 ds =

1

3

∫
C

(x2 + y2 + z2) ds =
a2

3

∫
C

ds =
2π

3
a3.

�

SSS KKK 16.2

1. O�e�1�.­�È©µ

(1)

∫
C
xy ds§Ù¥ C ´ý�

x2

a2
+
y2

b2
= 1 (a, b > 0)31���S�Ü©¶

(2)

∫
C
y2 ds§Ù¥ C ´{� x = a(t− sin t)§y = a(1− cos t) (0 6 t 6 2π)¶

(3)

∫
C
z ds§Ù¥ C ´�IÚ� x = t cos t§y = t sin t§z = t (0 6 t 6 t0)¶

(4)

∫
C
yz ds§Ù¥ C ´¥¡ x2 + y2 + z2 = a2 (a > 0)�²¡ x + y + z = 0

���¶

(5)

∫
C
z ds§Ù¥ C ´ Viviani­� x2 + y2 + z2 = a2§x2 + y2 = ax (a > 0)

÷v z > 0�@�Ü©"

2. � C ´�± x2 + y2 = a2 (a > 0)§: (u, v)Ø3 C þ"|^ §14.1SK 6�

(JO�1�.­�È©

I(u, v) =

∫
C

log
1√

(x− u)2 + (y − v)2
ds.

I(u, v)�¡�ü�éê ³"

§ 16.3

111���...­­­���ÈÈÈ©©©

Äk5w��Ôn¯K"� C ´ R3¥��^­�ã§à:©O� AÚ B",

�:3å F ��^e÷­�l A� B $Ä§å F ���Ú��=��:� �k
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'§Ïd·��±r§�¤ F (x, y, z)�/ª§y¯3ù�$ÄL§¥å¤��õ

W ´õ�º�
)ûù�¯K§·��±3 C þl A� B �g�eZ:

A = M0, M1, · · · , Mn = B,

�©:�êv
õ�é­�ã�©yv
[�§��¡�ò�:÷lýMi−1Mi �$

ÄCqw�´÷�ãMi−1Mi �$Ä§,��¡��3ù�lãþråCqw�´

��~å F (ξi)§Ù¥ ξi ∈ýMi−1Mi§l
W Cqu

n∑
i=1

〈
F (ξi),

−−−−−→
Mi−1Mi

〉
,

Ù¥ 〈 , 〉L«�þ�SÈ"�,§XJÅìO\©:�ê¦�­�ã�ù
©:©
y��5�[§@oþãÚªòªuW �ý¢�"ù�~fÚÑ
Xe1�.­

�È©�½Â"

===½½½ÂÂÂ 3.1>>>� C ´ R3 ¥��^½���¦�­�§å:� A§ª:� B§

3 Cþ½Â
N� f = (P,Q,R)T : C −→ R3"e�3¢ê I§¦�é?¿� ε > 0§

þ�3 δ > 0§�·�3 C þl A� B �g�©:

A = M0, M1, · · · , Mn = B

�§�� max
16i6n

Mi−1Mi < δ§Òé?¿� ξi ∈ýMi−1Mik∣∣∣∣ n∑
i=1

〈
f(ξi),

−−−−−→
Mi−1Mi

〉
− I
∣∣∣∣ < ε,

K¡ I� f = (P,Q,R)T÷½�­�C�1�.­�È© (line integral of the second

kind)§�¡� f ÷�´øAB �1�.­�È©§P�

I =

∫
C
P dx+Qdy +R dz =

∫
öAB

P dx+Qdy +R dz. 5©

AO/§� C ´4­��§·��æ^PÒ

I =

∮
C
P dx+Qdy +R dz.

5©�¤±æ^ù«PÒ§´Ï�XJò
−−−−−→
Mi−1Mi �¤ (∆xi,∆yi,∆zi)

T �/ª§@o

n∑
i=1

〈
f(ξi),

−−−−−→
Mi−1Mi

〉
=

n∑
i=1

(
P (ξi)∆xi +Q(ξi)∆yi +R(ξi)∆zi

)
.
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===555 3.2>>>3O�1�.­�È©�§AOI�5¿�´­��½�§Ï�é

u± A, B �à:�Ó�^­�
ó§d½Â�∫
öBA

P dx+Qdy +R dz = −
∫
öAB

P dx+Qdy +R dz.

|^½ÂN´y²eã·K"

===···KKK 3.3>>>�øAB ´ R3 ¥��^�¦��½�­�§f = (P1, Q1, R1)T Ú

g = (P2, Q2, R2)Tþ´løAB � R3�N�"

(1) e f � g ÷øAB �1�.­�È©Ñ�3§Ké?¿� α, β ∈ R§αf + βg ÷

øAB �1�.­�È©��3§¿�Ù��u

α

(∫
öAB

P1 dx+Q1 dy +R1 dz

)
+ β

(∫
öAB

P2 dx+Q2 dy +R2 dz

)
.

(2) � D ´½�­�øAB þ��:§XJ f ÷øAD ÚøDB �1�.­�È©þ�

3§K f ÷øAB �1�.­�È©��3§�Ù��u(∫
öAD

P1 dx+Q1 dy +R1 dz

)
+

(∫
öDB

P1 dx+Q1 dy +R1 dz

)
.

e¡5w1�.­�È©�O�"b�½�­�øAB dëê�§
x = x(t),

y = y(t),

z = z(t)

�Ñ§t3± a§b�à:�«m¥Cz§� x(t)§y(t)Ú z(t)þ3T«mþëY�

�"q�ëê t = aéAu: A§ëê t = béAu: B"2�

f = (P,Q,R)T :øAB −→ R3

´ëYN�"y�Ä± a§b�à:�«m���©y

a = t0, t1, · · · , tn = b,

¦�:� {tn}´üN�"PMi = (x(ti), y(ti), z(ti))§¿3lãýMi−1Mi þ?��

�: ξi = (x(ηi), y(ηi), z(ηi))
T§u´k

n∑
i=1

〈
f(ξi),

−−−−−→
Mi−1Mi

〉
=

n∑
i=1

[
P (ξi)(x(ti)− x(ti−1)) +Q(ξi)(y(ti)− y(ti−1)) +R(ξi)(z(ti)− z(ti−1))

]
.

(16.16)



16.3 1�.­�È© 87

d Lagrange¥�½n�§é 1 6 i 6 n§�3 u ti−1� ti�m�¢ê αi, βi, γi¦

� 
x(ti)− x(ti−1) = x′(αi)∆ti,

y(ti)− y(ti−1) = y′(βi)∆ti,

z(ti)− z(ti−1) = z′(γi)∆ti,

Ù¥ ∆ti = ti − ti−1"òù�\ (16.16)��
n∑
i=1

〈
f(ξi),

−−−−−→
Mi−1Mi

〉
=

n∑
i=1

[
P (x(ηi), y(ηi), z(ηi)) · x′(αi) +Q(x(ηi), y(ηi), z(ηi)) · y′(βi)

+R(x(ηi), y(ηi), z(ηi)) · z′(γi)
]
∆ti.

du P, Q, R3­�þëY§¿� x(t), y(t), z(t)ëY��§¤±�þ!�?Øa

q§·��±ò αi, βi, γiþ�¤ ηi§�d´V\��{�§T{�3 ε→ 0�ªu

0"u´ÏL��4��?Ø�d½Â 3.1��∫
öBA

P dx+Qdy +R dz =

∫ b

a

[
P (x(t), y(t), z(t))x′(t) +Q(x(t), y(t), z(t))y′(t)

+R(x(t), y(t), z(t))z′(t)
]

dt.

1 2O x

y
===~~~ 3.4>>>O�1�.­�È©

I =

∫
C

(x2 + y2) dx+ (x2 − y2) dy,

Ù¥ C �²¡þ�ò� y = 1 − |1 − x| (0 6 x 6 2)§

C ����d�:Ñu²L: (1, 1)2�: (2, 0)"

). C ��§�

y =

x, e x ∈ [0, 1],

2− x, e x ∈ [1, 2].

Ïd

I =

∫ 1

0

[
(x2 + x2) + (x2 − x2)

]
dx+

∫ 2

1

[
(x2 + (2− x)2)− (x2 − (2− x)2)

]
dx

=

∫ 1

0
2x2 dx+

∫ 2

1
2(2− x)2 dx =

4

3
.

�
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===~~~ 3.5>>>O�1�.­�È©

I =

∮
C

y dx− x dy

x2 + y2
,

Ù¥ C �ý�
x2

a2
+
y2

b2
= 1 (a, b > 0)§���_����"

). |^ëê�§ x = a cos t§y = b sin t (0 6 t 6 2π)��

I =

∫ 2π

0

(a sin t)(b cos t)′ − (b cos t)(a sin t)′

a2 cos2 t+ b2 sin2 t
dt

= −ab
∫ 2π

0

dt

a2 cos2 t+ b2 sin2 t
= −2ab

∫ π

0

dt

a2 cos2 t+ b2 sin2 t
.

Ù¥ ∫ π
2

0

dt

a2 cos2 t+ b2 sin2 t
=

∫ π
2

0

d(tan t)

a2 + b2 tan2 t
=

1

ab
arctan

b tan t

a

∣∣∣∣π2
0

=
π

2ab
,

2|^é¡5��∫ π

π
2

dt

a2 cos2 t+ b2 sin2 t
=

∫ π
2

0

dt

a2 sin2 t+ b2 cos2 t
=

π

2ab
,

u´�ª�� I = −2π"

·�¬3e�!éù�~f?1í2" �

y

z

x

1

C

===~~~ 3.6>>>O�1�.­�È©

I =

∫
C

(y − z) dx+ (z − x) dy + (x− y) dz,

Ù¥ C ´ x2 + y2 = 1� x + z = 1���§��l x

¶���w´^����"

). C 3 Oxy²¡þ�ÝK´ü �§Ïd C �

ëê�§� 
x = cos θ,

y = sin θ,

z = 1− cos θ.

5¿� C �����§3 Oxy ²¡þ�ÝK����´^�����§�
 θ l

2πCz� 0§u´

I =

∫ 0

2π

[
(sin θ − 1 + cos θ)(− sin θ) + (1− 2 cos θ) cos θ + (cos θ − sin θ) sin θ

]
dθ
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=

∫ 0

2π
(−2 + sin θ + cos θ) dθ = 4π.

�

��5wüa­�È©�m�éX"b�øAB ´ R3 ¥���½���¦�­

�ã§�§��§�^l���ëêL«Ñ5
x = x(s),

y = y(s),

z = z(s),

s ∈ [0, `],

Ù¥ `´øAB�l�§sl 0üNO\� `����­����§¿� x(s)§y(s)Ú

z(s)þ3 [0, `]þëY��"q� f = (P,Q,R)T´½Â3øAB þ�ëYN�§@o∫
öAB

P dx+Qdy +R dz =

∫ `

0
(P · x′(s) +Q · y′(s) +R · z′(s)) ds.

�þ (x′(s), y′(s), z′(s))T´øAB 3: (x(s), y(s), z(s))?���þ§¿�él��O

�úª

s =

∫ s

0

√
[x′(s)]2 + [y′(s)]2 + [z′(s)]2 ds

¦���
√

[x′(s)]2 + [y′(s)]2 + [z′(s)]2 = 1§ù`² (x′(s), y′(s), z′(s))T´øAB3:

(x(s), y(s), z(s))?�ü ��þ§y^ tL«ù���þ§@o∫
öAB

P dx+Qdy +R dz =

∫ `

0
〈f, t〉ds.

Uì1�.­�È©�O�úª (16.14)§þªm>T´∫
öAB
〈f, t〉ds,

Ïd·��ª�� ∫
öAB

P dx+Qdy +R dz =

∫
öAB
〈f, t〉 ds. (16.17)

?�Ú/§XJ^ (t, x)§(t, y)Ú (t, z)©OL« t�n��I¶���Y�§K

x′(s) = cos(t, x), y′(s) = cos(t, y), z′(s) = cos(t, z),

l
k∫
öAB

P dx+Qdy +R dz =

∫
öAB

(
P · cos(t, x) +Q · cos(t, y) +R · cos(t, z)

)
ds.
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���J�´§(16.17)lL¡þw´ïá
üa­�È©�m�éX§�Ó

��`²
3·�^�e�±^1�.­�È©5½Â1�.­�È©"·�3

§17.4½Â1�.­¡È©�¬æ^ù�g�"

SSS KKK 16.3

1. O�e�1�.­�È©µ

(1)

∫
C

(x− y) dx+ (y − x) dy§Ù¥ C ´­�ã y = x3 (0 6 x 6 1)§��l

(0, 0)� (1, 1)¶

(2)

∫
C
y dx+ x2 dy§Ù¥ C ´�Ô�ã y = 4− (x− 1)2 (−1 6 x 6 3)§��

l (3, 0)� (−1, 0)¶

(3)

∫
C

dx+ dy

|x|+ |y|
§Ù¥ C ´± (1, 0)§(0, 1)§(−1, 0)Ú (0,−1)�º:���

/�>.§��÷_����¶

(4)

∫
C

(y2 − z2) dx + 2yz dy − x2 dz§Ù¥ C ´dëê�§ x = t§y = t2§

z = t3 (0 6 t 6 1)�Ñ�­�§��÷ëê tO\���¶

(5)

∫
C
y dx + z dy + x dz§Ù¥ C ´¥¡ x2 + y2 + z2 = a2 (a > 0)�²¡

x+ y + z = 0���§��l z¶���w´_����¶

(6)

∫
C

(y−z) dx+(z−x) dy+(x−y) dz§Ù¥C´¥¡ x2+y2+z2 = a2 (a > 0)

�²¡ y = x tanα (0 < α < π)���§��l x¶���w´_���

�"

2. � C ´1w­�ã§l�� s"q�¼ê P§Q3 C þëY"y²∣∣∣∣ ∫
C
P dx+Qdy

∣∣∣∣ 6Ms,

Ù¥M = max
(x,y)∈C

√
P (x, y)2 +Q(x, y)2"

3. P

IR =

∮
x2+y2=R2

y dx− x dy

(x2 + xy + y2)2
.

y² lim
R→+∞

IR = 0"
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§ 16.4

Greenúúúªªª

�!�8�´ïá²¡«�þ��­È©�÷T«�>.�1�.­�È©�

m�éX§3d�c§Äk0�«�>.�½�"

� D´ R2 ¥���k.4«�§Ù>. ∂Ddk�õ^1w­�|¤"¤¢

D

C1

C2

∂D���´�ù������§§¦���<3 ∂Dþ

÷XT��1r�§�����«��SÜo´3¦�

�>"~Xmã¤«�4«��>.dü^­� C1 Ú

C2 |¤§@o ∂D ���A�´µ­� C1 ����^

����§­� C2����_����"8�§3÷µ

4­��1�.­�È©�§3Ø\`²��¹e·�

o%@­��½����"

e¡·�lïÄ�
{ü«�m©"�

D = {(x, y) ∈ R2 : ϕ(x) 6 y 6 ψ(x), x ∈ [a, b]}, (16.18)

Ù¥ ϕ� ψþ3 [a, b]þëY§P (x, y)´½Â3Dþ�ëY��¼ê§·�5O�

a b

D

C1

C2

C3

C4

y = ψ(x)

y = ϕ(x)

x

y

O

1�.­�È© ∫
∂D

P dx.

Xmã¤«§∂D = C1 ∪ C2 ∪ C3 ∪ C4§Ù¥∫
C2

P dx =

∫
C4

P dx = 0,

Ïd ∫
∂D

P dx =

∫
C1

P dx+

∫
C3

P dx

=

∫ b

a
P (x, ϕ(x)) dx+

∫ a

b
P (x, ψ(x)) dx

=

∫ b

a

(
P (x, ϕ(x))− P (x, ψ(x))

)
dx = −

∫ b

a
dx

∫ ψ(x)

ϕ(x)

∂P

∂y
dy

= −
∫∫
D

∂P

∂y
dx dy,
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Ù¥���Ú^�
 Fubini½n£1�ÊÙ½n 4.3¤"

y� S ´ R2¥���k.4«�§e

S =
n⋃
i=1

Di,

Ù¥ DiüüÃú�S:�þ´/X (16.18)�4«�§@oéu3 S þëY���

¼ê P k ∫∫
S

∂P

∂y
dx dy =

n∑
i=1

∫∫
Di

∂P

∂y
dx dy = −

n∑
i=1

∫
∂Di

P dx.

5¿�e Di � Dj kú�>.§@o ∂Di � ∂Dj 3ù�ú�>.þ���TÐ�

�§l
3Tú�>.þ�1�.­�È©p�-�§Ïdk∫∫
S

∂P

∂y
dx dy = −

∫
∂S
P dx.

aq/§éu/X

E = {(x, y) ∈ R2 : ϕ(y) 6 x 6 ψ(y), y ∈ [c, d]} (16.19)

�4«�±93 E þëY���¼ê Q(x, y)k∫
∂E
Qdy =

∫∫
E

∂Q

∂x
dx dy.

?
éu@
U�¤üüÃú�S:�/X (16.19)�4«��¿�4«� S§±

93 S þëY���¼ê Q§·��k∫
∂S
Qdy =

∫∫
S

∂Q

∂x
dx dy.

nÜ±þü«�¹§XJ S ´ R2 ¥�k.4«�§¿�§QU�¤k�õ�

üüÃú�S:�/X (16.18)�4«��¿§�U�¤k�õ�üüÃú�S:

�/X (16.19)�4«��¿§@oéu3 S þëY���¼ê P � Qk∫
∂S
P dx+Qdy =

∫∫
S

(
∂Q

∂x
− ∂P

∂y

)
dx dy.

�Ä�Nõ4«�þ÷v±þ^�§·�Ø\y²/�Ñeã(Ø"
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===½½½nnn 4.1>>>£££Greenúúúªªª¤¤¤� S´ R2¥�k.4«�§∂Sdk�õ^©ã

1w­�|¤§e P, Q,
∂P

∂y
9

∂Q

∂x
þ3 S þëY§K

∫
∂S
P dx+Qdy =

∫∫
S

(
∂Q

∂x
− ∂P

∂y

)
dx dy, (16.20)

Ù¥ ∂S �½����"

3{¤þ§G. Greenu 1828c3ÙÍ�5ØêÆ©Û3>^nØ¥�A^6

¥én���¹JÑ
±¦¶i·¶�½n§T©��W. Thomson£��¡�

KelvinÊù¤u 1850 ∼ 1854cuLu Crelle,�[19] 6©"�!¥¤ã� Greenúª

¯¢þ´d Cauchyu 1846c�Ñ�"

3½n 4.1�^�e§2� u(x, y)3 S þëY��§@oò (16.20)¥� P �

¤ uP§¿� Q = 0��∫
∂S
uP dx = −

∫∫
S

∂(uP )

∂y
dx dy = −

∫∫
S

(
P
∂u

∂y
+ u

∂P

∂y

)
dx dy,

�=

−
∫∫
S

u
∂P

∂y
dx dy =

∫
∂S
uP dx+

∫∫
S

P
∂u

∂y
dx dy. (16.21)

Ón§3 (16.20)¥� P = 0§¿ò Q�¤ uQ��∫∫
S

u
∂Q

∂x
dx dy =

∫
∂S
uQdy −

∫∫
S

Q
∂u

∂x
dx dy. (16.22)

þ¡üª�\=�∫∫
S

(
∂Q

∂x
− ∂P
∂y

)
udx dy =

∫
∂S
u(P dx+Qdy)−

∫∫
S

(
Q
∂u

∂x
−P ∂u

∂y

)
dx dy. (16.23)

±þnªþ�¡�²¡þ�©ÜÈ©úª"

·��±|^ Greenúªò1�.­�È©�O�=z�O�­È©"

6©���Ï�Ü���ë� arXiv:0807.0088v1 [physics.hist-ph]"
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===~~~ 4.2>>>� C ��± x2 + y2 = a2 (a > 0)§���_����§O�

I =

∫
C

(x+ y) dx− (x− y) dy.

). ^DL« C ¤�¤�4«�§¿P P = x+ y§Q = y− x§Kd Greenú

ª�

I =

∫∫
D

−2 dx dy = −2πa2.

�

e¡�~f´~ 3.5�í2"

===~~~ 4.3>>>� S ´ R2 ¥���k.4«�§0 = (0, 0) ∈ S◦§� ∂S dk�õ

^1w­�|¤§O�

I =

∫
∂S

y dx− x dy

x2 + y2
,

Ù¥ ∂S ����÷­���"

). Ï� 0 ∈ S◦§��3 ε > 0 ¦� B(0, ε) ⊆ S◦"��Bå�§·�P

D = B(0, ε)§¿^ C L«Ù>."2P P =
y

x2 + y2
§Q =

−x
x2 + y2

§@o�

(x, y) 6= (0, 0)�
∂P

∂y
=

x2 − y2

(x2 + y2)2
=
∂Q

∂x
.

u´3 S \DþA^ Greenúª��(∫
∂S
P dx+Qdy

)
−
(∫

C
P dx+Qdy

)
=

∫∫
S\D

(
∂Q

∂x
− ∂P

∂y

)
dx dy = 0,

þª¥ C ����_����"l


I =

∫
∂S
P dx+Qdy =

∫
C
P dx+Qdy =

∫
C

y dx− x dy

x2 + y2

=
1

ε2

∫
C
y dx− x dy.

2gA^ Greenúª��

I =
1

ε2

∫∫
D

(−2) dx dy = −2π.

�
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Greenúª¦�<��ÏL­�È©O�4­�¤�«��¡È§¯¢þ§3

þ~)�¥����Ú·�®²ùo�
"

� S ´ R2 ¥���k.4«�§� ∂S dk�õ^1w­�|¤§@od

Greenúª�

µ(S) =

∫∫
S

dx dy =

∫
∂S
x dy = −

∫
∂S
y dx. (16.24)

�,§?�Ú/k

µ(S) =
1

2

∫
∂S
x dy − y dx. (16.25)

===~~~ 4.4>>>� a, b > 0§¦(/�x = a cos3 t,

y = b sin3 t,
t ∈ [0, 2π]

¤�4«� S �¡È"

).

µ(S) =
1

2

∫
∂S
x dy − y dx

=
1

2

∫ 2π

0

[
(a cos3 t) · (3b sin2 t cos t)− (b sin3 t) · (−3a cos2 t sin t)

]
dt

=
3ab

2

∫ 2π

0
sin2 t cos2 tdt =

3

8
πab.

�

��§·�/Ï Greenúª5?Ø1�.­�È©�´»Ã'�¯K"

�Äë�²¡þü: A§B �­�§3���¹e§÷ØÓ­��1�.­�

È© ∫
öAB

P dx+Qdy (16.26)

���7�Ó"y3I�ïÄ�¯K´§3�o�¹eþãÈ©���­��ÀJ

Ã'"�d§kÚ\üëÏ«��Vg"

===½½½ÂÂÂ 4.5>>>éu R2 ¥���«� D§XJ D¥?¿�^{ü4­�¤�¤

�«�þ�¹u D§K¡ D´üëÏ� (simply connected)§ÄK¡ D�õëÏ�

(multiply connected)½EëÏ�"
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===½½½nnn 4.6>>>� D ´ R2 ¥���üëÏ«�§P§Q§
∂P

∂y
±9

∂Q

∂x
þ3 D

þëY§Ke�·K�dµ

(1) é D ¥?¿ü: A§B ±9 D ¥l A� B �?¿ü^©ã1w­� C1§C2

k ∫
C1

P dx+Qdy =

∫
C2

P dx+Qdy,

=1�.­�È© (16.26)�´»Ã'¶

(2) éu D¥dk�õ^1w­�|¤�?�4­� C k∫
C
P dx+Qdy = 0;

(3) 3 Dþk
∂P

∂y
=
∂Q

∂x
"

y². (1)⇒ (2)µ3 C þ?�ü�ØÓ�: A§B§§�r C ©¤ü�­�ã

C1� C2"Ø�� C ����÷ C1l A� B§2÷ C2l B � A§l
d (1)�∫
C1:A→B

P dx+Qdy =

∫
C2:A→B

P dx+Qdy.

u´ ∫
C
P dx+Qdy =

∫
C1:A→B

P dx+Qdy +

∫
C2:B→A

P dx+Qdy

=

∫
C1:A→B

P dx+Qdy −
∫
C2:A→B

P dx+Qdy = 0.

(2)⇒ (3)µ���3 a ∈ D¦� ∂P

∂y
(a) 6= ∂Q

∂x
(a)"Ø��

∂Q

∂x
(a)− ∂P

∂y
(a) = δ > 0

u´d
∂P

∂y
�

∂Q

∂x
�ëY5�§�3 ε > 0¦� B(a, ε) ⊆ B(a, ε) ⊆ D§¿�3

B(a, ε)þk
∂Q

∂x
(a)− ∂P

∂y
(a) >

δ

2
§l
d Greenúª��

∫
∂B(a,ε)

P dx+Qdy =

∫∫
B(a,ε)

(
∂Q

∂x
− ∂P

∂y

)
dx dy >

δ

2
· πε2,

ù� (2)gñ"
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(3)⇒ (1)µP C �d C1 Ú C2 |¤���§Ù���÷ C1 l A� B§2÷

C2l B � A§qò C ¤�¤�4«�P� E§Kd (3)�∫
C
P dx+Qdy =

∫∫
E

(
∂Q

∂x
− ∂P

∂y

)
dx dy = 0,

Ïd ∫
C1

P dx+Qdy =

∫
C2

P dx+Qdy.

�

===~~~ 4.7>>>O�1�.­�È©

I =

∫
C

(ex sin y − y) dx+ (ex cos y − x) dy,

Ù¥ C ��± x2 + y2 = ax3 x¶þ��Ü©§���l�:�: A(a, 0)"

). P P = ex sin y − y§Q = ex cos y − x§K ∂P

∂y
=
∂Q

∂x
"Uì½n 4.6§e^

LL«l�:� A�½��ã§@o

I =

∫
L
P dx+Qdy = 0.

�

SSS KKK 16.4

1. O�e�1�.­�È©£­���þ´�éuÙ¤�k.4«����¤µ

(1)

∮
C
xy2 dy − x2y dx§Ù¥ C ´�± x2 + y2 = a2 (a > 0)¶

(2)

∮
C

(x+ y) dx− (x− y) dy§Ù¥ C ´ý�
x2

a2
+
y2

b2
= 1 (a, b > 0)¶

(3)

∮
C

(ex + y) dx + sin(x + y) dy§Ù¥ C ´± (0, 0)§(0, 1)Ú (1, 0)�º:

�n�/�>.¶

(4)

∮
C

(x+ y2) dx+ (y + x2) dy§Ù¥ C ´%9� r = a(1 + cos θ) (a > 0)"

2. |^ GreenúªO�e�­�¤�k.4«��¡Èµ

(1) y = x2� x = y231���S¤�4«�¶

(2) {� x = a(t − sin t)§y = a(1 − cos t) (0 6 t 6 2π)� x¶¤�4«�§

Ù¥ a > 0¶
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(3) %9� r = a(1 + cos θ) (a > 0)¤�4«�¶

(4) Descartes�/� x3 + y3 = 3axy (a > 0)31���S¤�4«�¶

(5) �¢� y2 = x2a− x
a+ x

(x > 0)¤�4«�§Ù¥ a > 0¶

(6) d­�
(x
a

)n
+
(y
b

)n
= 1 (a, b, n > 0)��I¶¤�4«�"

3. � a > 0§c > 0� ac− b2 > 0"q� S ´ R2 ¥���k.4«�§0 ∈ S◦§
� ∂S dk�õ^1w­�|¤§O�

I =

∫
∂S

y dx− x dy

ax2 + 2bxy + cy2
,

Ù¥ ∂S ����÷­���"

4. � l´���½��"�þ§C ´dk�õ^1w­�¤|¤�{ü4­�§

y² ∮
C

cos(l,n) ds = 0,

Ù¥ n´ C �ü 	{�þ§(l,n)L« l� n�Y�"

5. � C ´­�ã y = sinx (0 6 x 6 π)§��l (0, 0)� (π, 0)"O�∫
C
xex

2+y2
dx+ yex

2+y2
dy.

§ 16.5

AAA^̂̂

��­�È©nØ�A^§·�5ïÄNÚ¼ê"

===½½½ÂÂÂ 5.1>>>�D´��²¡£4¤«�§f ´½Â3Dþ�äk�� �ê

�¼ê§XJ3 Dþk
∂2f

∂x2
+
∂2f

∂y2
= 0,

K¡ f ´ Dþ�NÚ¼ê (harmonic function)"

Ï~P

∆f =
∂2f

∂x2
+
∂2f

∂y2
,

¿¡∆ =
∂2

∂x2
+

∂2

∂y2
� Laplace�f (Laplace operator)"
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===~~~ 5.2>>>y²¼ê f(x, y) = log
√

(x− x0)2 + (y − y0)2´ R \ {(x0, y0)}þ�
NÚ¼ê"

). ÏL{üO���§3 R \ {(x0, y0)}þk

∂2f

∂x2
=

(y − y0)2 − (x− x0)2[
(x− x0)2 + (y − y0)2

]2 , ∂2f

∂y2
=

(x− x0)2 − (y − y0)2[
(x− x0)2 + (y − y0)2

]2 ,
Ïd∆f = 0" �

2UYïÄNÚ¼ê�5��c§Äk��
O�ó�"

===ÚÚÚnnn 5.3>>>� D´²¡þdk�õ^1w­�¤�¤�k.4«�§uÚ v

´½Â3 Dþ�ü�¼ê§� u ∈ C2(D)§v ∈ C1(D)§K∫∫
D

v∆udx dy = −
∫∫
D

(
∂u

∂x

∂v

∂x
+
∂u

∂y

∂v

∂y

)
dx dy +

∫
∂D

v
∂u

∂x
dy − v∂u

∂y
dx.

y². 3 (16.23)¥ò u�¤ v§¿� P = −∂u
∂y
§Q =

∂u

∂x
B��Ñ(Ø" �

===íííØØØ 5.4>>>3Ún 5.3�^�e·�k

(1) ∫∫
D

∆udx dy =

∫
∂D

∂u

∂x
dy − ∂u

∂y
dx;

(2) e?�Úk v ∈ C2(D)§K∫∫
D

(v∆u− u∆v) dx dy =

∫
∂D

(
v
∂u

∂x
− u∂v

∂x

)
dy −

(
v
∂u

∂y
− u∂v

∂y

)
dx.

y². (1) 3Ún 5.3¥� v = 1=�§�,����d Greenúª��"

(2) 3Ún 5.3¥�� u, v � �§¿ò¤�(J�Ún 5.3¥�(J�~=

�" �

===½½½nnn 5.5>>>� D´²¡þdk�õ^1w­�¤�¤�k.4«�§f, g ∈
C2(D)�þ´ Dþ�NÚ¼ê"XJé?¿� a ∈ ∂Dk f(a) = g(a)§@oé?

¿� a ∈ D�k f(a) = g(a)"{
ó�§NÚ¼êdÙ3>.þ����(½"

y². P h = f − g§K h�´Dþ�NÚ¼ê§h ∈ C2(D)� h3 ∂Dþ��

ð� 0§·��y² h3 Dþ��þ� 0"

3Ún 5.3¥� u = v = h��∫∫
D

h∆hdx dy = −
∫∫
D

[(∂h
∂x

)2
+
(∂h
∂y

)2
]

dx dy +

∫
∂D

h
∂h

∂x
dy − h∂h

∂y
dx.



100 1�8Ù ­�È©

d∆h = 0�þª�>È©�u 0§d h3 ∂Dþ� 0�þªm>�1�.­�È©

�u 0§Ïd ∫∫
D

[(∂h
∂x

)2
+
(∂h
∂y

)2
]

dx dy = 0.

u´d ��ëY5�3 Dþk
∂h

∂x
=
∂h

∂y
= 0§l
 h3 Dþ´~�¼ê£ë�

§13.2SK 22¤"qÏ� h3 ∂Dþ��� 0§�
 h3 Dþ��� 0" �

===½½½nnn 5.6>>>£££þþþ���½½½nnn¤¤¤ � f ´½Â3«� Dþ�NÚ¼ê§a ∈ D"yP
d = inf

z∈∂D
|z − a|§@oé?¿� r ∈ (0, d)k

f(a) =
1

2πr

∫
Cr

f ds, (16.27)

Ù¥ Cr L«± a��%§± r��»�� 7©"

y². Äky² (16.27)m>� rÃ'"é?¿� 0 < r < R < d§·�^ E L

«d Cr Ú CR ¤�¤��/4«�"yP a = (x0, y0)§3 E þ¦^íØ 5.4 (2)§

¿� u = f§v = log
√

(x− x0)2 + (y − y0)2§@od u, vþ´Eþ�NÚ¼ê£ë

�~ 5.2¤�∫
∂E

(
v
∂f

∂x
− f ∂v

∂x

)
dy −

(
v
∂f

∂y
− f ∂v

∂y

)
dx =

∫∫
E

(v∆f − f∆v) dx dy = 0,

�= ∫
CR

(
v
∂f

∂x
− f ∂v

∂x

)
dy −

(
v
∂f

∂y
− f ∂v

∂y

)
dx

=

∫
Cr

(
v
∂f

∂x
− f ∂v

∂x

)
dy −

(
v
∂f

∂y
− f ∂v

∂y

)
dx

(16.28)

5¿�3 CR þok v = logR§¤±díØ 5.4 (1)�∫
CR

v
∂f

∂x
dy − v∂f

∂y
dx = (logR)

(∫
CR

∂f

∂x
dy − ∂f

∂y
dx

)
= 0.

Ón§òþª¥� R�¤ r���Ó��(J§l
 (16.28)��z{�∫
CR

f ·
(
∂v

∂x
dy − ∂v

∂y
dx

)
=

∫
Cr

f ·
(
∂v

∂x
dy − ∂v

∂y
dx

)
. (16.29)

7©ù�½n`²§NÚ¼ê3�%?���u§3�±þ�/²þ�0"
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y35O�þª�>"|^4�IC�{
x = x0 +R cos θ

y = y0 +R sin θ

��∫
CR

f ·
(
∂v

∂x
dy − ∂v

∂y
dx

)
=

∫
CR

f · ((x− x0) dy − (y − y0) dx)

(x− x0)2 + (y − y0)2
=

∫ 2π

0
f dθ

=
1

R

∫
CR

f ds.

Ó�k ∫
Cr

f ·
(
∂v

∂x
dy − ∂v

∂y
dx

)
=

1

r

∫
CR

f ds.

Ïd (16.29)�=
1

R

∫
CR

f ds =
1

r

∫
CR

f ds.

ùÒy²
 (16.27)m>� rÃ'§·�òÙ�P� A§@o- r → 0+��

A = lim
r→0+

1

2πr

∫
Cr

f ds = lim
r→0+

1

2π

∫ 2π

0
f(x0 + r cos θ, y0 + r sin θ) dθ

=
1

2π

∫ 2π

0
lim
r→0+

f(x0 + r cos θ, y0 + r sin θ) dθ

= f(x0, y0).

�

===½½½nnn 5.7>>>�D´��²¡4«�§f ´½Â3Dþ����~��NÚ¼

ê§@o f 3 D�SÜ�Ø�Ù���Ú���"

y². Ï� f ����:7´ −f ����:§¤±�Iy² f 3 DSÜ�Ø

����=�"yPM = sup
z∈D◦

f(z)§eM = +∞§@o·K®,¼y§�Ø��

M < +∞"
XJ�3 a ∈ D◦¦� f(a) = M§@oÀ� d > 0¦� B(a, d) ⊆ D◦§Kd½

n 5.6�é?¿� r ∈ (0, d)k

1

2πr

∫
Cr

f ds = f(a) = M,

Ù¥ Cr ´± a��%§± r��»��"u´

1

2πr

∫
Cr

(M − f) ds = 0.
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?
d f �ëY5�é?¿� z ∈ Cr k f(z) = M§2d r�?¿5�

f(z) = M, ∀ z ∈ B(a, d).

ù`²8ÜD1 = {z ∈ D◦ : f(z) = M}´m8"d	§d f �ëY5�D2 = {z ∈
D◦ : f(z) < M}�´m8"5¿� D1 ∪D2 = D◦ � D1 ∩D2 = ∅§�d D◦ �ë

Ï5� D1 = ∅½ D2 = ∅"XJ D2 = ∅§@o D1 = D◦§u´ f ´ D◦ þ�~�

¼ê§2d f �ëY5� f ´ Dþ�~�¼ê§ù�b�gñ"�
 D1 = ∅§�
d½n�y" �

SSS KKK 16.5

1. y² f(x, y) = arctan
y

x
´ R2 \ {(0, y) : y ∈ R}þ�NÚ¼ê"

2. ¦½Â3 Rþ�¤k��ëY��¼ê f§¦� f(x + y)´ R2 þ�NÚ¼

ê"

3. ¦½Â3 R>0 þ�¤k��ëY��¼ê f§¦� f(x2 + y2)´ R2 \ {(0, 0)}
þ�NÚ¼ê"

4. y²34�IC� {
x = r cos θ,

y = r sin θ

ek

∆f =
∂2f

∂x2
+
∂2f

∂y2
=
∂2f

∂r2
+

1

r

∂f

∂r
+

1

r2

∂2f

∂θ2
.

5. £Laplace�f3��C�e�ØC5¤� f ´NÚ¼ê§A =

[
a b
c d

]
´�

���Ý
§g(x, y) = f(ax+ by, cx+ dy)"y²∆f = ∆g"

6. £Laplace�§3�üC�e�ØC5¤� f ´NÚ¼ê§y²¼ê g(x, y) =

f

(
x

x2 + y2
,

y

x2 + y2

)
÷v

∂2g

∂x2
+
∂2g

∂y2
= 0.

7. � D ´²¡þdk�õ^1w­�¤�¤�k.«�§u ∈ C2(D)§�é D

¥?¿�^©ã1w4­� C þk∫
C

∂u

∂x
dy − ∂u

∂y
dx = 0.

y² u´ Dþ�NÚ¼ê"
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3UY
)ÔNL¡þ�>6

N�Ý�ù
L¡S	�³¼ê�

�A��m�'X�c§·��ï

á��8�é·�5`�~k^�

��5½n"T½n�±ù�5�

ã,,

—— G. Green

§ 17.1

­­­¡¡¡���¡¡¡ÈÈÈ

�!�8�´é�
AÏ­¡�ÑÙ¡È�½Â"

£Áå3?Ø­�l��·�æ^
S�ò���ª5%C­�§Ïd��g

,��{´|^S�õ¡N5%C­¡§?
ÏLO�õ¡N�L¡È±94�L

§��­¡�¡È§�¯¢þù´Ø�1�"H. A. SchwarzQé�Î¡�Ñ
��

�~§ÙÄ�g�´µ=ùS�õ¡N�z�¡��»þ¿©�§§�z�¡��

7´�~bC­¡�§ù
¡$�k�U3ÛÜ�­¡��²¡A�R�"Uìù

�g�§�
O�­¡¡È§·�A�3ÛÜÀ��­¡�~bC�²¡5��ë

�§�3­¡�z�:?þ�3�²¡�§ÀJ�²¡��ë�g,´�`�
"

,
§éuNõ~��­¡
ó§¿�3Ùz�:?þk�²¡£~X��NL¡

9I¡§§�3º:?þØ�3�²¡¤§ùr¦·�rïÄ­:�3/A�??0

k�²¡�­¡þ"

===½½½ÂÂÂ 1.1>>>� Ω´ R2 ¥���«�§D ⊆ Ω§� D´d©ã1w­�¤�

¤�k.4«�"XJ�3 Ωþ�N�

r(u, v) = (x(u, v), y(u, v), z(u, v)), (u, v) ∈ Ω (17.1)

÷v

103
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(1) r ∈ C1(Ω)¶

(2) r3D◦þ´V�§¿�é?¿� (u, v) ∈ D◦k ru × rv 6= 0§Ù¥ ×��þÈ
�

ru =
(∂x
∂u
,
∂y

∂u
,
∂z

∂u

)
, rv =

(∂x
∂v
,
∂y

∂v
,
∂z

∂v

)
,

K¡ r(D)� R3¥���1w­¡"

XJ S ⊆ R3dk�õ�1w­¡©�
¤§K¡��©¡1w­¡"

e¡·�5wwXÛ½Â1w­¡�¡È"� Ω, D, r X½Â 1.1¥¤�Ñ§

¿P S = r(D)"éu���¹u DS��Ý/

Q = [u0, u0 + ∆u]× [v0, v0 + ∆v],

N� ròÙN� S þ���ã/ Q′§@od� Peano{�� Taylorúª�

r(u0 + ∆u, v0) = ru(u0, v0) ·∆u+ o(∆u),

r(u0, v0 + ∆v) = rv(u0, v0) ·∆v + o(∆v).

5¿� ru(u0, v0) × rv(u0, v0) 6= 0§Ïd S 3: r(u0, v0) ?��²¡�3§�§

�±d ru(u0, v0) 9 rv(u0, v0) Ü¤"u´ Q′ �¡ÈA�Cq�uT�²¡þ±
r(u0, v0)�º:§d�þ ru(u0, v0) ·∆uÚ rv(u0, v0) ·∆v¤Ü¤�²1o>/�¡
È§
ù�¡È�∣∣(ru(u0, v0) ·∆u

)
×
(
rv(u0, v0) ·∆v

)∣∣ = |ru(u0, v0)× rv(u0, v0)| ·∆u∆v.

y33 uv ²¡S^²1u�I¶���òT²¡y©¤üüÃú�S:��»�

u δ�Ý/§¿òù
Ý/¥ uDSö�Ñ§2^þã�{O�§�3N� re

�ã/¡È�Cq�§rù
Cq��\=�∑
i

|ru(ξi)× rv(ξi)| ·∆ui∆vi.

@o� δ → 0�þãÚª�4��ÒA�´­¡ S �¡È"�Ä�þ¡Úª�4�

�´8Ü Dþ��­È©§¤±·��ÑXe½Â"

===½½½ÂÂÂ 1.2>>>� Ω, D, r X½Â 1.1¥¤�Ñ§S = r(D)´dëê�§ (17.1)

¤½Â�1w­¡§@o S �¡È�∫∫
D

|ru × rv|dudv. (17.2)
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XJ S ´d1w­¡ S1, · · · , Sn©�
¤�©¡1w­¡§�ù
1w­¡�
õ3­¡>.?k�:§@o·�Òr S �¡È½Â�Ã Si�¡È�Ú"

y3·�5r (17.2)¥��È¼ê^¼ê x, y, z � �L«Ñ5"��Bå

�§©Oò
∂x

∂u
,
∂y

∂u
,
∂z

∂u
P� xu, yu, zu§Ó�©Oò

∂x

∂v
,
∂y

∂v
,
∂z

∂v
P� xv, yv, zv"

XJ^ (ru, rv)L« ru� rv �m�Y�§@o

|ru × rv|2 = |ru|2 · |rv|2 sin2(ru, rv)

= |ru|2 · |rv|2(1− cos2(ru, rv))

= |ru|2 · |rv|2 − 〈ru, rv〉2.

�eP 
E = |ru|2 = x2

u + y2
u + z2

u,

F = 〈ru, rv〉 = xuxv + yuyv + zuzv,

G = |rv|2 = x2
v + y2

v + z2
v ,

(17.3)

@o |ru × rv| =
√
EG− F 2§�A/ (17.2)C�∫∫

D

√
EG− F 2 dudv. (17.4)

·�¡ E§F§G� GaussXê½­¡�1�Ä�þ"

AO/§XJ1w­¡dwª�§ z = ϕ(x, y) �Ñ§Ù¥ëê�� D ¿�

ϕ ∈ C1(D)§@o3þ¡�?Ø¥� u = x§v = y��

E = 1 + ϕ2
x, F = ϕxϕy, G = 1 + ϕ2

y,

u´
√
EG− F 2 =

√
1 + ϕ2

x + ϕ2
y§l
 S �¡È�∫∫

D

√
1 + ϕ2

x + ϕ2
y dx dy (17.5)

===~~~ 1.3>>>� a > 0§O�± a��»�¥¡ S = {(x, y, z) : x2 + y2 + z2 = a2}
�¡È"

). S �ëêL«�
x = a sinϕ cos θ,

y = a sinϕ sin θ,

z = a cosϕ,

ϕ ∈ [0, π], θ ∈ [0, 2π]
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eòN� (ϕ, θ) 7−→ (x, y, z)P� r§@o

rϕ = (a cosϕ cos θ, a cosϕ sin θ, −a sinϕ), rθ = (−a sinϕ sin θ, a sinϕ cos θ, 0),

Ïd

E = a2, F = 0, G = a2 sin2 ϕ,

l
�� S �¡È�∫∫
ϕ∈[0,π], θ∈[0,2π]

√
EG− F 2 dϕdθ =

∫∫
ϕ∈[0,π], θ∈[0,2π]

a2 sinϕdϕdθ = 4πa2.

�

===~~~ 1.4>>>£££^̂̂===­­­¡¡¡���¡¡¡ÈÈÈ¤¤¤ � f ´½Â3«m [a, b]þ��KëY��¼

ê§ÁO�d²¡þ�­� y = f(x)7 x¶^=¤��^=­¡ S �¡È"

). 3®k� Oxy²¡�Ä:þÏLmÃ{K(½ z ¶���§e¡·�3ù

��IX¥�Ñ S �ëê�§"du S ´^=­¡§¤±^L: (x, 0, 0)�R�u

x¶�²¡�� S o�±�����§ù����»� f(x)"Ïd�� S = r(D)§

Ù¥ D = [a, b]× [0, 2π]§

r(x, θ) = (x, f(x) cos θ, f(x) sin θ).

�A/k

rx = (1, f ′(x) cos θ, f ′(x) sin θ), rθ = (0, −f(x) sin θ , f(x) cos θ).

u´

E = 1 + [f ′(x)]2, F = 0, G = f(x)2,

?
�� S �¡È�∫∫
x∈[a,b], θ∈[0,2π]

√
EG− F 2 dx dθ =

∫∫
x∈[a,b], θ∈[0,2π]

f(x)
√

1 + [f ′(x)]2 dx dθ

= 2π

∫ b

a
f(x)

√
1 + [f ′(x)]2 dx.

�
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===~~~ 1.5>>>� 0 < ρ < R§O�¥¡ x2 + y2 + z2 = R2  uÎ¡ x2 + y2 = ρ2

SÜ�@�Ü©­¡�¡È"

). ¤�Ä�­¡dé¡�üÜ©|¤§·��Ä1n�I�u 0�@�Ü©§

Ù�§� z =
√
R2 − x2 − y2§Ù¥ x, y÷v x2 + y2 6 ρ2"du

∂z

∂x
= − x√

R2 − x2 − y2
,

∂z

∂y
= − y√

R2 − x2 − y2
,

¤± √
1 +

(∂z
∂x

)2
+
(∂z
∂y

)2
=

R√
R2 − x2 − y2

.

?
d (17.5)�¤¦­¡¡È�

2

∫∫
x2+y26ρ2

R√
R2 − x2 − y2

dx dy = 2R

∫ 2π

0
dθ

∫ ρ

0

r√
R2 − r2

dr

= 4πR (R−
√
R2 − ρ2 ).

�

SSS KKK 17.1

1. O�e�­¡�¡Èµ

(1) êQ¡ z = xy�Î¡ x2 + y2 = a2 (a > 0)¤��Ü©¶

(2) ý��Ô¡ z =
x2

2a
+
y2

2b
�Î¡

x2

a2
+
y2

b2
= c2 (a, b, c > 0)¤��Ü©¶

(3) Ú^¡ x = r cos θ§y = r sin θ§z = bθ (0 6 r 6 a, 0 6 θ 6 2π)§Ù¥

b > 0¶

(4) ­¡ (x2 + y2 + z2)2 = 2a2xy (a > 0)"

2. � Ω, D, rX½Â 1.1¥¤�Ñ§S = r(D)´1w­¡"q� L : R3 −→ R3

´��C�"y² |(L ◦ r)u × (L ◦ r)v| = |ru × rv|§?
�Ñ1w­¡�¡È
3��C�e�±ØC"

3. O�de�­�ã7 x¶^=¤��^=­¡�¡Èµ

(1) y =
1

3
x3 (0 6 x 6 2)¶

(2) x2 + (y − b)2 = a2 (0 < a < b)¶

(3) {� x = a(t− sin t)§y = a(1− cos t) (0 6 t 6 2π)§Ù¥ a > 0"
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4. ¦(/� x = a cos3 t§y = a sin3 t (a > 0)7�� y = x^=�¤�­¡�¡

È"

§ 17.2

111���...­­­¡¡¡ÈÈÈ©©©

aqu1�.­�È©§·��Ñ1�.­¡È©�½Â"

===½½½ÂÂÂ 2.1>>>� S ´ R3 ¥���1w­¡§f ´½Â3 S þ���¼ê"é

S �©y

S =

n⋃
i=1

Si,

Ù¥z� Si þ´1w­¡§�ù
1w­¡�õ3­¡>.?k�:"XJ�3

¢ê I§¦�é?¿� ε > 0§�3 δ > 0§�� max
16i6n

diamSi < δ§Òé?¿�

ξi ∈ Sik ∣∣∣∣ n∑
i=1

f(ξi)σ(Si)− I
∣∣∣∣ < ε,

Ù¥ σ(Si)L« Si �¡È§K¡ I � f 3 S þ�1�.­¡È© (surface integral

of the first kind)§P�

I =

∫∫
S

f(x, y, z) dS.

XJ S ´d1w­¡ S1, · · · , Sm |¤�©¡1w­¡§�ù
1w­¡�õ
3­¡>.?k�:§@o� f 3z� Siþ�1�.­¡È©Ñ�3�§½Â∫∫

S

f(x, y, z) dS =

m∑
i=1

∫∫
Si

f(x, y, z) dS.

y�1w­¡ S dëê�§

r(u, v) = (x(u, v), y(u, v), z(u, v))

�Ñ§Ù¥ëê«��D� r ∈ C1(D)"q� f ´½Â3 Sþ���ëY¼ê§@

o� §16.1¥�?Øaq§|^1w­¡�¡Èúª (17.4)��∫∫
S

f(x, y, z) dS =

∫∫
D

(f ◦ r)(u, v) · |ru × rv| dudv

=

∫∫
D

f(x(u, v), y(u, v), z(u, v))
√
EG− F 2 dudv,

(17.6)
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Ù¥ GaussXê E, F, GX (17.3)¤½Â"AO/§� S dwª�§

z = ϕ(x, y)

¤�Ñ�§·�k∫∫
S

f(x, y, z) dS =

∫∫
D

f(x, y, ϕ(x, y))
√

1 + ϕ2
x + ϕ2

y dx dy.

===~~~ 2.2>>>� a > 0§S´�¥¡ z =
√
a2 − x2 − y2§O�

∫∫
S

(x+y+ z) dS"

). �~ 1.5aq§·�k√
1 +

(∂z
∂x

)2
+
(∂z
∂y

)2
=

a√
a2 − x2 − y2

.

u´∫∫
S

(x+ y + z) dS =

∫∫
x2+y26a2

(x+ y +
√
a2 − x2 − y2 )

a√
a2 − x2 − y2

dx dy

=

∫ a

0
dr

∫ 2π

0
(r cos θ + r sin θ +

√
a2 − r2 )

a√
a2 − r2

· r dr dθ

= πa3.

�

===~~~ 2.3>>>O�

∫∫
S

z dS§Ù¥ S ´dëê�§


x = ρ cos θ,

y = ρ sin θ,

z = θ,

ρ ∈ [0, a], θ ∈ [0, 2π]

¤(½�Ú^¡��Ü©"

). ·�k

E = x2
ρ + y2

ρ + z2
ρ = cos2 θ + sin2 θ = 1,

F = xρxθ + yρyθ + zρzθ = (cos θ)(−ρ sin θ) + (sin θ)(ρ cos θ) = 0,

G = x2
θ + y2

θ + z2
θ = (−ρ sin θ)2 + (ρ cos θ)2 + 1 = ρ2 + 1,
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�
 ∫∫
S

z dS =

∫∫
ρ∈[0,a], θ∈[0,2π]

θ ·
√
ρ2 + 1 dρdθ =

∫ 2π

0
θ dθ

∫ a

0

√
ρ2 + 1 dρ

= 2π2

(
ρ

2

√
ρ2 + 1 +

1

2
log(ρ+

√
ρ2 + 1 )

)∣∣∣∣a
0

= π2a
√
a2 + 1 + π2 log(a+

√
a2 + 1 ).

�

SSS KKK 17.2

1. O�e�1�.­¡È©µ

(1)

∫∫
S

1

z
dS§Ù¥ S¥¡ x2 + y2 + z2 = a2÷v z > h (0 < h < a)�Ü©¶

(2)

∫∫
S

(x+y+z) dS§Ù¥ S´I¡ z =
√
x2 + y2��Î x2 +y2 = 2ax (a >

0)¤��Ü©¶

(3)

∫∫
S

1

(1 + x+ y)2
dS§Ù¥ S ´o¡N x + y + z 6 1§x > 0§y > 0§

z > 0�>.¶

(4)

∫∫
S

z2 dS§Ù¥ S´�IL¡��Ü© x = r cos θ sinα§y = r sin θ sinα§

z = r cosα (0 6 r 6 a, 0 6 θ 6 2π)§α ∈
(

0,
π

2

)
´��~ê"

2. O�

F (t) =

∫∫
x2+y2+z2=t2

f(x, y, z) dS,

Ù¥

f(x, y, z) =

x
2 + y2, e z >

√
x2 + y2,

0, e z <
√
x2 + y2.

3. � Ω, D, r X½Â 1.1¥¤�Ñ§S = r(D)´1w­¡§f ´½Â3 S þ�

��¼ê"q� L : R3 −→ R3´��C�"y²∫∫
L(S)

f dS =

∫∫
S

f ◦ LdS.
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4. � f ∈ C(R)§S ´¥¡ x2 + y2 + z2 = 1§y² Poissonúª∫∫
S

f(ax+ by + cz) dS = 2π

∫ 1

−1
f(u
√
a2 + b2 + c2) du.

§ 17.3

­­­¡¡¡���ýýý���½½½���

·�²�¤�>�­¡�õþ�©ÑÙüý§~X�m¥²1u Oxy ²¡�

²¡äkþýÚeý§¥¡kSýÚ	ý��"{ü5`§XJ·��^�«ôÚ

5éù
­¡?1/Ú§@o3Ø�L>.��¹e´Ã{ò­¡æH�"

===½½½ÂÂÂ 3.1>>>� S´��1w­¡§éu?¿� P ∈ S±9 Sþ�?�L: P

�4­� C§�·�À½
 P ���{�þ§¿4Ä:l P Ñu÷ C $Ä§@o

3ù�$ÄL§¥{�þ���ëYCÄ"XJ�Ä:£� P �{�þ����Ñ

u���§K¡ S�Vý­¡ (two-sided surface)"ÄK¡ S�üý­¡ (one-sided

surface)"

üý­¡(¢´�3�§��Í¶�~fÒ´Möbius� (Möbius strip)§§�

deã�ª��"òXeã¤«���/ ABCD Û=�g§2ò A, C ÊÜ§ò

B, DÊÜ§@o¤���­¡Ò´Möbius�"

A

B

D

C

A

BD

C

� S´��Vý­¡§3 Sþ��: P"XJ�½
 P ?�{�þ���§@

P

M

o S þz�:?�{�þ������(½"¯¢þ§

éu S þ?¿�:M§·�^ S þ��^­�ë� P

�M§¿4Ä:l P $Ä�M§d�{�þ����

ëYCÄ§l
�Ä:$Ä�M �ÒD�
:M �

�{�þ"I��Ñ�´§^þã�ª¤(½�M �

{�þ���ë� P �M ��´Ã'"ù´Ï�XJ

C1 � C2 ´ S þ�ü^ë� P �M �­�ã§�Ä
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:÷ùü�­�ãl P �M �¬3M :��ü������{�þ§@o4Ä:

l P ÷ C1 �M 2÷ C2 £� P �3 P :�{�þ��A��Ñu���§ù�

Vý­¡�½Âgñ"

� S ´Vý­¡�§S þ��Ü:�8ÜëÓUþã5K¤�½�z:?�{

�þ���¡�­¡ S ���½ý"

y�Vý­¡ S �>.´dk�õ^©ã1w4­�|¤§@o�·��½


S ���½ý�§B�Ueã�ª�½>.���µ���<÷{�þ��Õá¿

÷>.1r�§S o u�Ã>"·�r S ëÓþ¡é>.�½���¡� S �

��½�"Ïd§éuVý­¡
ó§À½
­¡�ýÒ(½
­¡�½�¶��§

À½
­¡>.����Ò��/û½
­¡�ý"

e¡5?Ø©¡1w­¡��¹"b� S ´dVý�1w­¡ S1, · · · , Sn ¤
�¤�©¡1w­¡§@oz� Si Ñkü�½��øÀJ"XJ�3,«ÀJ�

ª§¦�éukú�>.�?¿ü�1w­¡§§�3ú�>.þ���TÐ��§

@oÒ¡ S ´Vý�"���J�´§Möbius��,�dü�Vý­¡©�
¤§

�§Ø´Vý­¡"

� S ´��Vý�©¡1w­¡�§S ���½ý

£�A/§½�¤´� Si (1 6 i 6 n)�½ý£�A/§

½�¤�oÚ§ù
½ý¦�?¿ü�kú�>.�1

w­¡3ú�>.þ�����"mã¥�Ñ
��N

L¡���½ý"

yb�À½
 S ���½ý"XJ3,�1w­¡

þò>.���U������§@oUìþã5½§

Ù{¤k�1w­¡�>.��Ñ7L�ÑUC§UC�� S �½ý(½
 S �1

�ý"

§ 17.4

111���...­­­¡¡¡ÈÈÈ©©©

===½½½ÂÂÂ 4.1>>>� S ´��Vý­¡§�½Ù�ý§¿^ n(x, y, z)L«­¡3

: (x, y, z)?�ü {�þ§q� f = (P,Q,R)T ´½Â3 S þ���N�§XJ

1�.­¡È© ∫∫
S

〈f,n〉dS
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�3£Ù¥ 〈 , 〉L«�þ��È¤§@oÒr§��¡� f 3 S þ÷¤�½�ý

�1�.­¡È© (surface integral of the second kind)§P�∫∫
S

P dy dz +Qdz dx+R dx dy.

eP n = (cosα, cosβ, cos γ)T§@oUì½Âk∫∫
S

P dy dz +Qdz dx+R dx dy =

∫∫
S

(P cosα+Q cosβ +R cos γ) dS, (17.7)

þª�!mü>©O´1�.Ú1�.­¡È©"

===555 4.2>>>(1) d½Â�§éuÓ��Vý­¡ S 9Ó��N� f 
ó§÷Ø

Ó�ý�1�.­¡È©äk���ÎÒ"

(2) �,1�.­¡È©´ÏL1�.­¡È©5½Â�§�cö�¦­¡´

Vý�§
�ö��©½Â¥vkù��¦"

XJ S ´dVý­¡ S1, · · · , Sn |¤�Vý©¡1w­¡§¿�ù
Vý
­¡�õ3­¡>.?k�:§@o�·��½
 S ��ý§Ò¿�Xéz�

Si (1 6 i 6 n)�½
ý§d�§XJ f = (P,Q,R)T 3z� Si þ�1�.­¡È

©þ�3§K½Â f 3 S þ÷�½�ý�1�.­¡È©�∫∫
S

P dy dz +Qdz dx+R dx dy =
n∑
i=1

∫∫
Si

P dy dz +Qdz dx+R dx dy.

e¡5?Ø1�.­¡È©�O�¯K"�Vý­¡ S dëê�§
x = x(u, v),

y = y(u, v),

z = z(u, v),

(u, v) ∈ D

�Ñ"��Bå�§·�P r(u, v) = (x(u, v), y(u, v), z(u, v))T§u´

n = ± ru × rv
|ru × rv|

, (17.8)

Ù¥À��Ò½KÒ�6u­¡�½ý"|^ (17.6)��∫∫
S

P dy dz +Qdz dx+R dx dy =

∫∫
S

〈f,n〉dS = ±
∫∫
S

〈f, ru × rv〉
|ru × rv|

dS
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= ±
∫∫
D

〈f ◦ r, ru × rv〉 dudv,

Ù¥·ÜÈ

〈f ◦ r, ru × rv〉 =

∣∣∣∣∣∣∣∣∣
P ◦ r Q ◦ r R ◦ r

xu yu zu

xv yv zv

∣∣∣∣∣∣∣∣∣
= (P ◦ r)

D(y, z)

D(u, v)
+ (Q ◦ r)

D(z, x)

D(u, v)
+ (R ◦ r)

D(x, y)

D(u, v)
,

�
 ∫∫
S

P dy dz +Qdz dx+R dx dy

= ±
∫∫
D

(
P (x(u, v), y(u, v), z(u, v))

D(y, z)

D(u, v)

+Q(x(u, v), y(u, v), z(u, v))
D(z, x)

D(u, v)

+R(x(u, v), y(u, v), z(u, v))
D(x, y)

D(u, v)

)
dudv.

(17.9)

AO/§XJ S dwª�§

z = ϕ(x, y), (x, y) ∈ D

�Ñ§@o∫∫
S

P dy dz +Qdz dx+R dx dy

= ±
∫∫
D

(
− P (x, y, ϕ(x, y))

∂ϕ

∂x
−Q(x, y, ϕ(x, y))

∂ϕ

∂y
+R(x, y, ϕ(x, y))

)
dx dy.

(17.10)

·�Ñ�Lõ/`²�eþª¥ÎÒ�ÀJ¯K§��Bå�§P p =
∂ϕ

∂x
§

q =
∂ϕ

∂y
§@od (17.8)�

n = ± (−p,−q, 1)√
p2 + q2 + 1

.
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XJÀJ�Ò§@o n�1n©þ��§ù¿�X¤À��{�þ� z¶���Y

��b�§l
d�­¡�½ý�þý¶�A/§XJ3þª¥ÀJKÒ§@o­

¡�½ý�eý"¤±�éu­¡�½ý�þý½eý§·�3 (17.10)¥�A/

À��Ò½KÒ"

===~~~ 4.3>>>� S = {(x, y, z) ∈ R3 : x + y + z = 1, x, y, z > 0}§S �½ýd{
�þ (1, 1, 1)T�Ñ"O�

I =

∫∫
S

(x+ 1) dy dz + y dz dx+ dx dy.

). Ï�­¡�§� z = 1− x− y§�{�þ��� z¶��Y��b�§�

I =

∫∫
x+y61
x>0, y>0

(
− (x+ 1) · (−1)− y · (−1) + 1

)
dx dy

=

∫ 1

0
dx

∫ 1−x

0
(x+ y + 2) dy =

∫ 1

0

(
− 1

2
x2 − 2x+

5

2

)
dx =

4

3
.

�

===~~~ 4.4>>>� S ´¥¡ (x− a)2 + (y − b)2 + (z − c)2 = R2 (R > 0)§½ý�	

ý§O�

I =

∫∫
S

x2 dy dz + y2 dz dx+ z2 dx dy.

). kO�

∫∫
S

z2 dx dy"^ S1L«þ�¥¡§½ý�þý¶^ S2L«e�¥

¡§½ý�eý"@o∫∫
S

z2 dx dy =

∫∫
S1

z2 dx dy +

∫∫
S2

z2 dx dy.

·�k z− c = ±
√
R2 − (x− a)2 − (y − b)2§Ù¥3 S1þ��Ò§3 S2þ�KÒ"

du z2 = (z − c)2 + c2 + 2c(z − c)§�
þªm>�=∫∫
S1

[
(z − c)2 + c2 + 2c(z − c)

]
dx dy +

∫∫
S2

[
(z − c)2 + c2 + 2c(z − c)

]
dx dy.

Ù¥∫∫
S1

(z − c)2 dx dy +

∫∫
S2

(z − c)2 dx dy
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=

∫∫
(x−a)2+(y−b)26R2

[
R2 − (x− a)2 − (y − b)2

]
dx dy

+

(
−

∫∫
(x−a)2+(y−b)26R2

[
R2 − (x− a)2 − (y − b)2

]
dx dy

)

= 0.

Ón

∫∫
S1

c2 dx dy +

∫∫
S2

c2 dx dy = 0§Ïd

∫∫
S

z2 dx dy = 2c

∫∫
S1

(z − c) dx dy + 2c

∫∫
S2

(z − c) dx dy

= 4c

∫∫
(x−a)2+(y−b)26R2

√
R2 − (x− a)2 − (y − b)2 dx dy

= 4c

∫ 2π

0

∫ R

0

√
R2 − r2 · r dr =

8π

3
cR3.

aq�� ∫∫
S

x2 dy dz =
8π

3
aR3,

∫∫
S

y2 dz dx =
8π

3
bR3,

¤± I =
8πR3

3
(a+ b+ c)" �

===~~~ 4.5>>>� S �d x2 + y2 = z2Ú z = h (h > 0)¤�¤��I�L¡§½ý

�	ý§O�

I =

∫∫
S

(y − z) dy dz + (z − x) dz dx+ (x− y) dx dy.

x

y

z

O

h

). ^ S1L«�I.¡§½ý�þý¶^ S2L«

�Iý¡§½ý�eý"¿^ I1§I2©OL«÷ S1Ú

S2�È©§K I = I1 + I2"·�k

I1 =

∫∫
x2+y26h2

(x− y) dx dy = 0.

S2��§� z =
√
x2 + y2§Ù¥ x2 + y2 6 h2§Ïd

∂z

∂x
=

x√
x2 + y2

=
x

z
,

∂z

∂y
=

y√
x2 + y2

=
y

z
,
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�


I2 = −
∫∫

x2+y26h2

(
− (y − z) · x

z
− (z − x) · y

z
+ (x− y)

)
dx dy

= −2

∫∫
x2+y26h2

(x− y) dx dy = 0.

nþ�� I = 0" �

SSS KKK 17.4

1. O�e�1�.­¡È©µ

(1)

∫∫
S

x dy dz + y dz dx+ z dx dy§Ù¥ S´¥¡ x2 + y2 + z2 = a2 (a > 0)§

½ý�	ý¶

(2)

∫∫
S

x dy dz+ y dz dx+ z dx dy§Ù¥ S´�Î¡ x2 + y2 = 1§0 6 z 6 3§

½ý÷ÎN	ý¶

(3)

∫∫
S

1

x
dy dz +

1

y
dz dx +

1

z
dx dy§Ù¥ S ´ý¥¡

x2

a2
+
y2

b2
+
z2

c2
= 1

(a, b, c > 0)§½ý�	ý¶

(4)

∫∫
S

x2 dy dz + y2 dz dx + z2 dx dy§Ù¥ S ´�I¡ z =
√
x2 + y2 (0 6

z 6 h)§½ý�eý¶

(5)

∫∫
S

x2 dy dz + y2 dz dx+ z2 dx dy§Ù¥ S´�Ô¡ z = x2 + y2 (0 6 z 6

h)§½ý�eý¶

(6)

∫∫
S

yz dy dz+ zx dz dx+xy dx dy§Ù¥ S´l©��¥¡ x2 +y2 + z2 =

a2 (a > 0)§x > 0§y > 0§z > 0§½ý�þý"

§ 17.5

Gaussúúúªªª

3ïÄ­�È©�§·�ïá
÷4­��1�.­�È©�­�¤�«�þ

��­È©�m�éX§�=¤¢� Greenúª"éu­¡È©�kaq(J§ù

Ò´�!�0�� Gaussúª"·�kl?Ø�
{ü�/m©"
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� D´ R2¥���k.4«�§>.´�^©ã1w4­�§

V = {(x, y, z) ∈ R3 : ϕ(x, y) 6 z 6 ψ(x, y), (x, y) ∈ D}, (17.11)

x

y

z

O
z = ϕ(x, y)

z = ψ(x, y)

D

Ù¥3ëê«� D þd z = ϕ(x, y)Ú z = ψ(x, y)

¤(½�­¡þ�1w­¡"q�¼ê R ∈ C1(V )§

·�5O�1�.­¡È©∫∫
∂V

R dx dy,

3ùp­¡ ∂V �½ý�	ý"eP

S1 = {(x, y, z) ∈ R3 : z ∈ ψ(x, y), (x, y) ∈ D},

S2 = {(x, y, z) ∈ R3 : z ∈ φ(x, y), (x, y) ∈ D},

S3 = {(x, y, z) ∈ R3 : ϕ(x, y) 6 z 6 ψ(x, y), (x, y) ∈ ∂D},

@o ∂V = S1 ∪S2 ∪S3"d ∂V �½ý�§S1�½ý�þý¶S2�½ý�eý¶S3

�½ý�{�þ���XáN	"u´∫∫
∂V

R dx dy =
3∑
i=1

∫∫
Si

R dx dy.

5¿� S3�{�þ� z¶R�§�=´`{�þ¥1n©þ� 0§�d (17.7)�∫∫
S3

R dx dy = 0.

2é÷ S1Ú S2�È©A^ (17.10)��∫∫
∂V

R dx dy =

∫∫
S1

R dx dy +

∫∫
S2

R dx dy

=

∫∫
D

R(x, y, ψ(x, y)) dx dy −
∫∫
D

R(x, y, ϕ(x, y)) dx dy

=

∫∫
D

dx dy

∫ ψ(x,y)

ϕ(x,y)

∂R

∂z
(x, y, z) dz =

∫∫∫
V

∂R

∂z
dx dy dz,

þ¡���Ú^�
 Fubini½n"
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aq/§XJ

V = {(x, y, z) ∈ R3 : ϕ(y, z) 6 x 6 ψ(y, z), (y, z) ∈ D}, (17.12)

¿� P ∈ C1(V )§@o ∫∫
∂V

P dy dz =

∫∫∫
V

∂P

∂x
dx dy dz.

Ó�/§XJ

V = {(x, y, z) ∈ R3 : ϕ(x, z) 6 y 6 ψ(x, z), (x, z) ∈ D}, (17.13)

¿� Q ∈ C1(V )§@o ∫∫
∂V

Qdz dx =

∫∫∫
V

∂Q

∂y
dx dy dz.

���/§XJ V QU�¤k�õ�/X (17.11)�«��¿§�U�¤k�

õ�/X (17.12)�«��¿§�U�¤k�õ�/X (17.13)�«��¿§@oa

qu Greenúª�?Ø��∫∫
∂V

P dy dz +Qdz dx+R dx dy =

∫∫∫
V

(
∂P

∂x
+
∂Q

∂y
+
∂R

∂z

)
dx dy dz,

ùp ∂V �½ý�	ý"�Ä�Nõ4«�þ÷v±þ^�§·�Ø\y²/�Ñ

eã(Ø"

===½½½nnn 5.1>>>£££Gaussúúúªªª 1©¤¤¤� V ´ R3¥���k.4«�§∂V dk�õ

�Vý�©¡1w­¡|¤§½ý�	ý"q� P, Q, R ∈ C1(V )§K∫∫
∂V

P dy dz +Qdz dx+R dx dy =

∫∫∫
V

(
∂P

∂x
+
∂Q

∂y
+
∂R

∂z

)
dx dy dz.

e- f = (P,Q,R)T§@oÏ~P

div f =
∂P

∂x
+
∂Q

∂y
+
∂R

∂z
,

¿¡��N� f �ÑÝ (divergence)§Ïd Gaussúª��¡�ÑÝ½n"

1©��¡�Ostrogradski�úª"
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===~~~ 5.2>>>·�£�þ!~ 4.4§3@pI�é¥¡

S : (x− a)2 + (y − b)2 + (z − c)2 = R2 (R > 0)

O�1�.­¡È©

I =

∫∫
S

x2 dy dz + y2 dz dx+ z2 dx dy,

ùp S �½ý�	ý"|^ Gaussúª��

I = 2

∫∫∫
(x−a)2+(y−b)2+(z−c)26R2

(x+ y + z) dx dy dz

= 2

∫∫∫
x2+y2+z26R2

[(x+ a) + (y + b) + (z + c)] dx dy dz

= 2

∫∫∫
x2+y2+z26R2

(x+ y + z) dx dy dz +
8πR3

3
(a+ b+ c).

dé¡5�∫∫∫
x2+y2+z26R2

x dx dy dz =

∫∫∫
x2+y2+z26R2

y dx dy dz =

∫∫∫
x2+y2+z26R2

z dx dy dz = 0.

u´ I =
8πR3

3
(a+ b+ c)"

===~~~ 5.3>>>� S´^=�Ô¡ z = x2 + y2 (0 6 z 6 2)§S�½ý�eý§O�

1�.­¡È©

I =

∫∫
S

2xz dy dz + (y + cosx) dz dx− z2 dx dy.

). P S1 = {(x, y, z) ∈ R3 : x2 + y2 6 2, z = 2}§½ý�þý§¿^ V L«d

S Ú S1¤�¤�«�§@od Gaussúª�∫∫
S∪S1

2xz dy dz + (y + cosx) dz dx− z2 dx dy =

∫∫∫
V

dx dy dz =

∫ 2

0
πz dz = 2π.

Ïd

I = 2π −
(∫∫
S1

2xz dy dz + (y + cosx) dz dx− z2 dx dy

)
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= 2π + 4

∫∫
x2+y262

dx dy = 2π + 8π = 10π.

�

SSS KKK 17.5

1. |^ GaussúªO�e�1�.­¡È©µ

(1)

∫∫
S

x2 dy dz + y2 dz dx + z2 dx dy§Ù¥ S ´á�N [0, a]3 �>.§½ý

�	ý¶

(2)

∫∫
S

(x + y) dy dz + (y + z) dz dx + (z + x) dx dy§Ù¥ S ´ý¥¡
x2

a2
+

y2

b2
+
z2

c2
= 1 (a, b, c > 0)§½ý�	ý¶

(3)

∫∫
S

xy dy dz + (y + z) dz dx+ (z2 + x) dx dy§Ù¥ S ´o¡N

x+ y + z 6 a (a > 0), x > 0, y > 0, z > 0

�>.§½ý�	ý¶

(4)

∫∫
S

(x− y + z) dy dz + (y − z + x) dz dx+ (z − x+ y) dx dy§Ù¥ S ´á

N |x− y + z|+ |y − z + x|+ |z − x+ y| 6 1�>.§½ý�	ý"

2. � V ´ R3 ¥���k.4«�§∂V dk�õ�Vý�©¡1w­¡|¤§

½ý�	ý"q� P, Q, R, u ∈ C1(V )"y²n­È©�©ÜÈ©úª∫∫∫
V

u ·
(
∂P

∂x
+
∂Q

∂y
+
∂R

∂z

)
dx dy dz =

∫∫
∂V

u · (P dy dz +Qdz dx+R dx dy)

−
∫∫∫
V

(
P · ∂u

∂x
+Q · ∂u

∂y
+R · ∂u

∂z

)
dx dy dz

3. � a, b, c > 0§O� ∫∫
S

x dy dz + y dz dx+ z dx dy

(ax2 + by2 + cz2)
3
2

,

Ù¥ S ´¥¡ x2 + y2 + z2 = 1§½ý�	ý"
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4. � V ´ R3¥���«�§y²µ

(1) e f : V −→ R3 � g : V −→ R3 þ´ C1 a�§Ké?¿� α, β ∈ Rk
div (αf + βg) = αdiv f + βdiv g¶

(2) e f : V −→ R� g : V −→ R3þ´ C1a�§K

div (f · g) = f · div g + 〈g, grad f〉.

5. � f ����§r =
√
x2 + y2 + z2"3 r 6= 0�O� div (grad f(r))§¿`²

=
 f ¦�é?¿� r 6= 0k div (grad f(r)) = 0"

§ 17.6

Stokesúúúªªª

§16.3¥¤�Ñ� Greenúª?Ø�´²¡«���/§·�F"é����

�m­¡��aq(J§�=´ïá­¡þ�­¡È©�÷T­¡>.�­�È©

�m�éX"

·�5?Ø��AÏ�/"b�Vý�1w­¡ S dëê�§
x = x(u, v),

y = y(u, v),

z = z(u, v),

(u, v) ∈ D (17.14)

�Ñ§� x(u, v)§y(u, v)Ú z(u, v)þ3 Dþ��ëY��"��Bå�§P

r(u, v) = (x(u, v), y(u, v), z(u, v)).

qb� ∂D´1w­�§§�dëê�§{
u = u(t),

v = v(t),
t ∈ [a, b]

�Ñ§Ù¥ u(t)Ú v(t)þ3 [a, b]þëY��"2�¼ê P§Q§Rþ3�¹ S �

,�m8þëY��"

yÀ� S ��ý§£Áå S �ý�ÏL (17.8)¥��KÒ5(½§�Ø�b

�¤À��´¦ (17.8) ¥��Ò�@�ý"dù�½ý�(½ ∂S �½�£ë�

§17.3¤"·�5O�1�.­�È©∫
∂S
P dx+Qdy +R dz.



17.6 Stokesúª 123

ÏLmÃ{K3 Ouv ²¡�Ä:þïán��m Ouvw§@o D ��w�´

 uù��m� Ouv ²¡þ���­¡§3ù�¿Âe D�kþýÚeý"Ï�

®²À½
 S ��ý¿�dù�½ý®û½
 ∂S �½�§¤±N� rÓ��D�


 D�½ý±9 ∂D�½�§�,§∂D�½��´�éu D�½ý���"�


{üå�§·��?Ø D�½ý´þý��¹§dù�½ý¤(½� ∂D�½�¦

�·�ò D­#w� R2 ¥�«��§∂D�½�T´÷T«����§ù¦�·

��±A^ Greenúªò÷ ∂D�1�.­�È©� Dþ��­È©éXå5"

Äk5O� ∫
∂S
P dx.

Ø�b��cëê�§�À�¦� tl a� bCz�éAu ∂S ���§u´Uì

1�.­�È©�O�úª��∫
∂S
P dx =

∫ b

a
P · ∂x

∂t
dt =

∫ b

a
P ·
(
∂x

∂u
· u′(t) +

∂x

∂v
· v′(t)

)
dt

=

∫
∂D

P · ∂x
∂u

du+ P · ∂x
∂v

dv,

þªm>´÷²¡«� D�>.����1�.­�È©§¤±d Greenúª�∫
∂S
P dx =

∫∫
D

[
∂

∂u

(
P · ∂x

∂v

)
− ∂

∂v

(
P · ∂x

∂u

)]
dudv

=

∫∫
D

[(
∂P

∂u
· ∂x
∂v

+ P · ∂
2x

∂u∂v

)
−
(
∂P

∂v
· ∂x
∂u

+ P · ∂
2x

∂v∂u

)]
dudv

=

∫∫
D

(
∂P

∂u
· ∂x
∂v
− ∂P

∂v
· ∂x
∂u

)
dudv.

·��±|^EÜ¼ê �êúª5O�����ªf¥��È¼ê§

∂P

∂u
· ∂x
∂v
− ∂P

∂v
· ∂x
∂u

=

(
∂P

∂x
· ∂x
∂u

+
∂P

∂y
· ∂y
∂u

+
∂P

∂z
· ∂z
∂u

)
· ∂x
∂v

−
(
∂P

∂x
· ∂x
∂v

+
∂P

∂y
· ∂y
∂v

+
∂P

∂z
· ∂z
∂v

)
· ∂x
∂u

=
∂P

∂z
·
(
∂z

∂u
· ∂x
∂v
− ∂z

∂v
· ∂x
∂u

)
− ∂P

∂y
·
(
∂x

∂u
· ∂y
∂v
− ∂x

∂v
· ∂y
∂u

)
=
∂P

∂z
· D(z, x)

D(u, v)
− ∂P

∂y
· D(x, y)

D(u, v)
.
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Ïd ∫
∂S
P dx =

∫∫
D

(
∂P

∂z
· D(z, x)

D(u, v)
− ∂P

∂y
· D(x, y)

D(u, v)

)
dudv.

2d1�.­¡È©�O�úª (17.9)B��ª��∫
∂S
P dx =

∫∫
S

∂P

∂z
dz dx− ∂P

∂y
dx dy.

aq/§ ∫
∂S
Qdy =

∫∫
S

∂Q

∂x
dx dy − ∂Q

∂z
dy dz.

∫
∂S
R dz =

∫∫
S

∂R

∂y
dy dz − ∂R

∂x
dz dx.

rþ¡n�ªf�\=�∫
∂S
P dx+Qdy +R dz

=

∫∫
S

(
∂R

∂y
− ∂Q

∂z

)
dy dz +

(
∂P

∂z
− ∂R

∂x

)
dz dx+

(
∂Q

∂x
− ∂P

∂y

)
dx dy.,

d= Stokesúª"yòù�úªØ\y²/î�LãXe"

===½½½nnn 6.1>>>£££Stokesúúúªªª¤¤¤ � S ´ R3 ¥���Vý�1w­¡§§dëê

�§ (17.14)�Ñ§Ù¥ x, y, z ∈ C2(D)§>. ∂S dk�õ^©ã1w­�|¤"

qb��3m8 G ⊇ S ¦� P, Q, R ∈ C1(G)"yÀ½ S ��ý§¿dd(½ ∂S

���§Kk∫
∂S
P dx+Qdy +R dz

=

∫∫
S

(
∂R

∂y
− ∂Q

∂z

)
dy dz +

(
∂P

∂z
− ∂R

∂x

)
dz dx+

(
∂Q

∂x
− ∂P

∂y

)
dx dy.

XJP f = (P,Q,R)T§@o·�Ï~¡(
∂R

∂y
− ∂Q

∂z
,
∂P

∂z
− ∂R

∂x
,
∂Q

∂x
− ∂P

∂y

)T

� f �^Ý (rotation)§P� rot f"
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�
�BPÁ§Stokesúª���¤Xe/ª§

∫
∂S
P dx+Qdy +R dz =

∫∫
S

∣∣∣∣∣∣∣∣∣∣
dy dz dz dx dx dy

∂

∂x

∂

∂y

∂

∂z

P Q R

∣∣∣∣∣∣∣∣∣∣
.

XJ^ n = (cosα, cosβ, cos γ)T L«û½ S ½ý�ü {�þ§@oUì (17.7)

þãúª����¤

∫
∂S
P dx+Qdy +R dz =

∫∫
S

∣∣∣∣∣∣∣∣∣∣
cosα cosβ cos γ

∂

∂x

∂

∂y

∂

∂z

P Q R

∣∣∣∣∣∣∣∣∣∣
dS.

y

z

x

a
C

===~~~ 6.2>>>O�1�.­�È©

I =

∫
C
y dx+ z dy + x dz,

Ù¥ C ´¥¡ x2 + y2 + z2 = a2 (a > 0)�²¡

x+ y + z = 0���§��l x¶���w´_

����"

). ·�31�8Ù~ 2.6¥�ÑL C �ë

ê�§§Ïd�±��ÏLëê�§5O� I �

�§�´|^ Stokesúª¬¦��O�L§�\

{'"

ò²¡ x+ y+ z = 0þd­� C�¤�Ü©P� S§@o S´��± a��»

��§Uì C �½�§S �ü {�þ�
( 1√

3
,

1√
3
,

1√
3

)
§Ïdd Stokesúª�

∫
∂S
P dx+Qdy +R dz =

∫∫
S

∣∣∣∣∣∣∣∣∣∣∣

1√
3

1√
3

1√
3

∂

∂x

∂

∂y

∂

∂z

y z x

∣∣∣∣∣∣∣∣∣∣∣
dS

= −
√

3

∫∫
S

dS = −
√

3πa2.

�
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===~~~ 6.3>>>� a > 0§^ C L« Viviani­�x
2 + y2 + z2 = a2

x2 + y2 = ax

÷v z > 0�@Ü©§��l x¶���w´_��

��"ÁO�1�.­�È©

I =

∫
C
y2 dx+ z2 dy + x2 dz.

). ^ SL«¥¡þ�­� C¤��@Ü©§Uì C�½�§·�ò S�½ý

���÷¥¡	ý"­¡ S äkwªL� z =
√
a2 − x2 − y2§Ù¥ x2 + y2 6 ax§

��Bå�§·�P D = {(x, y) ∈ R2 : x2 + y2 6 ax}"
d Stokesúª�

I =

∫∫
S

∣∣∣∣∣∣∣∣∣∣
dy dz dz dx dx dy

∂

∂x

∂

∂y

∂

∂z

y2 z2 x2

∣∣∣∣∣∣∣∣∣∣
= −2

∫∫
S

z dy dz + x dz dx+ y dx dy,

2|^1�.­¡È©�O�úª (17.10)B�

I = −2

∫∫
D

(
−
√
a2 − x2 − y2 · −x√

a2 − x2 − y2
− x · −y√

a2 − x2 − y2
+ y

)
dx dy

= −2

∫∫
D

(
x+ y +

xy√
a2 − x2 − y2

)
dx dy.

5¿��r y�¤ −y�È©«� D�±ØC§¤±∫∫
D

(
y +

xy√
a2 − x2 − y2

)
dx dy = 0,

?
k

I = −2

∫∫
D

x dx dy = −2

∫ 2π

0
dθ

∫ a
2

0

(a
2

+ r cos θ
)
· r dr = −π

4
a3.

�



17.6 Stokesúª 127

SSS KKK 17.6

1. |^ StokesúªO�e�1�.­�È©µ

(1)

∫
C

(z − y) dx + (x − z) dy + (y − x) dz§Ù¥ C ´± (a, 0, 0)§(0, a, 0)§

(0, 0, a)�º:�n�/�>. (a > 0)§��l (a, 0, 0)� (0, a, 0)§2�

(0, 0, a)§��£� (a, 0, 0)¶

(2)

∫
C

(y2 + z2) dx+ (x2 + z2) dy+ (y2 +x2) dz§Ù¥ C´­� x2 + y2 + z2 =

2Rx§x2 + y2 = 2rx (0 < r < R, z > 0)§��l z ¶���w´_��

��¶

(3)

∫
C

(z − y) dx + (x − z) dy + (y − x) dz§Ù¥ C ´­¡ x2 + y2 + z2 = 1

(x, y, z > 0)�>.§���d¤�­¡þýÜ©¤½���¶

(4)

∫
C

(y2−z2) dx+(z2−x2) dy+(x2−y2) dz§Ù¥ C´²¡ x+y+z =
3

2
a

�á�N [0, a]3¤��¡�>.§��l x¶���w´_����"

2. � V ´ R3¥�«�§f : E −→ R3� g : E −→ R3þëY��§y²µ

(1) é?¿� α, β ∈ Rk rot (αf + βg) = α rot f + β rot g¶

(2) div (f × g) = 〈g, rot f〉 − 〈f, rot g〉"

3. � V ´ R3¥�«�§f : E −→ R� g : E −→ R3þëY��§y²

rot (fg) = f rot g + grad f × g.



1�lÙ

Fourier©©©ÛÛÛÐÐÐÚÚÚ

A��ÊcL�
§3k'?

¿¼ê�)ÛL«�¯Kþvk�

�?Û¢�5?Ð"ù� Fourier�

��5P�ù��KÝ\
#�Ü

1§3êÆ�ù�Ü©�uÐ¥§�

�#���m©
§ùÒá=±3

êÆÔn¥Å>F,�uÐLyÑ

5"

—— B. Riemann

�Ù�8�´é Fourier?êÚ FourierC����ÐÚ�0�§·�ávu�

�ã�
Ä��{§Ïd¤���(J���`�"

§ 18.1

Fourier???êêê���½½½ÂÂÂ

¤¢n�?ê (trigonometric series)§´�/X

a0

2
+

∞∑
n=1

(
an cos

2πnx

`
+ bn sin

2πnx

`

)
(18.1)

�'uCþ x�¼ê�?ê§Ù¥ `´���½��~ê"n�?ênØ���Ä

�¯KÒ´ïÄ@
U^þ¡¼ê�?êL«�¼ê f(x)"�Ä�þª¥�?ê�

Ï�´± `�±Ï�¼ê§Ïd·�ég,/�b� f(x)�´± `�±Ï�§=

f(x+ `) = f(x), ∀ x ∈ R.

|^ Eulerúª

eiθ = cos θ + i sin θ

128
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�ò (18.1)�Ü©Ú�¤Xe/ªµ

a0

2
+

N∑
n=1

[
an
2

(
e

2πnx
`

i + e−
2πnx
`

i
)

+
bn
2 i

(
e

2πnx
`

i − e−
2πnx
`

i
)]

=
a0

2
+

N∑
n=1

(
an − ibn

2
e

2πnx
`

i +
an + ibn

2
e−

2πnx
`

i

)
.

ÏdeP 
c0 =

a0

2
,

cn =
an − ibn

2
, c−n =

an + ibn
2

, ∀ n > 1,

(18.2)

±9 e(t) = e2πit§@o (18.1)�Ü©Ú�=∑
|n|6N

cne
2πnx
`

i =
∑
|n|6N

cne
(nx
`

)
,

l
 (18.1)Âñ��=�?ê ∑
n∈Z

cne
(nx
`

)
(18.3)

Âñ"�,§þª¥�?êÂñ´�4�

lim
N→∞

N∑
n=−N

cne
(nx
`

)
�3"¤±·����A/�ïÄ=
± `�±Ï�¼ê f(x)��¤ (18.3)�/

ª"

Äk5w�eXJ f(x)U^ (18.1)½ (18.3)L«§@o an§bn9 cnATäk

�o��/ª"ÏL{üO��é?¿�m, n ∈ Z>0��∫ `

0
cos

2πnx

`
cos

2πmx

`
dx =

∫ `

0
sin

2πnx

`
sin

2πmx

`
dx =


`

2
, em = n ∈ Z>1,

0, em 6= n.

±9é?¿�m, n ∈ Zk∫ `

0
cos

2πnx

`
sin

2πmx

`
dx = 0.

ÏdXJ

f(x) =
a0

2
+
∞∑
n=1

(
an cos

2πnx

`
+ bn sin

2πnx

`

)
,
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@o3þªü>Ó�¦± cos
2πnx

`
§¿é xÈ©��∫ `

0
f(x) cos

2πnx

`
dx =

a0

2

∫ `

0
cos

2πnx

`
dx

+

∫ `

0

∞∑
m=1

(
am cos

2πmx

`
+ bm sin

2πmx

`

)
cos

2πnx

`
dx.

��¦ÚÒ�È©Ò£·�6�Ø��Äù��{�î�5¯K¤B�∫ `

0
f(x) cos

2πnx

`
dx =

`

2
an,

�=

an =
2

`

∫ `

0
f(x) cos

2πnx

`
dx, ∀ n > 0. (18.4)

Ón��

bn =
2

`

∫ `

0
f(x) sin

2πnx

`
dx, ∀ n > 1. (18.5)

aq/§A^ ∫ `

0
e
(nx
`

)
· e
(
− mx

`

)
dx =

`, em = n,

0, em 6= n
(18.6)

�§XJ

f(x) =
∑
n∈Z

cne
(nx
`

)
,

@oATk

cn =
1

`

∫ `

0
f(x)e

(
− nx

`

)
dx. (18.7)

ùp·���
E�¼ê�È©§§�½Â�é¢ÜÚJÜ©OÈ©§�=´`§

XJ g(x) = u(x) + iv(x)§Ù¥ uÚ vÑ´¢�¼ê§@o·�½Â∫ b

a
g(x) dx =

∫ b

a
u(x) dx+ i

∫ b

a
v(x) dx.

Ñ�$��±�yE�¼ê�È©�÷v¢�¼êÈ©�$�{K§~X©ÜÈ©

±9�È©ÆÄ�½n�"

¦+þ¡éXê an§bn 9 cn �í�¿Øî�§�´%�
·�éÐ�éu

¿ÚÑ
eã½Â"�
Qã��Bå�§·�r3«m [a, b]þ Riemann�È§

½3 [a, b]þkk�õ�Û:�´È©

∫ b

a
|f(x)|dxÂñ��N¼ê¤¤�8P�

R[a, b]"
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===½½½ÂÂÂ 1.1>>>� `´���¢ê§f(x)´½Â3 Rþ�± `�±Ï�¼ê§¿

� f ∈ R[0, `]"·�rd (18.4)Ú (18.5)¤½Â�?ê

a0

2
+
∞∑
n=1

(
an cos

2πnx

`
+ bn sin

2πnx

`

)

±9d (18.7)¤½Â�?ê ∑
n∈Z

cne
(nx
`

)
þ¡�´ f(x)� Fourier?ê (Fourier series)½ FourierÐª (Fourier expansion)§

P�

f(x) ∼ a0

2
+
∞∑
n=1

(
an cos

2πnx

`
+ bn sin

2πnx

`

)
±9

f(x) ∼
∑
n∈Z

cne
(nx
`

)
.

¡ an§bn9 cn� f(x)� FourierXê (Fourier coefficient)"Ï~ò cnP� f̂(n)"

5¿�3þã½Â¥·�æ^
PÒ/∼0
vk^�Ò§ù´Ï�8c·�
¿Ø�� f(x)� Fourier?ê´ÄÂñu f(x)"

Ï� (18.4)§(18.5)Ú (18.7)¥��È¼êþ± `�±Ï§¤±òÈ©«m�

¤?��Ý� `�«m¤��È©�þ�Ó§À�Ü·�«m?1È©¬é Fourier

Xê�O��5�B"·�5wA�~f"

===~~~ 1.2>>>� f(x)´± 1�±Ï�¼ê§�

f(x) = x2, ∀ x ∈
[
− 1

2
,
1

2

)
.

Á¦ f(x)� Fourier?ê"

). Ï� f ´ó¼ê§¤±

bn = 2

∫ 1
2

− 1
2

x2 sin 2πnxdx = 0.

d	

a0 = 2

∫ 1
2

− 1
2

x2 dx =
1

6
,
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¿�|^©ÜÈ©��é n 6= 0��

an = 2

∫ 1
2

− 1
2

x2 cos 2πnxdx =
(−1)n

π2n2
.

u´

f(x) ∼ 1

12
+
∞∑
n=1

(−1)n

π2n2
cos 2πnx.

�

===~~~ 1.3>>>^ {x}L« x��êÜ©§Á¦ ψ(x) = {x} − 1

2
� Fourier?ê"

). ψ(x)´± 1�±Ï�¼ê§�� x ∈ [0, 1)�k ψ(x) = x− 1

2
§Ïd

an = 2

∫ 1

0

(
x− 1

2

)
cos(2πnx) dx = 0, ∀ n > 0,

bn = 2

∫ 1

0

(
x− 1

2

)
sin(2πnx) dx = − 1

πn
, ∀ n > 1,

u´k

ψ(x) ∼ −
∞∑
n=1

sin 2πnx

πn
.

�

===~~~ 1.4>>>� α /∈ Z§f(x)´± 2π�±Ï�¼ê§�

f(x) = cosαx, ∀ x ∈ [−π, π).

Á¦ f(x)� Fourier?ê"

). Ï� f(x)´ (−π, π)þ�ó¼ê§�

bn =
1

π

∫ π

−π
f(x) sinnx dx = 0.

d	§

an =
1

π

∫ π

−π
cosαx cosnx dx =

2

π

∫ π

0
cosαx cosnx dx

=
1

π

∫ π

0

(
cos(α+ n)x+ cos(α− n)x

)
dx =

1

π

(
sin(α+ n)π

α+ n
+

sin(α− n)π

α− n

)
=

2α(−1)n sinαπ

π(α2 − n2)
.
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¤±

f(x) ∼ 2α sinαπ

π

(
1

2α2
+

∞∑
n=1

(−1)n

α2 − n2
cosnx

)
.

�

XJ f(x)´½Â3«m [0, `)þ�¼ê§@o·��,�±òÙòÿ� Rþ�
± `�±Ï�¼ê"Ød±	§�kü«òÿ�{�´¹�~^�§§�©O´ó

5òÿÚÛ5òÿ"

===½½½ÂÂÂ 1.5>>>� f ´½Â3 (0, `)þ�¼ê§XJ± 2`�±Ï�¼ê g÷v

g(x) =

f(x), e x ∈ (0, `),

f(−x), e x ∈ (−`, 0),

K¡ g� f �ó5òÿ§d� g´ (−`, `) \ {0}þ�ó¼ê"e± 2`�±Ï�¼ê

h÷v

h(x) =

f(x), e x ∈ (0, `),

−f(−x), e x ∈ (−`, 0),

K¡ h� f �Û5òÿ§d� h´ (−`, `) \ {0}þ�Û¼ê"

�
�Bå�§·�Ï~òd f �ó5òÿ½Û5òÿ�¤��¼êEP�

f"

� f ´½Â3 (0, `)þ�¼ê"XJé f �ó5òÿ§@o§� Fourier?ê¥

�¹{u�§d�·�¡ù� Fourier?ê� f(x)�{u?ê§P�

f(x) ∼ a0

2
+
∞∑
n=1

an cos
πnx

`
,

Ù¥

an =
1

`

∫ `

−`
f(x) cos

πnx

`
dx =

2

`

∫ `

0
f(x) cos

πnx

`
dx. (18.8)

XJé f �Û5òÿ§@o§� Fourier ?ê¥�¹�u�§d�·�¡ù�

Fourier?ê� f(x)��u?ê§P�

f(x) ∼
∞∑
n=1

bn sin
πnx

`
,

Ù¥

bn =
1

`

∫ `

−`
f(x) sin

πnx

`
dx =

2

`

∫ `

0
f(x) sin

πnx

`
dx. (18.9)
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===~~~ 1.6>>>Á¦½Â3 (0, π)þ�¼ê f(x) = x�{u?ê"

). Uìúª (18.8)O� an��

a0 =
2

π

∫ π

0
x dx = π,

an =
2

π

∫ π

0
x cosnx dx =

2

πn2
((−1)n − 1), ∀ n > 1.

u´�� f(x)�{u?ê�

f(x) ∼ π

2
− 4

π

∞∑
n=1

cos(2n− 1)x

(2n− 1)2
.

�

SSS KKK 18.1

1. ¦e�±Ï¼ê�/X (18.1)� Fourier?êµ

(1) f(x)± 2�±Ï§¿�

f(x) =

A, e 0 6 x < 1,

0, e 1 6 x < 2,

Ù¥ A´~ê¶

(2) f(x)± 1�±Ï§�3 [0, 1)þ f(x) = x2¶

(3) f(x)± 2π�±Ï§�3 [−π, π)þ f(x) = x cosx¶

(4) f(x) = | cosx|"

2. ^ ‖x‖L« x�l§�C��ê�m�ål§= ‖x‖ = min
n∈Z
|x−n|§¦ ‖x‖�

/X (18.3)� Fourier?ê"

3. ¦½Â3 (0, 1)þ�¼ê f(x) = x2��u?ê"

4. ¦½Â3 (0, π)þ�¼ê f(x) = sinx�{u?ê"

5. �n�?ê
a0

2
+

∞∑
n=1

(
an cos

2πnx

`
+ bn sin

2πnx

`

)
3 Rþ��Âñu f(x)§y²ù�n�?ê´ f(x)� Fourier?ê"
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6. � f(x)3
(

0,
π

2

)
þ�È§A�XÛò f(x)òÿ�± 2π�±Ï�¼ê§¦�

Ù Fourier?ê/X
∞∑
n=1

a2n−1 cos(2n− 1)x ?

7. ª¶Ñ¾� Goldbachß�\¡z� > 6�óê N Ñ�±�¤ü��ê�Ú§

y²ù�ß��du ∫ 1

0
S(α)2e(−Nα) dα > 0,

Ù¥ S(α) =
∑
p<N

e(αp)§ùp¦Ú^�¥� p < N L«é�u N ��N�ê

?1¦Ú"

8. � f(x)´± `�±Ï�¼ê§� f(x)3,��Ý� `�4«mþüN"y²

f(x)� FourierXê÷v

an = O
( 1

n

)
, bn = O

( 1

n

)
.

9. � f(x)´±Ï¼ê§¿��3�~ê L9 α ∈ (0, 1]¦�

|f(x)− f(y)| 6 L|x− y|α, ∀ x, y ∈ R.

y² f̂(n)� |n|−α (∀ n 6= 0)"

§ 18.2

ÛÛÛÜÜÜzzz���{{{

�!�8�´?Ø Fourier?ê�Å:Âñ5"�
�Bå�§·���Ä±

Ï� 1�áuR[0, 1]�¼ê f§d�Ù Fourier?ê�

f(x) ∼
∑
n∈Z

f̂(n)e(nx),

Ù¥

f̂(n) =

∫ 1

0
f(t)e(−nt) dt. (18.10)

éu±Ï´����¢ê��/����aq(Ø"
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===ÚÚÚnnn 2.1>>>£££Riemann−Lebesgue ÚÚÚnnn¤¤¤ � f ∈ R[a, b]£ùp a �±´

−∞§b�±´ +∞¤§@o

lim
λ→∞

∫ b

a
f(x)e(λx) dx = 0.

AO/§ lim
|n|→∞

f̂(n) = 0"

y². kb� [a, b]´k�«m§·�©±eü«�¹?Øµ

(1) f 3 [a, b]þ�È��/"d� f 73 [a, b]þk.§=�3M > 0§¦�é?¿

� x ∈ [a, b]k |f(x)| 6M"y� |λ| > 1§Pm = [
√
|λ| ]§¿�Ä«m [a, b]�©y

a = x0 < x1 < · · · < xm = b,

Ù¥ xj = x0 +
b− a
m

j§2^ ωj L« f 3 [xj−1, xj ]þ��Ì"u´∣∣∣∣ ∫ b

a
f(x)e(λx) dx

∣∣∣∣ =

∣∣∣∣ m∑
j=1

∫ xj

xj−1

f(x)e(λx) dx

∣∣∣∣ 6 m∑
j=1

∣∣∣∣ ∫ xj

xj−1

f(x)e(λx) dx

∣∣∣∣
6

m∑
j=1

( ∣∣∣∣ ∫ xj

xj−1

(f(x)− f(xj))e(λx) dx

∣∣∣∣+

∣∣∣∣ ∫ xj

xj−1

f(xj)e(λx) dx

∣∣∣∣ )

6
m∑
j=1

ωj∆xj +
mM

π|λ|
6

m∑
j=1

ωj∆xj +
M

π
√
|λ|
.

d f �È�

lim
λ→∞

m∑
j=1

ωj∆xj = 0,

l
·K�y"

(2) f 3 [a, b]þÃ.�

∫ b

a
|f(x)| dxÂñ��/"Ø�� a´ f 3 [a, b]þ���Û

:§@odýéÂñ5�§é?¿� ε > 0§�3 δ > 0¦�∫ a+δ

a
|f(x)|dx < ε.

u´ ∣∣∣∣ ∫ b

a
f(x)e(λx) dx

∣∣∣∣ =

∣∣∣∣ ∫ a+δ

a
f(x)e(λx) dx+

∫ b

a+δ
f(x)e(λx) dx

∣∣∣∣
6 ε+

∣∣∣∣ ∫ b

a+δ
f(x)e(λx) dx

∣∣∣∣.



18.2 ÛÜz�{ 137

Ï� f 3 [a+ δ, b]þ�È§�3þª¥- λ→∞§|^þ¡ (1)¥®y��(Ø�

�

lim
λ→∞

∣∣∣∣ ∫ b

a
f(x)e(λx) dx

∣∣∣∣ 6 lim
λ→∞

(
ε+

∣∣∣∣ ∫ b

a+δ
f(x)e(λx) dx

∣∣∣∣ ) = ε,

2d ε�?¿5�·K¤á"

XJ [a, b]´Ã.«m§·��±Ø�b�§Ø�¹Û:§u´�±�ìþ¡

(2)¥��ª�¤y²§�Öög1ò[!Ö¿��" �

===555 2.2>>>3Ún 2.1¥�¢ÜÚJÜ�©O��

lim
λ→∞

∫ b

a
f(x) cosλxdx = 0,

lim
λ→∞

∫ b

a
f(x) sinλxdx = 0.

ÏdXJ�Ä± `�±Ï�¼ê f(x)�/X

a0

2
+
∞∑
n=1

(
an cos

2πnx

`
+ bn sin

2πnx

`

)

� Fourier?ê§Kk

lim
n→∞

an = lim
n→∞

bn = 0.

y� f ∈ R[0, 1]§·�5ïÄ f(x)� Fourier?ê�Âñ5¯K"^

SN (x) =
N∑

n=−N
f̂(n)e(nx)

L«T Fourier?ê�Ü©Ú§@oò f̂(n)�L�ª (18.10)�\��

SN (x) =

N∑
n=−N

e(nx)

∫ 1

0
f(t)e(−nt) dt =

∫ 1

0
f(t)

N∑
n=−N

e(n(x− t)) dt

=

∫ 1

0
f(t)DN (x− t) dt, (18.11)

Ù¥

DN (y) =

N∑
n=−N

e(ny)
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�¡� DirichletØ (Dirichlet kernel)§§´± 1�±Ï�ó¼ê"w,k DN (0) =

2N + 1§¿�� y ∈ (0, 1)�

DN (y) =
e(−Ny)(e((2N + 1)y)− 1)

e(y)− 1
=
e(2N+1

2 y)− e(−2N+1
2 y)

e(y2 )− e(−y
2 )

=
sin(2N + 1)πy

sinπy
.

3 (18.11)¥�CþO� t 7−→ x− t��

SN (x) =

∫ x

x−1
f(x− t)DN (t) dt.

5¿�þªÈ©¥��È¼ê± 1�±Ï§¤±

SN (x) =

∫ 1
2

− 1
2

f(x− t)DN (t) dt =

∫ 0

− 1
2

f(x− t)DN (t) dt+

∫ 1
2

0
f(x− t)DN (t) dt

=

∫ 1
2

0
(f(x+ t) + f(x− t))DN (t) dt.

d	§d DN (t)´ó¼ê�∫ 1
2

0
DN (t) dt =

1

2

∫ 1
2

− 1
2

DN (t) dt =
1

2

N∑
n=−N

∫ 1
2

− 1
2

e(nt) dt =
1

2
.

�é?¿�ê sk

SN (x)− s =

∫ 1
2

0
(f(x+ t) + f(x− t)− 2s)DN (t) dt,

l
 Fourier?ê
∑
n∈Z

f̂(n)e(nx)Âñu s��=�

lim
N→∞

∫ 1
2

0
(f(x+ t) + f(x− t)− 2s)

sin(2N + 1)πt

sinπt
dt = 0.

£Áå Riemann−LebesgueÚn§·���é?¿� δ ∈
(

0,
1

2

)
k

lim
N→∞

∫ 1
2

δ
(f(x+ t) + f(x− t)− 2s)

sin(2N + 1)πt

sinπt
dt = 0,

¤±
∑
n∈Z

f̂(n)e(nx)Âñu s��=��3 δ ∈
(

0,
1

2

)
¦�

lim
N→∞

∫ δ

0
(f(x+ t) + f(x− t)− 2s)

sin(2N + 1)πt

sinπt
dt = 0.
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��§5¿�
1

sinπt
− 1

πt

3 (0, δ]þk.§l
2gA^ Riemann−LebesgueÚn��

lim
N→∞

∫ δ

0
(f(x+ t) + f(x− t)− 2s)

(
1

sinπt
− 1

πt

)
sin(2N + 1)πtdt = 0.

Ïd��Xe(Ø"

===½½½nnn 2.3>>>£££Riemann ÛÛÛÜÜÜzzz���nnn¤¤¤ b� f ´± 1 �±Ï�¼ê¿�

f ∈ R[0, 1]§@oé�½� x§f � Fourier?ê3: x?Âñu s��=��3

δ > 0¦�

lim
N→∞

∫ δ

0
(f(x+ t) + f(x− t)− 2s)

sin(2N + 1)πt

t
dt = 0. (18.12)

þã½nL²§Fourier?ê3 x:?�Âñ5=� f 3 xNC�5�k'§

�Ä� f � FourierXê�6u f 3��È©«mþ��§¤±þã(ØX¢4<

a�¿	"

e¡��O{´RiemannÛÜz�nÚRiemann−LebesgueÚn���íØ"

===½½½nnn 2.4>>>£££Dini ���OOO{{{¤¤¤ � f ´± 1�±Ï�¼ê� f ∈ R[0, 1]§XJ

é�½� x9 s§�3 δ ∈ (0, 1)¦�
f(x+ t) + f(x− t)− 2s

t
´'uCþ t�áu

R[0, δ]�¼ê£üÕ½ÂT¼ê3 t = 0?��¤§@o f � Fourier?ê3 x?Â

ñu s"

� f äk�\ûÐ�5��§Dini�O{¥� s�^ f (½Ñ5"�d§·�

Ú\ Lipschitz^��Vg"

===½½½ÂÂÂ 2.5>>>� f(x)3 x0��� (x0− δ, x0 + δ)Sk½Â§e�3~ê L > 0

9 α ∈ (0, 1]¦�é?¿� x ∈ (x0 − δ, x0)k

|f(x)− f(x0 − 0)| 6 L|x− x0|α,

�é?¿� x ∈ (x0, x0 + δ)k

|f(x)− f(x0 + 0)| 6 L|x− x0|α,

K¡ f(x)3 x0�NC÷v α� Lipschitz^�"
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===íííØØØ 2.6>>>� f ± 1�±Ï� f ∈ R[0, 1]§α ∈ (0, 1]"XJ f 3 x�NC÷

v α� Lipschitz^�§@o f � Fourier?ê3 x?Âñu
f(x+ 0) + f(x− 0)

2
"

AO/§e f ÷v±þ^�� x´ f �ëY:§K f � Fourier?ê3 x?Âñu

f(x)"

y². ·�5`² s =
f(x+ 0) + f(x− 0)

2
÷v½n 2.4�^�"��Bå�§

P

ϕ(t) =
f(x+ t) + f(x− t)− 2s

t
,

u´d Lipschitz^��½Â��3 δ ∈ (0, 1)9~ê L > 0§¦�� t ∈ (0, δ)�k

|ϕ(t)| =
∣∣∣∣f(x+ t)− f(x+ 0)

t
+
f(x− t)− f(x− 0)

t

∣∣∣∣ 6 2Ltα−1.

e α = 1§K ϕ3 (0, δ)þk.§@o�,k ϕ ∈ R[0, δ]¶e α ∈ (0, 1)§Kd2Â

È©�'��O{�

∫ δ

0
|ϕ(t)|dtÂñ§l
�k ϕ ∈ R[0, δ]" �

�
?�Ú�����B{'��O{§·�Ú\©ã��¼ê�Vg"

===½½½ÂÂÂ 2.7>>>� f ´½Â3 [a, b]þ���¼ê§e�3 [a, b]���©y

a = x0 < x1 < · · · < xn = b,

¦�3z�f«m [xj−1, xj ] (1 6 j 6 n)þ½Â�¼ê

gj(x) =


f(xj−1 + 0), e x = xj−1,

f(x), e x ∈ (xj−1, xj),

f(xj − 0), e x = xj

þ3 [xj−1, xj ]þ��§K¡ f ´ [a, b]þ�©ã��¼ê"

===íííØØØ 2.8>>>� f ´± 1�±Ï�3 [0, 1]þ©ã���¼ê§K f � Fourier

?ê3z�: x?þÂñu
f(x+ 0) + f(x− 0)

2
"AO/§e f ÷v±þ^�� x

´ f �ëY:§K f � Fourier?ê3 x?Âñu f(x)"

y². Ï� f ´©ã���§¤±é?¿� x ∈ R§4�

lim
h→0+

f(x+ h)− f(x+ 0)

h
� lim

h→0+

f(x− h)− f(x− 0)

h

7�3§?
�3 L > 09 δ > 0§¦�é?¿� h ∈ (0, δ)k

|f(x+ h)− f(x+ 0)| 6 Lh 9 |f(x− h)− f(x− 0)| 6 Lh.
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ù`² f 3z�: x?þ´ 1� Lipschitz�§l
�díØ 2.6��·�¤��(

Ø" �

e¡·�£�þ!�A�~f"

===~~~ 2.9>>>3~ 1.2¥§·�é± 1�±Ï�¼ê

f(x) = x2, ∀ x ∈
[
− 1

2
,
1

2

)
.

��


f(x) ∼ 1

12
+

∞∑
n=1

(−1)n

π2n2
cos 2πnx.

u´díØ 2.8�

x2 =
1

12
+

∞∑
n=1

(−1)n

π2n2
cos 2πnx, ∀ x ∈

[
− 1

2
,
1

2

]
.

|^CþO� x 7−→ 1

2
− x��

(1

2
− x
)2

=
1

12
+
∞∑
n=1

cos 2πnx

π2n2
, ∀ x ∈ [0, 1].

���n=�

∞∑
n=1

cos 2πnx

n2
= π2

(
x2 − x+

1

6

)
, ∀ x ∈ [0, 1]. (18.13)

AO/§3þª¥� x = 0k

ζ(2) =

∞∑
n=1

1

n2
=
π2

6
. (18.14)

===~~~ 2.10>>>3~ 1.3¥·���


{x} − 1

2
∼ −

∞∑
n=1

sin 2πnx

πn
,

ÏddíØ 2.8�

{x} − 1

2
= −

∞∑
n=1

sin 2πnx

πn
, ∀ x /∈ Z. (18.15)
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l
k
∞∑
n=1

sin 2πnx

n
= π

(1

2
− x
)
, ∀ x ∈ (0, 1).

ù�ªf� Abel^5`²Ï�þ�ëY¼ê�¼ê�?ê�Ú¼ê�7ëY"A

O/§3þª¥� x =
1

2π
��

∞∑
n=1

sinn

n
=
π − 1

2
.

===~~~ 2.11>>>��·�£�~ 1.4§3@p·�é± 2π�±Ï�÷v

f(x) = cosαx, ∀ x ∈ [−π, π)

£Ù¥ α /∈ Z¤�¼ê f ��


f(x) ∼ 2α sinαπ

π

(
1

2α2
+
∞∑
n=1

(−1)n

α2 − n2
cosnx

)
.

u´díØ 2.8�

cosαx =
2α sinαπ

π

(
1

2α2
+
∞∑
n=1

(−1)n

α2 − n2
cosnx

)
, ∀ x ∈ [−π, π].

AO/§� x = π��

cotαπ =
2α

π

(
1

2α2
+
∞∑
n=1

1

α2 − n2

)
=

1

π

(
1

α
+
∞∑
n=1

( 1

α+ n
+

1

α− n

))
. (18.16)

ù�úª�{©�?3u§�Òm>�Ã©ª�©1=� α��ê��âk�U�

u 0§��ê:T´ cotαπ��ÜÛ:"�é{`§þªò cotαπ��ÜÛ:^k

n©ª�/ªÓ�ÐyÑ5"ù«a.�L�ª
uÍ¶� Mittag−Leffler½n§

·�¬35E©Û6�§¥Æ�§"

SSS KKK 18.2

1. ?Ø §18.1SK 1¥Ã¼ê� Fourier?ê�Âñ5"

2. � α /∈ Z§y²3 (−π, π)þk

sinαx =
2 sinαπ

π

∞∑
n=1

(−1)nn

α2 − n2
sinnx.
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3. y²µ
∞∑
n=1

cos 2nx

4n2 − 1
=

1

2
− π

4
sinx, ∀ x ∈ [0, π].

4. � f(x)± 2π�±Ï§�3 [−π, π)þk f(x) = ex§¦ f(x)� Fourier?ê§

¿ddO�
∞∑
n=1

(−1)n

n2 + 1
"

5. � N ´��ê§DN ´ DirichletØ§y²∫ 1

0
|DN (x)| dx =

2

π2
logN +O(1).

6. £Lobaqevski�¤y²� x 6= kπ (k ∈ Z)�k

1

sinx
=

1

x
+

∞∑
n=1

(−1)n
(

1

x+ nπ
+

1

x− nπ

)
,

¿|^d91��Ù·K 1.12­#y²∫ +∞

0

sinx

x
dx =

π

2
.

l1 7K�1 10K´�|K§0� (18.16)��
íØ"

7. y²3 0�¿©���%��Sk

cotα =
1

α
− 2

∞∑
k=1

ζ(2k)

π2k
α2k−1,

¿ddO� ζ(2)� ζ(4)"

8. (1) |^ (18.16)ÚWallisúª£§9.6SK 5¤y²

sinπx = πx
∞∏
n=1

(
1− x2

n2

)
, ∀ x ∈ [0, 1].

(2) y²þªé?¿� x ∈ Rþ¤á"

9. y²µé?¿� x /∈ Zk

π2

sin2 πx
=
∑
n∈Z

1

(x+ n)2
.
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10. £Beurling¤-

f(x) =


sin2 πx

π2

( ∞∑
n=0

1

(x− n)2
−
∞∑
n=1

1

(x+ n)2
+

2

x

)
, e x /∈ Z,

sgnx, e x ∈ Z,

Ù¥ sgnx´ÎÒ¼ê"|^þK(Jy²µ

(1) é?¿� x ∈ Rk f(x) > sgnx¶

(2)

∫ +∞

−∞
(f(x)− sgnx) dx = 1"

§ 18.3

þþþ���½½½nnn

3þ!¥·��Ñ
 Fourier?ê��
Âñ�O{§�ù
�O{é f ��

¦�p§~XíØ 2.8�¦ f äk©ã��5"¯¢þ§·��F"3 f �5�Ø

´éÐ��ïÄÙ Fourier?ê§�,d� Fourier?ê�7Âñu¼ê�§�·�

�±3²þ¿Âe?Øù«Âñ��U5"

�
�Bå�§·��,��Ä± 1�±Ï�¢�¼ê f§¿b�§3 [0, 1]þ

�È§½ö f 3 [0, 1]þkk�õ�Û:�2ÂÈ©

∫ 1

0
f(x)2 dxÂñ§·�r÷v

ù
^�� f ��N¤¤�8P�R2[0, 1]"

Äk�Ñ Fourier?ê�Ü©Ú3È©þ�¿Âe�4�5�§ù�5�`²


3²�²þ�¿Âe Fourier?ê´¼ê��Zn�?ê%C"

===···KKK 3.1>>>� f ± 1�±Ï� f ∈ R2[0, 1]"

(1) é?¿���ê N 9Eê αn (−N 6 n 6 N)k

∫ 1

0

∣∣∣∣f(x)−
N∑

n=−N
αne(nx)

∣∣∣∣2 dx >
∫ 1

0

∣∣∣∣f(x)−
N∑

n=−N
f̂(n)e(nx)

∣∣∣∣2 dx,

¿��Ò¤á��=�éz� nþk αn = f̂(n)"

(2) ·�k

∫ 1

0

∣∣∣∣f(x)−
N∑

n=−N
f̂(n)e(nx)

∣∣∣∣2 dx =

∫ 1

0
f2(x) dx−

N∑
n=−N

|f̂(n)|2.
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y². ¯¢þk∫ 1

0

∣∣∣∣f(x)−
N∑

n=−N
αne(nx)

∣∣∣∣2 dx

=

∫ 1

0

(
f(x)−

N∑
n=−N

αne(nx)

)(
f(x)−

N∑
n=−N

αne(−nx)

)
dx

=

∫ 1

0
f2(x) dx− 2Re

∫ 1

0
f(x)

( N∑
n=−N

αne(nx)

)
dx

+

∫ 1

0

N∑
n=−N

N∑
m=−N

αnαme((n−m)x) dx

=

∫ 1

0
f2(x) dx− 2Re

N∑
n=−N

αnf̂(n) +
N∑

n=−N
|αn|2

=

∫ 1

0
f2(x) dx−

N∑
n=−N

|f̂(n)|2 +
N∑

n=−N

(
|f̂(n)|2 − 2Reαnf̂(n) + |αn|2

)

=

∫ 1

0
f2(x) dx−

N∑
n=−N

|f̂(n)|2 +

N∑
n=−N

|f̂(n)− αn|2,

l
·K�y" �

===½½½nnn 3.2>>>£££Bessel ØØØ���ªªª¤¤¤ � f ± 1�±Ï� f ∈ R2[0, 1]§Ké?¿�

��ê N k
N∑

n=−N
|f̂(n)|2 6

∫ 1

0
f(x)2 dx.

y². ù�l·K 3.1 (2)íÑ" �

d BesselØ�ª�§3½n 3.2�^�e§?ê
∞∑

n=−∞
|f̂(n)|2Âñ�k

∞∑
n=−∞

|f̂(n)|2 6
∫ 1

0
f(x)2 dx. (18.17)

Ïd����B�¬§·�2g��
 lim
|n|→∞

f̂(n) = 0§ù�(ØQ�� Riemann

−LebesgueÚn�íØ3Ún 2.1¥ÑyL"

e¡·�5y²¼ê� Fourier?ê3È©þ�¿Âe�Âñ5"
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===½½½nnn 3.3>>>� f ± 1�±Ï� f ∈ R2[0, 1]§Kk

lim
N→∞

∫ 1

0

∣∣∣∣f(x)−
N∑

n=−N
f̂(n)e(nx)

∣∣∣∣2 dx = 0. (18.18)

y². ·�Uì [12]��ª©±eoÚ5y²"

(1) Äky²é?¿� [a, b) ⊆ [0, 1]§dA�¼ê

χ[a,b)(x) =

1, e x ∈ [a, b)

0, e x ∈ [0, 1] \ [a, b)

òÿ¤�± 1�±Ï�¼ê f ÷v (18.18)"

Uì·K 3.1 (2)§·��Iy²

∞∑
n=−∞

|f̂(n)|2 =

∫ 1

0
f(x)2 dx.

du f̂(0) = b− a§¿�� n 6= 0�

f̂(n) =

∫ 1

0
χ[a,b)(x)e(−nx) dx =

∫ b

a
e(−nx) dx

= − 1

2nπi

(
e(−bn)− e(−an)

)
,

Ï
k

∞∑
n=−∞

|f̂(n)|2 = (b− a)2 +
∑
n6=0

1

4n2π2

∣∣e(−bn)− e(−an)
∣∣2

= (b− a)2 +
1

2π2

∞∑
n=1

1

n2

∣∣e((b− a)n)− 1
∣∣2

= (b− a)2 +
1

π2

∞∑
n=1

1− cos 2π(b− a)n

n2
.

A^ (18.13)Ú (18.14)��

∞∑
n=−∞

|f̂(n)|2 = (b− a)2 +
1

π2

(
π2

6
− π2

(
(b− a)2 − (b− a) +

1

6

))

= b− a =

∫ 1

0
f(x)2 dx.



18.3 þ�½n 147

(2) Ùgy²e¼ê g� h÷v (18.18)§@o§���5|Ü�÷v (18.18)"

ù´Ï�é?¿� λ, µ ∈ R§∫ 1

0

∣∣∣∣(λg(x) + µh(x))−
N∑

n=−N

̂(λg + µh)(n)e(nx)

∣∣∣∣2 dx

=

∫ 1

0

∣∣∣∣(λg(x) + µh(x))−
N∑

n=−N
(λĝ(n) + µĥ(n))e(nx)

∣∣∣∣2 dx

6 2λ2

∫ 1

0

∣∣∣∣g(x)−
N∑

n=−N
ĝ(n)e(nx)

∣∣∣∣2 dx+ 2µ2

∫ 1

0

∣∣∣∣h(x)−
N∑

n=−N
ĥ(n)e(nx)

∣∣∣∣2 dx,

þ¡���Ú^�
 |a+ b|2 6 2(|a|2 + |b|2)"

(3) �e5é [0, 1]þ��È¼ê f y² (18.18)"

Ï� f �È§�é?¿� ε > 0§�3 [0, 1]�©y

0 = x0 < x1 < · · · < xm = 1

¦�

0 6 S −
∫ 1

0
f(x) dx < ε, (18.19)

Ù¥ S ´ DarbouxþÚ

S =

m∑
j=1

Mj∆xj

�Mj = sup
x∈[xj−1,xj ]

f(x)"e�Ä½Â3 [0, 1)þ�¼ê

ϕ =
m∑
j=1

Mj · χ[xj−1,xj),

@o ∫ 1

0
ϕ(x) dx = S.

òù�\ (18.19)=�

0 6
∫ 1

0
(ϕ(x)− f(x)) dx < ε.

qdu f � ϕþ3 [0, 1)þk.§��3M > 0§¦�é?¿� x ∈ [0, 1)k

|f(x)| 6M, |ϕ(x)| 6M.
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yò ϕòÿ�± 1�±Ï�¼ê§@odc¡Ú½ (1)Ú (2)¥�(J�

lim
N→∞

∫ 1

0

∣∣∣∣ϕ(x)−
N∑

n=−N
ϕ̂(n)e(nx)

∣∣∣∣2 dx = 0,

l
� N ¿©�� ∫ 1

0

∣∣∣∣ϕ(x)−
N∑

n=−N
ϕ̂(n)e(nx)

∣∣∣∣2 dx < ε.

u´é¿©�� N k∫ 1

0

∣∣∣∣f(x)−
N∑

n=−N
f̂(n)e(nx)

∣∣∣∣2 dx

6 2

∫ 1

0

∣∣∣∣(f(x)− ϕ(x))−
N∑

n=−N

̂(ϕ− f)(n)e(nx)

∣∣∣∣2 dx

+ 2

∫ 1

0

∣∣∣∣ϕ(x)−
N∑

n=−N
ϕ̂(n)e(nx)

∣∣∣∣2 dx.

Uì·K 3.1 (2)§þªm>1��Ø�L∫ 1

0
(f(x)− ϕ(x))2 dx < 2M

∫ 1

0
(ϕ(x)− f(x)) dx < 2Mε.

Ïd·��ªé¿©�� N ��
∫ 1

0

∣∣∣∣f(x)−
N∑

n=−N
f̂(n)e(nx)

∣∣∣∣2 dx < 2Mε+ 2ε = 2(M + 1)ε.

ù�Òé f y²
 (18.18)"

(4) ��§é3 [0, 1]þkk�õ�Û:�

∫ 1

0
f(x)2 dxÂñ� f y²(Ø"

Ø�� 0 ´ f 3 [0, 1] þ���Û:"Ï�

∫ 1

0
f(x)2 dx Âñ§�é?¿�

ε > 0§�3 δ > 0¦� ∫ δ

0
f(x)2 dx < ε.

yP

f1(x) =

f(x), e δ 6 x 6 1,

0, e 0 6 x < δ,
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f2(x) =

0, e δ 6 x 6 1,

f(x), e 0 6 x < δ,

@o f = f1 + f2 �

∫ 1

0
f2

2 (x) dx < ε"5¿� f1 ´ [0, 1]þ��È¼ê§¤±dÚ

½ (3)�§é¿©�� N k∫ 1

0

∣∣∣∣f1(x)−
N∑

n=−N
f̂1(n)e(nx)

∣∣∣∣2 dx < ε.

u´� N ¿©��∫ 1

0

∣∣∣∣f(x)−
N∑

n=−N
f̂(n)e(nx)

∣∣∣∣2 dx

=

∫ 1

0

∣∣∣∣(f1(x) + f2(x))−
N∑

n=−N
(f̂1(n) + f̂2(n))e(nx)

∣∣∣∣2 dx

6 2

∫ 1

0

∣∣∣∣f1(x)−
N∑

n=−N
f̂1(n)e(nx)

∣∣∣∣2 dx+ 2

∫ 1

0

∣∣∣∣f2(x)−
N∑

n=−N
f̂2(n)e(nx)

∣∣∣∣2 dx

< 2ε+ 2

∫ 1

0
f2

2 (x) dx < 4ε,

þ¡�ê1�Ú^�
·K 3.1 (2)"

�d§½n�y" �

òþã½n�·K 3.1 (2)(Ü§·�uy (18.17)¥��ÒÙ¢´¤á�"

===½½½nnn 3.4>>>£££Parsevalððð���ªªª¤¤¤ � f ± 1�±Ï� f ∈ R2[0, 1]§K∑
n∈Z
|f̂(n)|2 =

∫ 1

0
f(x)2 dx.

3þã½n�^�e§XJò Fourier?ê�¤

a0

2
+
∞∑
n=1

(an cos 2πnx+ bn sin 2πnx)

�/ª§@od (18.2)� Parsevalð�ª�=∫ 1

0
f(x)2 dx =

a2
0

4
+

1

2

∞∑
n=1

(a2
n + b2n). (18.20)
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===~~~ 3.5>>>3~ 1.2¥·�é± 1�±Ï�¼ê

f(x) = x2, ∀ x ∈
[
− 1

2
,
1

2

)
y²


f(x) ∼ 1

12
+

∞∑
n=1

(−1)n

π2n2
cos 2πnx,

Ïdd (18.20)� ∫ 1
2

− 1
2

x4 dx =
1

144
+

1

2

∞∑
n=1

1

π4n4
,

Ñ��n=�

ζ(4) =

∞∑
n=1

1

n4
=
π4

90
.

===555 3.6>>>� k´��ê"ÏL�	± 1�±Ï�¼ê

f(x) = xk, ∀ x ∈
[
− 1

2
,
1

2

)
¿|^ Parsevalð�ª�±8B/y²

ζ(2k) =
(−1)k+1B2k(2π)2k

2(2k)!
,

Ù¥ Bn´ Bernoulliê£ë� §10.6SK 6¤§�´ù�L§¹��¡§äN�ë�

[1]"��²;�B$��ª´|^E¼ê
z

ez − 1
��?êÐª±9 (18.16)éAu

ECþ�/ª§Ï�ù®�Ñ
�Ö��§�Ø2?�Ú�ã"

·��é½n 3.4�?�Ú�í2"

===½½½nnn 3.7>>>£££222ÂÂÂ Parseval ððð���ªªª¤¤¤ � f � g þ´± 1 �±Ï�¼ê�

f, g ∈ R2[0, 1]§K ∑
n∈Z

f̂(n)ĝ(n) =

∫ 1

0
f(x)g(x) dx.

y². é f + gÚ f − g©OA^½n 3.4��∫ 1

0
(f(x) + g(x))2 dx =

∑
n∈Z
|f̂(n) + ĝ(n)|2,

∫ 1

0
(f(x)− g(x))2 dx =

∑
n∈Z
|f̂(n)− ĝ(n)|2.
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üª�~=� ∫ 1

0
f(x)g(x) dx =

∑
n∈Z

Re f̂(n)ĝ(n) = Re
∑
n∈Z

f̂(n)ĝ(n).

5¿� f̂(−n) = f̂(n)§Ïdþªm>�Úª�Ò´¢ê§l
·K�y" �

���!�(å§·�50� Parsevalð�ª�ü�A^§1��´ Fourier

?ê���5½n"

===···KKK 3.8>>>� f, g þ´± 1�±Ï�ëY¼ê§XJé?¿� nk f̂(n) =

ĝ(n)§@o f = g"

y². é?¿� nk ̂(f − g)(n) = f̂(n) − ĝ(n) = 0§Ïd|^ Parsevalð�ª

�� ∫ 1

0
(f(x)− g(x))2 dx = 0.

2d f � g�ëY5� f = g" �

|^ Parsevalð�ª·���±y²§ÃØ Fourier?ê´ÄÂñ§§Ñ´�

±?1Å�È©�"

===···KKK 3.9>>>� f ± 1�±Ï�3 [0, 1]þ�È§�Ù Fourier?ê�

f(x) ∼
∑
n∈Z

f̂(n)e(nx),

Ké?¿� [a, b] ⊆ [0, 1]k∫ b

a
f(x) dx =

∑
n∈Z

f̂(n)

∫ b

a
e(nx) dx.

y². �ÄdA�¼ê

χ[a,b)(x) =

1, e x ∈ [a, b),

0, e x ∈ [0, 1) \ [a, b)

òÿ
��± 1�±Ï�¼ê§·�ò§EP� χ[a,b)"d2Â Parsevalð�ª�∫ 1

0
f(x)χ[a,b)(x) dx =

∑
n∈Z

f̂(n)χ̂[a,b)(n). (18.21)

5¿�

χ̂[a,b)(n) =

∫ 1

0
χ[a,b)(x)e(−nx) dx =

∫ b

a
e(−nx) dx,
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� (18.21)�= ∫ b

a
f(x) dx =

∑
n∈Z

f̂(n)

∫ b

a
e(nx) dx.

�

SSS KKK 18.3

1. £Parsevalð�ª¤� f ´± `�±Ï�¼ê� f ∈ R2[0, `]§y²

1

`

∫ `

0
f(x)2 dx =

∑
n∈Z
|f̂(n)|2

±9
2

`

∫ `

0
f(x)2 dx =

a2
0

2
+
∞∑
n=1

(a2
n + b2n),

Ù¥ anÚ bn´ f � FourierXê"

2. ¦½Â3 [0, π]þ�¼ê f(x) = x(π − x)��u?ê§¿éÙ¦^ Parseval

ð�ª5O� ζ(6)��"

3. y²n�?ê
∞∑
n=2

sinnx

log n
Ø´?Û�� Riemann�È¼ê� Fourier?ê"

�±¯K (isoperimetric problem)´���P�AÛ¯K§§\¡3l���

�¤k²¡{ü4­�¥§�±¤�Ñ�«�äk���¡È"�=´`§e^ A

L«,^�� L�{ü4­�¤�¤�«��¡È§@o

4πA 6 L2,

¿��Ò¤á��=�ù�{ü4­�´�"þ¡�Ø�ª�¡��±Ø�ª

(isoperimetric inequality)"l1 4K�1 6K´�|K§3��AÏ�/ey²


TØ�ª§ùp¤^��{´d A. Hurwitz[24]u 1902c�Ñ�"

4. � f ´± `�±Ï�¼ê§�3 [0, `]þëY��§XJ

f(x) ∼ a0

2
+

∞∑
n=1

(
an cos

2πnx

`
+ bn sin

2πnx

`

)
,

y²

f ′(x) ∼
∞∑
n=1

(
2πnbn
`

cos
2πnx

`
− 2πnan

`
sin

2πnx

`

)
.
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5. £Wirtinger¤� f ´± `�±Ï�¼ê§3 [0, `]þëY��§�k∫ `

0
f(x) dx = 0.

Á|^ Parsevalð�ªy²∫ `

0
f(x)2 dx 6

`2

4π2

∫ `

0
f ′(x)2 dx,

Ù¥�Ò¤á��=� f(x) = a cos
2πx

`
+ b sin

2πx

`
"

6. �²¡þ�{ü4­� C dëê�§{
x = x(s),

y = y(s)
s ∈ [0, L]

�Ñ§Ù¥ s´l�ëê§L´ C �l�§x� yþ3 [0, L]þëY��"Á

|^¡È�O�úª (16.24)y²�±Ø�ª§¿`²�Ò¤á��=� C ´

�"

§ 18.4

FourierCCC���

===½½½ÂÂÂ 4.1>>>� f(x)´½Â3 Rþ�¼ê�
∫ +∞

−∞
|f(x)|dxÂñ§·�P

f̂(y) =

∫ +∞

−∞
f(x)e(−xy) dx, ∀ y ∈ R,

¿¡ f̂ � f � FourierC� (Fourier transform)"

===~~~ 4.2>>>¦ f(x) = e−|x|� FourierC�"

).

f̂(y) =

∫ +∞

−∞
e−|x|−2πixy dx =

∫ +∞

0
e−(1+2πiy)x dx+

∫ 0

−∞
e(1−2πiy)x dx

=
1

1 + 2πiy
+

1

1− 2πiy
=

2

1 + 4π2y2
.

�

eã�üúª (inversion formula)´ FourierC�����~­��5�"
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===½½½nnn 4.3>>>£££���üüüúúúªªª¤¤¤ b�¼ê f 3 RþëY¿�©ã��§q�È©∫ +∞

−∞
|f(x)| dxÂñ§K

f(x) = lim
A→+∞

∫ A

−A
f̂(y)e(xy) dy, ∀ x ∈ R.

AO/§XJ

∫ +∞

−∞
|f̂(y)|dyÂñ§@o

f(x) =

∫ +∞

−∞
f̂(y)e(xy) dy, ∀ x ∈ R. (18.22)

y². é?¿� A > 09 x ∈ R§�Ä

I(A, x) =

∫ A

−A
f̂(y)e(xy) dy =

∫ A

−A
dy

∫ +∞

−∞
f(t)e((x− t)y) dt.

UìWeierstrass�O{§d

∫ +∞

−∞
|f(t)|dtÂñ�

∫ +∞

−∞
f(t)e((x− t)y) dt

éuëCþ y3«m [−A,A]þ��Âñ§u´

I(A, x) =

∫ +∞

−∞
f(t) dt

∫ A

−A
e((x− t)y) dy

=
1

2πi

∫ +∞

−∞

f(t)

x− t
(
e((x− t)A)− e(−(x− t)A)

)
dt

=
1

2πi

∫ +∞

−∞

f(x− t)
t

(
e(At)− e(−At)

)
dt

=
1

π

∫ +∞

−∞

f(x− t)
t

sin 2πAtdt.

é (−∞, 0]þ�È©�CþO� t 7−→ −t��

I(A, x) =
1

π

∫ +∞

0

f(x+ t) + f(x− t)
t

sin 2πAtdt.

5¿�

1 =
2

π

∫ +∞

0

sin t

t
dt =

2

π

∫ +∞

0

sin 2πAt

t
dt,
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�


I(A, x)− f(x) =
1

π

∫ +∞

0

f(x+ t) + f(x− t)− 2f(x)

t
sin 2πAtdt

=
1

π

∫ 1

0

f(x+ t) + f(x− t)− 2f(x)

t
sin 2πAtdt

+
1

π

∫ +∞

1

f(x+ t) + f(x− t)
t

sin 2πAtdt

− 2f(x)

π

∫ +∞

1

sin 2πAt

t
dt

P�
==== I1 + I2 − I3.

Äk§f �ëY5Ú©ã��5%¹
4�

lim
t→0+

f(x+ t) + f(x− t)− 2f(x)

t

��35§ù¿�X 0 Ø´¼ê
f(x+ t) + f(x− t)− 2f(x)

t
�Û:§Ïdd

Riemann−LebesgueÚn�

lim
A→+∞

I1 = 0.

Ùg§d f �ýé�È5�¼ê
f(x+ t) + f(x− t)

t
3 [1,+∞)þýé�È§u´

2g|^ Riemann−LebesgueÚn��

lim
A→+∞

I2 = 0.

��§

I3 =
2f(x)

π

∫ +∞

1

sin 2πAt

t
dt =

2f(x)

π

∫ +∞

2πA

sin t

t
dt −→ 0, � A→ +∞�.

nþB� lim
A→+∞

(I(A, x)− f(x)) = 0§l
½n�y" �

===555 4.4>>>Uì FourierC��½Â§(18.22)�=

ˆ̂
f(x) = f(−x).



156 1�lÙ Fourier©ÛÐÚ

===~~~ 4.5>>>d~ 4.29�üúª�

e−|x| =

∫ +∞

−∞

2e(xy)

1 + 4π2y2
dy.

�¢Ü=�

e−|x| =

∫ +∞

−∞

2 cos 2πxy

1 + 4π2y2
dy =

1

π

∫ +∞

−∞

cosxy

1 + y2
dy.

e¡·�50� FourierC���
Ä�5�"��Bå�§^PÒ

f(x) −→ f̂(y)

L« f̂ ´ f � FourierC�"

===···KKK 4.6>>>� f 3 Rþk½Â�
∫ +∞

−∞
|f(x)|dxÂñ§@o

(1) é?¿� h ∈ R§f(x+ h) −→ f̂(y)e(hy)� f(x)e(−hx) −→ f̂(y + h)¶

(2) é?¿� δ > 0§f(δx) −→ δ−1f̂(δ−1y)¶

(3) e f 3 Rþ���
∫ +∞

−∞
|f ′(x)| dx�Âñ§K f ′(x) −→ 2πiyf̂(y)¶

(4) e f 3 RþëY�
∫ +∞

−∞
|xf(x)| dx�Âñ§@o f̂ ��§¿�

−2πixf(x) −→ f̂ ′(y).

y². (1)Ú (2)�d FourierC��½Â9CþO�����"

(3) d

∫ +∞

−∞
|f ′(x)|dxÂñ�§é?¿� ε > 0§�3 N > 0§¦�é?¿�

B > A > N k ∫ B

A
|f ′(x)| dx < ε.

u´

|f(B)− f(A)| =
∣∣∣∣ ∫ B

A
f ′(x) dx

∣∣∣∣ 6 ∫ B

A
|f ′(x)|dx < ε,

l
|^ CauchyÂñOK�� lim
x→+∞

f(x) = 0"Ón�y lim
x→−∞

f(x) = 0"?
d

©ÜÈ©{�∫ +∞

−∞
f ′(x)e(−xy) dx = f(x)e(−xy)

∣∣∣∣+∞
−∞

+ 2πiy

∫ +∞

−∞
f(x)e(−xy) dx

= 2πiyf̂(y).
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(4) d

∫ +∞

−∞
|xf(x)|dxÂñ9Weierstrass�O{�

∫ +∞

−∞
xf(x)e(−xy) dx

éuëCþ y3 Rþ��Âñ§�
����©$��È©$���

f̂ ′(y) =
∂

∂y

(∫ +∞

−∞
f(x)e(−xy) dx

)
=

∫ +∞

−∞

∂

∂y
(f(x)e(−xy)) dx

= −2πi

∫ +∞

−∞
xf(x)e(−xy) dx.

�

===~~~ 4.7>>>� f(x) = e−πx
2
§y² f̂ = f"

y². d·K 4.6 (4)�

f̂ ′(y) = −2πi

∫ +∞

−∞
xf(x)e(−xy) dx.

5¿� −2πxf(x) = f ′(x)§�d·K 4.6 (3)��

f̂ ′(y) = i

∫ +∞

−∞
f ′(x)e(−xy) dx = i · 2πiyf̂(y) = −2πyf̂(y).

ÏdeP g(y) = f̂(y)eπy
2
§Kk

g′(y) = f̂ ′(y)eπy
2

+ f̂(y) · 2πyeπy2
= 0,

ù¿�X g(y)´~�¼ê"qÏ�

g(0) = f̂(0) =

∫ +∞

−∞
e−πx

2
dx = 1,

¤±é?¿� yk g(y) = 1§�= f̂(y) = e−πy
2

= f(y)" �

��§·�50�òÈ� FourierC�"

===½½½ÂÂÂ 4.8>>>� f � gþ´½Â3 Rþ�¼ê§eé?¿� x ∈ Reªm>�
È©ÑÂñ§@o·�Ò½Â f � g�òÈ (convolution)�

(f ∗ g)(x) =

∫ +∞

−∞
f(x− t)g(t) dt.
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===···KKK 4.9>>>� f � gþ´½Â3 Rþ�ëY¼ê§¿� |f |§|g|§f2 9 g2þ

3 Rþ�È§Ké?¿� y ∈ Rk

(̂f ∗ g)(y) = f̂(y)ĝ(y).

y².

(̂f ∗ g)(y) =

∫ +∞

−∞
(f ∗ g)(x)e(−xy) dx

=

∫ +∞

−∞

(∫ +∞

−∞
f(x− t)g(t) dt

)
e(−xy) dx. (18.23)

d®�^�9Weierstrass�O{�∫ +∞

−∞
|f(x− t)g(t)|dt �

∫ +∞

−∞
|f(x− t)g(t)|dx

©OéëCþ xÚ t3 Rþ��Âñ"d	§∫ +∞

−∞
dt

∫ +∞

−∞
|f(x− t)g(t)| dx =

∫ +∞

−∞
|g(t)|dt

∫ +∞

−∞
|f(x)|dx

Âñ§Ïd (18.23)¥�ü�È©Ò�±��§l
k

(̂f ∗ g)(y) =

∫ +∞

−∞
g(t) dt

∫ +∞

−∞
f(x− t)e(−xy) dx

=

∫ +∞

−∞
g(t) dt

∫ +∞

−∞
f(x)e(−(x+ t)y) dx

=

∫ +∞

−∞
g(t)e(−ty) dt

∫ +∞

−∞
f(x)e(−xy) dx = f̂(y)ĝ(y).

�

SSS KKK 18.4

1. ¦¼ê f(x) =

{
1, e |x| < 1,

0, e |x| > 1
� FourierC�"

2. ¦¼ê f(x) =

{
sinx, e |x| 6 π,
0, e |x| > π

� FourierC�§¿ddy²

2

π

∫ +∞

0

sinπy sinxy

1− y2
dy = sinx, ∀ x ∈ [−π, π].
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3. Á¦��½Â3 R>0þ�÷v∫ +∞

0
ϕ(y) sinxy dy = e−x, ∀ x > 0

�¼ê ϕ(y)"

4. � b− a > 2§

f(x) =


x− a, e x ∈ [a, a+ 1],

1, e x ∈ [a+ 1, b− 1],

b− x, e x ∈ [b− 1, b],

0, e x < a½ x > b.

(1) é?¿� y ∈ Ry²

|f̂(y)| 6 min

(
b− a, 1

π|y|
,

1

(πy)2

)
.

(2) y²

∫ +∞

−∞
|f̂(y)| dy � log(b− a)"

5. £Plancherelúª¤� f 3 RþëY�
∫ +∞

−∞
|f(x)|dx�

∫ +∞

−∞
f(x)2 dxþÂ

ñ"y² ∫ +∞

−∞
f(x)2 dx =

∫ +∞

−∞
|f̂(x)|2 dx.

6. é f(x) = max(1− |x|, 0)A^þK(Ø5O�

∫ +∞

−∞

sin4 x

x4
dx"

7. £Poisson¦Úúª¤� f ´½Â3 Rþ�?¿����¼ê§�

sup
x∈R
|x|k|f (`)(x)| < +∞, ∀ k, ` > 0. 1©

ÁÏLïÄ¼ê F (x) =
∑
n∈Z

f(x+ n)� Fourier?ê5y²

∑
n∈Z

f(n) =
∑
n∈Z

f̂(n),

þªm>¥� f̂ ´ f � FourierC�"

8. é x > 0P θ(x) =
∑
n∈Z

e−πn
2x§|^þK(Øy²

θ(x) = x−
1
2 θ(x−1), ∀ x > 0.

1©÷vù�^���Ü f ¤¤�8�¡� Schwartza (Schwartz class)"
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